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Preface to the English Edition 


The English edition has been thoroughly revised in line 
with comments and suggestions made by our readers, and the mis- 
takes and misprints that were detected have been corrected. This is 
essentially a textbook for a modern course on differential geometry 
and topology, which is much wider than the traditional courses on 
classical differential geometry, and it covers many branches of mathe- 
matics a knowledge of which has now become essential for a modern 
mathematical education. We hope that a reader who has mastered 
this material will be able to do independent research both in geometry 
and in other related fields. To gain a deeper understanding of the 
material of this book, we recommend the reader should solve the 
questions in A.S. Mishchenko, Yu.P. Solovyev, and A.T. Fomenko, 
Problems in Differential Geometry and Topology (Mir Publishers, 
Moscow, 1985) which was specially compiled to accompany this 
course. 



Preface to the Russian Edition 


Differential geometry and topology constitute an impor- 
tant branch of mathematics. The rapid progress in theoretical phys- 
ics and mechanics during the 20th 1 century has shown that geomet- 
ric concepts lie at the heart of certain fundamental theories. Suffice 
it to point out such fields as relativity theory, the mechanics of con- 
tinuous media, and electrodynamics, where the mathematical appa- 
ratus rests upon geometric methods. 

The present course deals with the fundamentals of differential 
geometry and topology whose present state is the culmination of 
contributions from generations of mathematicians. It is rather dif- 
ficult to survey the history of geometry because we now treat most 
geometry problems quite differently from the way mathematicians 
did in the past. 

Almost all the methods of geometry (and geometry is not the only 
such field) have been reworked. From the modern point of view, 
geometry and topology are based on several fundamental ideas, 
which may be outlined as follows;. 

Set-theoretic (or general) topology is the branch of geometry that 
has "absorbed" the once general methods for studying convergence 
and continuity. One important idea in geometry— the use of curvi- 
linear coordinate systems— eventually led to tensor analysis and 
the theory of invariants. Whereas mathematical analysis and the 
theory of differential equations deal primarily with the “local" prop- 
erties of a function (only infinitely adjacent points are considered), 
geometry studies the “global" properties of functions (that is, their 
properties are analysed at finitely spaced points). This intuitive idea 
of the study of the “global" properties of geometric objects has given 
rise to the fundamental concept of manifold as a generalization of 
the concept of domain in Euclidean space. 

Later, the “marriage” of these ideas in various particular applica- 
tions became equally important in geometry: the geometric interpre- 
tation of integration, cohomology theory as a formal geometric 
representation of an intuitive transition from the "local" to a “glob- 
al" study of a space, geometric interpretation of a linear approxima- 
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tion of non-linear functions and mappings, the principle of general 
position in geometry. 

All these geometric ideas were invented to facilitate the analysis 
of particular problems, and they have furthered botli the solution 
of these problems and the development of geometric concepts and 
methods, ft is sometimes rather difficult to distinguish between the 
ideas that are now concerned with differential geometry and topology 
•and those lliat'have developed into separate directions of analytic 
geometry and linear algebra, or even belong to some other brandies 
of mathematics. 

Ancient geometry culminated in Euclid's Elements and had little 
influence on the development of differential geometry. Only one 
problem, which for many cenliu;ies seemed to be the most impor- 
tant, found a simple and natural! solution within the framework of 
differential geometry. We mean, the proof of Euclid's fifth axiom. 
The axiom was so obscure and jso intimately related to the other 
axioms that for many centuries mathematicians vainly attempted to 
prove it by proceeding from the others. In all probability, Leo 
Ocrsonide (1288-1344) was the first mathematician in Europe who 
tried to prove the parallel axiom. The proof of the fifth axiom be- 
came the focus of keen attention by famous mathematicians such 
as Cli. Clavius (1574). P. Cataldi: (1603), G.A. Borelli (1658), J. Vi- 
tal! (1080), 1. Wallis (1003), GIG. Sacclieri (1733), J.H. Lambert 
(1700). A.M. Legendre (1800). F.K. Schwcikart (1818), F. Taurinus 
(1825), and evenC.F. Gauss. Although their attempts were unsuccess- 
ful, they were of tremendous significance, for they laid the founda- 
tions for n new. non-Euclidoan geometry. This geometry was based 
on a rejection of the fifth axiom arid was invonteri by N.l. Lobachev- 
sky (1792-1850), the great Russian mathematician. In 1826 he deliv- 
ered his first communication onj non-Euciidean geometry, and this 
opened up a now era in the development of geometry, in 1832, a 
similar paper of J. Oolyai was published. The same ideas were put 
forward by C.F.. Gauss, who did not, however, publish his work. 

Whereas Lobachevsky arrived at his non-Euciidean geometry by 
the axiomatic method, further new ideas in geometry were developed 
concurrently with other fundamental principles of defining geometry 
objects via a coordinate system. 1 Coordinates were employed even 
in ancient geography and astronomy. In Ptolemy's Geography, we 
come across latitude and longitiude as numerical coordinates. In 
Europe, N. Orosme (1323-1382) came very close to the idea of coor- 
dinates in the graphic representation of a function, but he never 
mentioned the term "coordinates”. The discoverers of the coordinate 
method and analytic geometry were R. Descartes (1596-1650) and 
P Format (1601-1665). The consistent use of curvilinear coordinates 
and Lobachevsky's ideas led to the rapid development of differen- 
tial geometry. C.F.B. Riemann (1826-1866) took a novel step when 




Preface to the Russian Edition 


11 


lie pioneered the study of arbitrary, so-called Riemannian spaces, 
which were found to have wide applications in mechanics, relativity 
theory, and other fields. Riemann’s studies stimulated vigorous 
growth of vast now branches of geometry: vector and tensor calculus 
and Riemannian geometry. 

At the same time, the foundations of topology were laid as part of 
geometry dealing with continuity properties. Topology, of course, 
owes its origins to the infinitesimal calculus, although the first 
purely topological papers were written by L. Euler (1707-1783) and 
C. Jordan (1838-1922). At the beginning of the 20th century, the 
fundamental principles of topology were elaborated by M. Frechet 
(1878-1973), F. Hausdorff (1868-1942), H.L. Lebesgue (1875-1941), 
and L.E.J. Brouwer (1881-1966). j.H. Poincare (1854-1912) contrib- 
uted a lot to progress in topology; and its applications. Nowadays, 
topology is a rapidly growing branch of mathematics. 

L. Eiiler and G. Monge (1746-1818) initiated an independent study 
within differential geometry: surface theory. The union of the con- 
cepts of non-linear coordinates, vector and tensor calculus, and sur- 
face theory, as well as the fruitfulness of geometric ideas in the nat- 
ural sciences led to the most fundamental notion in geometry, the 
manifold. Poincare was apparentlyjthe first to assign a clear meaning 
to tho notion. The concept of manifold has now taken such firm 
roots in mathematical thinking tljat mathematicians are no longer 
deliberately developing manifold 1 theory. 

Finally, we should mention one more thing that has played an 
important role in the evolution and understanding of geometry and 
the key problems of modern theoretical physics, it is the use of 
group methods. These are based j on the invariance of geometric 
objects with respect to a space symmetry group. Group methods 
emerged in geometry from the study of projective geometry and they 
are associated with the names of Poncelet, Staudt, Mbbius, Pliicker, 
and Cayley. In 1872, F. Klein (1849-1925) published a famous paper, 
later called "The Erlangen Program”, in which he summarized ad- 
vances in geometry and rigorously* formulated the group principles 
for developing geometry. Group piethods have strongly influenced 
differential geometry, topology, and the various applications of ge- 
ometry in the other branches of mathematics and the natural sciences. 
It should bo borne in mind however that the group technique is not. 
the only geometric method. 

Many mathematicians have contributed to differential geometry 
and topology. We believe it is worth noting that Russian and Soviet 
scholars have made a strong impact on this progress. 
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Introduction to Differential 
Geometry 

1.1. CURVILINEAR COORDINATE SYSTEMS. 

SIMPLE EXAMPLES 

1.1.1. BACKGROUND 

Let us consider an n-dimensional Euclidean space which 
is usually denoted by R n . We assume that this space is provided 
with Cartesian coordinates x', . . ., x" which permit a unique deter- 
mination of the position of any $oint in R" by associating with it a 
sot of real numbers, the coordinates relative to a fixed orthogonal 
basis formed by mutually orthogonal unit vectors e„ e 2 , . . ., e n . 
The idea of describing a point in an Euclidean space by a set of real 
numbers (which may also be considered as the coordinates of the 
radius vector emerging from the origin to-the point) underlies ana- 
lytic geometry which solves various geometric problems by purely 
algebraic methods. This important approach was first introduced 
(explicitly) into mathematics by Descartes in whose honour we now 
say "Cartesian coordinates". Algebraize lion of geometry has played 
a key role in the development not only of geometry as such but also 
of mathematics as a whole. We shall not concentrate on the problems 
which are easily and elegantly solved by algebraic-analytic methods 
(viz., classification of second-order surfaces in a three-dimensional 
space) and refer the reader to numerous courses of algebra and analyt- 
ic geometry. Let us only recall that Cartesian coordinates in R" 
are closely related to the concept of the Euclidean scalar product, 
a bilinear form wjiich associates with each pair of vectors S, q 6 R" 
a real number usually denoted byj(|, q>; this operation is symmetric 
and linear in each argument, and the form itself is positive definite. 
In a Cartesian coordinate system we have 

<£. q> ■= I'q 1 + . . . + 5 n q n , where £ = (g‘ |"), q = (q' q n ). 

Simple examples however sho^v that Cartesian coordinates are 
not always the most convenient ones to solve analytically many par- 
ticular problems. We shall demonstrate this by writing the equations 
of curves on a plane in Cartesian coordinates x, y. Of course, for 
rather simple curves, viz., a circle or ellipse, the analytic expres- 
sions in Cartesian coordinates are simple. Indeed, the equation of a 
circle of radius R with centre at point A is (x — A 1 ) 5 + (y — A*)' = 
R *, where A = (A 1 , A*). 
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The aquation of an ellipse is also simple: (x — A‘)W + (y 

j4*)W = R 1 , where a and b are the principal somi-axes (Fig. 1.1). 

However, in various applications and concrete mechanical and 
physical problems we often deal with smooth curves (say, trajecto- 
ries of the motion of a particle: in a force field) whoso equations 



Figure 1.1 Figure 1.2 


in Cartesian coordinates are rather cumbersome. For example, the 

equation Y x 1 rj 1 - ^ = q defines a spiral in Cartosian 

coordinates (Fig. 1.2). Although this equation is rather simple, it 
could be written in a simpler form in the so-called polar coordinates 
(r, cp) related to the Cartesian coordinates x, y by x = r cos q>, y ■= 
r sin tp (Fig. 1.3). In polar coordinates the equation of a spiral be- 



Figure 1.3 Figure 1.4 


comes r = e*®, thereby clearly demonstrating the character of the mo- 
tion along this trajectory. Below we shall return to a polar coordinate 
system, and here we just note that the introduction of such coordi- 
nates (called curvilinear coordinates) is not a caprice of mathemati- 
cians trying to devise rnw entities but a practical necessity, some- 
times quite useful in particular calculations. In this connection, we 
shall briefly discuss a problem where polar coordinates appear to be 
quite useful. 



1 1 "Ir-ductian to D,IJrrcn!tai Geometry 

Let us consider the motion of a particle on a plane in a 
central force field. Suppose tile centre is at the point O and (r, cp) 
are polar coordinates on the piano. Let r be the radius vector of the 
moving particle (this vector originates from 0), r be its length, and l 
be time (the motion parameter); then the coordinates r and <p are 
functions of time. Consider at a point r ( t ) with polar coordinates 
f ~ I r I, ip two orthogonal unit vectors: a vector e, along the radius 
vector of the particle (note that the relation r = r-e , holds in this 
case) and a vector e g orthogonal to e, and so directed that the polar 
angle <p increases (Fig. 1.4). Differentiation of a radius vector r ( t ) 
with respect to time will be denoted by a dot. As is known from 
mechanics, the motion of a particle (its mass is taken equal to 1, 
for simplicity) in a central force! field on a plane is described by the 

following differential equation: r = / (r) e„ where/ is a smooth func- 
tion of a single argument r. Incidentally, here is a useful exercise 
for the reader: write this differential equation in Cartesian coordi- 
nates on a plane. 

The motion of a particle can be described by two func- 
tions: r = r ( 1 ) and q> = <p (t), that is, in a polar coordinate sys- 
tem. It is a simple matter to verify that_whon a material particle 
moves in a central force field the quantity r : cp is conserved. This is 
one of Kepler's laws which he discovered while studying the motion 
of the planets of the Solar systen) (at that time Kepler already em- 
ployed the tables of the coordinates of the planets on the celestial 
sphore as a function of time). TKis conserved quantity can be given 
clear geometrical meaning. Kepler introduced a convenient notion 
of areal velocity o as the time rate of change of the area s (f) swept 
out by the radius vector r (f), i.e, v = ds ( t)/dt . In terms of the areal 
velocity Kepler’s law can be formulated as follows: the radius vector 
sweeps out equal areas in equal tjmes; in other words, the areal veloc- 
ity is constant, ds ( t),'dt = const. We can also prove (the proof is 
omitted here) that this law is ope of the formulations of the prin- 
ciple of conservation of angular i momentum. The reader can easily 
sec that this law is much simpler to derive in polar coordinates rather 
than in Cartesian coordinates (though calculations may, of course, 
be performed in the latter as well). 

Solution of particular problems in mechanics and physics has 
called for the invention of other curvilinear coordinate systems: 
cylindrical, spherical, and so on.! Close examination of all the afore- 
mentioned ways of associating a point in space with a set of real 
numbers (the coordinates of this! point) shows that this association 
relies upon a general idea admitting a reasonable formalization 
which comprises all the “curvilirjear" coordinates mentioned (invert- 
ed commas are used for the word curvilinear, since we have not yet 
defined the concept strictly, Jjuti consider only graphic examples) 
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1.1.2. CARTESIAN AND CURVILINEAR COORDINATES 

Let us consider an arbitrary domain in a Euclidean space 
IV. VVc recall that, just as in mathematical analysis, by a domain we 
mean an arbitrary set C in a Euclidean space whose every point P 
is contained in C together with ai ball of sufficiently small radius 
with centre at P. Consider also a second copy of the Euclidean space, 
which is denoted by R','. To define the coordinates of the point P in 
the domain C is to associate with tihis point a set of numbers, called 
coordinates. Obviously, an arbitrary association (i.e. the one without 
additional requirements) will not lead to a good result in that such 
a correspondence may be devoid of sense (it is desirable that mathe- 
matical concepts should be of some use, for instance in computations, 
just as was the case with Cartesian coordinates). Here is an example 
of senseless association: the same set of numbers, say (0, 0, 0, ... 
. . ., 0), is associated with each point P in C. Thus, we arrive at 
the first requirement to the association: it is desirable that distinct 
sots of numbers (coordinates) should correspond to difierent points of 
the domain. The example just mentioned does not satisfy this requi- 
rement (all the points of the domain C have the same “coordinates", 
zeros). 

Thus, our aim is to associate with each point P of a domain C a 
set of n real numbers. Apparently,, this operation gives rise to a set 
of n functions x l (P), . . x n (P) defined in the domain C; here 
**, . . ., x" are coordinates in the Euclidean spAce R?. 

These functions are usually required to be continuous and even 
smooth (at least for almost all the points of the domain C), that is, 
a small change in the position of P should lead to a small change in 
its coordinates, and a smooth deformation of P should generate a 
smooth variation of its coordinates. 

So, let us consider two copies of a Euclidean space: R" with Carte- 
sian coordinates y l y n and R" with Cartesian coordinates 

i 1 , . . ., x”\ let C be a domain in R". 

Remark. The Euclidean space R" could be considered as an “arith- 
metic space" by identifying its points with real sequences of length n. 

Definition 1. A continuous coordinate system in a domain C of Eu- 
clidean space R n is said to be a system of functions a 1 {y‘, . . . 
. . ., p") x" (y‘, . . ., y") which map the domain C contin- 

uously and bijectively onto a certain domain A of R". In other 
words, the system of functions x' (P), . . ., x" (P) defines a map- 
ping, sometimes called a homeomorphism of C onto A (the concept 
of a homeomorphism will be considered in detail below). 

Definition 1 is a formal expression of our desire that as a point P 
moves continuously in C its coordinates should also change contin- 
uously. The functions z' (P), . . ., r n (P) are called the coordinates 
of point P relative to the coordinate mapping /: C -*■ A. 
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For instance, the coordinate mapping /: C -+ A may be chosen in 
the form of an identity mapping defined by the linear functions, 

■z 1 = y' x" = y"- 

Sometimes we shall write a point P with coordinates x‘ (P), . . . 

. . ., x" (P) in the form P (x‘ x") assuming that the coordinate 

mapping/: C -+■ A has already Been defined and fixed. 

Among all continuous coordinate mappings of special interest are 
those that define a smooth mapping of a domain C onto A, i.e. when 

all functions x 1 {y l y n ), . ., x n ( y 1 y n ) are continuous 

functions of their arguments y\ . . y n . But the smoothness of 

the coordinate mapping / without the assumption of the smoothness 
of the inverse mapping /** does hot lead to a meaningful coordinate 
system. Therefore, we now turn; to defining coordinate systems in 
which / and /** are both smooth. To this end, we shall need a new 
concept, the Jacobi matrix of a smooth mapping. 

Let /•. C -»-4 be a smooth mapping defined by a set of functions 
*' (y‘, ■ . ., y n ) x n <p>, . „ 

Definition 2. The Jacobi matrix of a mapping / is a functional 
matrix 



composed of partial derivatives of the coordinates x 1 (P) x n (P). 

The determinant of this matrix is denoted by J (/) and called the 
Jacobian of the mapping /. 

Remark. We hope that the notation df lor the Jacobi matrix will 
not be confused with the differential of a smooth function /, for 
this differential (when Interpreted appropriately) coincides with the 
Jacobi matrix in this particular case. This topic is discussed below. 
Let us note once-more that a Jacobi matrix is a variable matrix, i.e. 
it depends on a point P in a domain C; similarly, the Jacobian / (/) 
is a smooth function on C. 

Definition 3. A regular coordinate system in a domain C of Eu- 
clidean space R" is a system of smooth functions x l (y l , . . 

y"), .... x * (y l y") which map bijectively the domain C 

onto a domain A in RJ and are such that the Jacobian J (/) (P) 
is not zero at all points of C. 

Let us note that the condition that the Jacobian does not 
vanish at all points of C means that the inverse mapping /■* is not 
only continuous, but also smooth. This follows from the implicit- 
function theorem. Thus w a regular coordinate system is defined by 
two smooth mutually inverse mappings establishing a homeomor- 




1.1. Curvilinear Coordinate Systems, Simple Examples 


17 


phism between the domains C and A ■ Definition 3 makes formal our 
desire that when a point R changes smoothly in C its coordinates 
should also change smoothly; moreover, smooth variation of a “coor- 
dinate point" B in A should also i result in smooth variation of the 
point P induced by the mapping/-*. The definitions presented above 
clearly show that the very concept of a "smooth and regular coordi- 
nate system" automatically implies that at least two copies of a 
standard Euclidean space should be considered. Certain domains of 
these copies are identified by a Continuous and bijoctive mapping 
with an additional requirement of smoothness (in both directions). 

These definitions can be interpreted from another point of view. 
We could assume that a Cartesian coordinate system is initially 
introduced in a domain C of Euclidean space R n (via an identity 
mapping of C onto A under natural identification of both copies, 
R n and R"). Then, the introduction in C of another coordinate sys- 
tem defined by a regular mapping / (i.e. a smooth, one-to-one map- 
ping with a non-zero Jacobian) may be considered as a coordinate 
transformation: we simply pass from the initial Cartesian coordinate 
system to a new one in the same domain C. 

Definition 4. A regular coordinate system in a domain C is some- 
times called a curvilinear coordinate system in C. 

Consider two arbitrary curvilinear coordinate systems in a domain 

C: x* ( P ) x n (R) and z* (R) z n (R). This means that two 

regular mappings /: C -+-A <z R" (x 1 , . . ., z n l and g: C -t-B cz 
R3 (**, .... z n ) are defined which map smoothly and bijcctively 
the domains C, A and C, B, respectively. In other words, each point 
R in C is associated with two sets of curvilinear coordinates {x* (R)) 
and (z* (R)}, 1 ^ l ^ n. Since tliis correspondence is bijective, we 
may consider a correspondence which relates the coordinates {x‘ (R)) 
of point R to the coordinates {z* (R)}, this operation defining the 
mapping A -*-B, i.e. f til :|z< (R) -*z‘ (R), 1 < i < n. The 
mapping \p x _, is called coordinate transformation in the domain C. 
Under this transformation the initial curvilinear coordinates {x* (R) } 
of point R change to now curvilinear coordinates (z‘ (R)}. 

Lemma 1 . The transformation \p Xi , is a blfectlve and smooth mapping 
of the domain A onto B with a non-zero Jacobian. 

Proof. That <p x ,, is one-to-one directly follows from Definition 3. 
The smoothness of ip Xit follows from the fact that the composition 
of two smooth mappings is also a smooth mapping. It remains to 
verify that the Jacobian / (\p x .,) of ip*., is non-zero at each point of 
the domain B. 

Indeed, the mapping ip Xl , splits into the composition of two 
mappings: ip .., = £•/■*: A-*-B (Fig. 1.5). The Jacobi matrix of ip x , s 
splits into tne product of Jacobi matrices of the mappings /■' 
end g. Indeed, d\ . Consider the derivative -^-j- ; since 
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s'csz^y), .... y n ) = 2 i (y' (x 1 , .... i") y n ( x‘ x"), where 

the functions {y“ (x‘ x"), define the smooth mapping 

A-+C, we obtain from the formula for differentiation of a 

n « 

composite function • which means that the Jacobi 

• ^ d y k dxi 

matrix di|> x-l splits into the product of two matrices dg and df-'. 
Wo have used here the formula which expresses the elements of the 
product of two matrices in terms of the elements of each matrix. 



Figure l.S 


It remains to establish a relation between the Jacobi matrices df 
and d (/*'). Since tho composition /■* o / is an identity mapping of 
the domain C into itself (see the; definition of a regular coordinate 
system), wo find from the formula just proved that d (f ml « /) = 
(//•' o df = E, where E is an identity matrix of order n, i.e. finally 
d (/-*) = (d/) - 1 . Thus, we have proved that the identity di|> x , t <= 
(dg) ■(d/)-‘ holds true for the matrix d\ i.e. J = J (g)IJ (/), 
and since the Jacobians J (g) and J (J) are both non- 2 ero, J (tj> xr ) 
is also non-zero. The lemma is proved. 

If the mapping /: C A defines curvilinear coordinates in C, the 
mapping /-*: A -*-C defines curvilinear coordinates in A (through 
Cartesian coordinates in C ). We shall often use this simple remark, 
when passing from - the mapping / to /-'. 

Let a set of smooth functions {?' (J 5 )}, 1 ^ i ^ n, be given on a 
domain C. A question arises: does this set define a regular coordinate 
system in C? 

Lemma 2. Let the set of smooth Junctions {x' (P)), 1 < i ^ n, be 
such that the Jacobian of this system of functions J (/ *» {i ( (/>), 
1 < t ^ «}) is non-zero in the domain C. Then, for each point P in C 
there exists an open neighbourhood \ such that 'fx' (f)) defines in this 
neighbourhood a regular coordinate system ( such a coordinate system 
may be called a local coordinate system). 
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Prooj. The lemma does not presuppose that the s8t of functions 
{x‘ ( P )} defines (at least locally) a one-to-one mapping of the domain 
C onto a domain A of Euclidean space R?. Using the implicit-func- 
tion theorem (and the existence theorem for inverse mapping), we 
see that a non-zero Jacobian implies the existence (at least in an 
open neighbourhood) of an inverse mapping which is also smooth. 
Thus, the proof of the lemma follows from the definition of a regu- 
lar coordinate system. 

Let us note that the set of functions satisfying Lemma 2 may not 
define a regular coordinate system in the whole domain C, i.e. the 
smooth mapping /-* of the domain A onto C may not exist. Here is 



a simple example. Let a two-dimensional Cartesian plane with punc- 
tured origin 0 be chosen as the domain C and let the mapping / 
(defined by two functions i 1 (P ) \ and x* (P)) represent the smooth 
mapping / (p*. p J ) = (x 1 (y), x* (p)), where x' (p‘, y 1 ) = (p') J — (p«)» 
and x* (p 1 , p*) = 2p‘p s . i.e. if we put z = p l + iy *, u> = x 1 -f fx* 
(l is the imaginary unit), then w = z*. This mapping transforms a 
complex number z into this number squared (for convenience, one 
may assume that the two copies of the Euclidean plane, R a (p) and 
II’ (x), are identified with each oilier). The same mapping can easily 
be written in the polar coordinates (r, q>) to give / (r, q>) ■= (r 3 , 2qi). 
Geometric interpretation of the mapping / is shown in Fig. 1.6. 
Let us find the Jacobian J (f) (we shall calculate it, for example, in 
the initial Cartesian coordinate system p 1 , p* on R a (p)). The Jacobi 
matrix df is of the form 

,, ( 2p' 2p*\ T 

d,= (-2yi 2p>) ' i e ‘ -^ </) = 4 + (if 2 ) 2 ) > 0. 

We see that the Jacobian is positive at all points of C (since the ori- 
gin is punctured). Hence, according to Lemma 2, our mapping estab- 
lishes a local (regular) coordinate system in an open neighbourhood 
of each point in C. At the same time, the mapping / does not have 
the inverse mapping /-* because f is not bijective. Indeed, every 
point m = x 1 + fx* 6 R a (x), other than the origin, always has exact- 
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ly two inverse images under the mapping /: namely, the points 
(r, tp) and (r, 9 + n) which are, of course, distinct points of the do- 
main C. Thus, if a set of functions is chosen as a regular coordinate 
system in a Euclidean domain C, we should not only verify that the 
Jacobian of this system is non-zero (at every point of C), but also 
that the mapping defined by this set is bijective. Note also that in 
the above example the Jacobian [of the system of functions van- 
ishes as the point P tends to zero. A question which often arises in 
geometry is: will a smooth mapping of a Euclidean space into itself 


J 1 I I I I I I 1 I I I I 



Figure 1.7 


be bijective, provided 0 < e ^ J (J) ^ N < 00 (e and N are con- 
stants)? This topic is beyond the scope of the book. 

Every curvilinear coordinate system in C specifies families of the 
so-called coordinate lines defined as follows: the fth coordinate line 
is given by the equations 

*'(J>)~C|. **(/') = c,. (P) = c,.„ *'(/■) =1, 

* u * (/»>-*,♦ p -••• *"<*•>-«»■ 

where all c, are constants and t is a continuous parameter. As £ 
varies, the point P runs a smooth trajectory in th^ domain C. Thus, n 
smooth trajectories emerge from each point P in C, and these tra- 
jectories are called coordinate litres of a given coordinate system 
(at point P). For another point P we obtain another family of coor- 
dinate lines which are smoothly deformed as point P varies. For 
example, if we consider aCartesiafi coordinate system, the coordinate 
lines are straight lines through J 3 parallel to the coordinate axes. 


J.l. Curvilinear Coordinate Systems. Simple Examples 
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In graphic representation of a curvilinear coordinate system it is 
often useful to draw coordinate lines; in particular, transformation 
to a curvilinear coordinate system is especially clear if the coordi- 
nate network is depicted (see Fig; 1.7). 

1.1.3. SIMPLE EXAMPLES 

OF CURVILINEAR COORDINATE SYSTEMS 

We start this section by noting that a polar coordinate 
system (r, cp) on a Euclidean plane is not a regular coordinate sys- 
tem defined on the whole plane R’; Indeed, let us consider the func- 
tions of coordinate transformation from a polar system to a Carte- 



sian one: x l = r cos 9 and z* = r sin <p. Direct calculation of the 
transformation Jacobian J (i):) yields 



cos 9 
— rsin 9 


sin <p \ T 
rcos9/ 




Thus, since the Jacobian is zero at the origin and the Cartesian 
coordinate system x 1 , z’ is, obviously, regular on the plane 
R= (x 1 , x 1 ), the polar coordinate system is not regular (in the sense 
of Definition 3). Furthermore, this is not the only disadvantage of 
our polar coordinate system. This system is not a bijective mapping 
of the whole Euclidean plane onto itself, since the points (r, 9) 
and (r, 9 -f 2 ji) are transformed into the same point. 

A domain C in which a polar coordinate system is regular deserves 
special attention. Let us analyse this example in greater detail. 

Consider a Euclidean plane R* (r, 9), where y l = r, y* — 9, and 
take an infinite strip defined by 0 < 9 < 2n, 0 < r < + co 
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as a domain C. Then, the domain A in the plane R‘ (x‘, r 1 ) 
should be chosen as the entire plane except the ray x‘ ^ 0, x 2 = 0. 
The mapping /: C -.-,4 is given by the relations x l = r cos 9 and 
x 2 = r sin <f. Figure 1.8 shows how the coordinate lines arc trans- 



formed under this mapping. A rectangular network of Cartesian 
coordinates goes over to a polar network. Obviously, the mapping / 
is bijective and regular. 

We now turn to a three-dimensional Euclidean space and consider 
so-called cylindrical coordinates. Coordinate transformation is de- 
scribed by the relations: x‘ = r cos 9, x 2 = r sin 9 , and x 3 = z. 
Consider R 3 (y 1 , y l , y 3 ), where y 1 = r, y 1 = tp, y 3 = z, and take for 
C the domain (0 < r, 0 < 9 < 2n, — oo < z < -f-oo). These rela- 
tions define a smooth mapping /: C -*-4 c R 3 (**, x 2 , x 3 ), where 
the domain A is obtained from R 3 (x 1 , x 3 , x 3 ) by the elimination of 
the half-plane (Fig. 1.9). The Ja'cobi matrix is of the form 

( cos 9 sin 9 0\ r 

— rsin9 rcos9 01 
0 0 1/ 

and the transformation Jacobian is equal to r. Thus, in the domain 
A a cylindrical coordinate system is regular (the Jacobian is zero 
only at points of the z axis); th^ half-plane (9 = 0, r > 0) is elimi- 
nated to make the mapping bijective. 

Let us now turn to an n-dimen§ional Euclidean space and introduce 
in it a spherical coordinate system. Although the transformation 
formulas, the Jacobi matrix, aijd the Jacobian are written for the 
n-dimensional case, the structure of the domains C and A is analysed 
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(for clarity) only for the three-dimensional case. The transformation 
formulas are as follows: 

/*= C(r, 0„ e 4 0,1.) — A(x',x* x"). 

x' = r cos 0, 

x* = r sin 0, cos 0 4 

x* = rsin 0, sin 0, cos 0 3 


*"-* = r sin 0, sin 0j . . . sin 0„. s cos 0„_, 
*" “ r sin 0, sin 0, ... sin 0„_, sin 0„_, 


Remark. It is clear from these* formulas that they all have the 
same structure, but the parameters 0,, starting with the number 
i = n, are equal to cero. The Jacpbi matrix is of the form 


dfn = 


cos0, 

sin 0, cos0j 


sin 0, . . . sin 0,., cos 6„_, 
sin 0, ... sinOn.jSin©,., 

— rsinO, 


r cos 0, cos 0, 


0 

— rsin 0, sin 0 a ... 


r cos 0, ... sin 0 n _ a cos0„_, 
rcos0, . . . sin 0„ r , sin 0„_, 


/„ = r sin 0, . . . sin 0„. s cos 0 n _, cos 

+ rsin 0, ... sin 0 n _, sin 0„_, sin 0„.,/ n ., 
= rsin 0, ... sin 0 

J t — r < J 3 = -fr* sin 0 lt = r 3 sin* 0, sin 0„ 
y s = r* sin 3 0, sin* 0, sin 0, and so on. 


Spherical coordinates in a threerdimensional Euclidean space are 
usually denoted by (r, 0, <p); in this notation the transformation 
formulas become x 1 = r sin 0 cos (p, x* = r sin 0 sin qj, x 3 = 
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r cos 0, 0 < 6 < ji, 0 < ip < 2n, r > 0. In these coordinates J — 
r l sin 8. Consider the structure of domains C and A (see Fig. 1.10). 
The Jacobian of this transformation vanishes only at points of the 



Figure 1. 10 


i 3 axis, the remaining points belonging to the half-plane ( x ’ = 0, 
x l > 0) are eliminated to make it possible to introduce a bijective 
coordinate system. For a fixed r, the coordinate lines of the para- 



meters 0 and <p are shown in Fig. 1.11. These angular parameters are 
sometimes called latitude and longitude (they provide a coordinate 
network on a globe). The Jacobi matrix in the three-dimensional 
case is 

( sin 0 cos cp rcos6cos<p rsinBsinip 
sin 0 sin ip rcos0sin<p rsin0cos<p 
cos0 — rsin0 0 

Problems 

t. Prove that the system of functions u = x + sin y, 
v = y — y sin x on a plane is a regular coordinate system. 
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2. Demonstrate that a global coordinate system cannot be 
defined on a circle S 1 . 

3. Write the Laplace equation Au = ~ = 0 in a polar 

coordinate system. 


1.2. THE LENGTH OF CURVE IN A CURVILINEAR 
COORDINATE SYSTEM 


1.2.1. THE LENGTH OF CURVE IN A EUCLIDEAN 
COORDINATE SYSTEM 

Consider a Euclidean space R" and define in it a Eucli- 
dean scalar product (£, ij) = Sg'n?, £, tj £ R". Then, with each vec- 
tor £ g R" we can associate a real n umber called the absolute value 
or length and defined as | £ | = Y {%, |>. This formula gives the 
length of a vector emerging from point 0 to a point £ 6 R". To find 
the distance between any two points £, 6 R’\ we have to calculate 

the length of the vector | — tj. It is known from analytic geom- 
etry that the angle <p between two vectors 6, t) 6 R" can also be 
expressed in terms of the scalar product as cos if = j | • We 

thus see that such important metric concepts as the length of a 
vector and the angle between two vectors are closely related to 
the Euclidean scalar product. While defining other important geo- 
metric concepts, we shall often proceed from the scalar product of 
vectors. 

We know how to calculate the length of a straight segment; it 
would, however, be desirable to know how to calculate tho length 
of a smooth curve. Let us define the length of a smooth curve y (I), 
assuming that it is given in parametric form, i.e. by a set of n smooth 
functions x 1 U), . ., z n (I) in a Euclidean space, where the pa- 
rameter (time) runs either the entire real axis or the segment la, 6) 
(the latter case is of major importance to us). We shall also assume 
that x 1 , . . ., x" are Cartesian coordinates in R". 

Definition 1. The length of a curve y (t) from point v(«) to point 
Y (6) (or from the parameter value t = a to t = 6) is the number 

l(v)o= j V {'lit), \(l))at', where y{<) is the vector with the coord i- 

e 

nates . . .. d ^ <> - ) called sometimes the velocity vector of 

ihe curve y(t) at point t or the tangent vector to the curve y(f). 
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Thus, the length of a curve is the integral of the length of the ve- 
locity vector (or the velocity vector magnitude). The explicit 
expression for '.’’o length of a curve is 

lly)t= \V pj^ dt - 

Lemma 1 . Given a smooth curve y ( t ) and two fixed points y (a) and 
y (b) corresponding to the parameter values t = a and t = b. Let 
t = t ( x) be an arbitrary smooth transformation of the parameter t 
into a new one r such that > 0. Then, the length of the curve 

dx n 

1 (y (t))n remains unchanged, i.e. the equality l (y (f))u = l (y (t))S 
holds, where a = t (a), b = t (P). 

Proof. Straightforward calculation yields 

I (Y <0)2 ~ 5 / <Y„ Y.) dt= 5 ]/ <y t , Y,> (i f ) 2 dT 

a a 

a a 

which is what was required. Here we have introduced the notation 



Let us assume that we have two smooth curves y, (f) and y a (r) 
intersecting at a point P of a Euclidean space, that is, there exist 
parameter values t = a and r =i& such that P = y, (a) = y 3 (6). 
Let us define the angle between the two curves at the intersection 
point. 

Definition 2. The angle between, two smooth trajectories y a (0 and 
y a (t) intersecting at point P = yj (a) = y, (b) is defined as cos ip = 

I. provided the velocity vectors y, (a) and y 2 (6) are 
IVi («>l ■ lYiWl 
both non-zero at P. 

Remark. Strictly speaking, this formula defines not one, but two 
angles equal together to n. If we assume however that the curves are 
numbered, we arrive at the concept of an oriented angle which is 
uniquely defined by the above formula. Consider the condition that 
the two velocity vectors be nonzero at the intersection point, At the 
points where the velocity vector of a smooth curve vanishes the 
curve may have a cusp and abruptly change its direction. Therefore, 
there is an uncertainty in defining the angle at the point of inter- 
section with such a curve, in regard to the choice of one of the two 
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smooth segments of the curve separated by the cusp (Fig. 1.12). It 
should also be noted that the existence of a cusp on a smooth curve 
(for those parameter values for which the velocity vector vanishes) 
by no means contradicts the condition that the curve is smooth (see 

? 


■i: 


Figure 1.12 

| 

Ihe definition of a smooth curve). Figure 1.13 gives an example of a 
smooth curve with a cusp; here the "cusp angle" at the singular point 
is equal to n/2. It is a simple matter to invent a smooth curve with 
the cusp angle at the singular point equal lo n (see Fig. 1.14). (Exer- 

y 


hr(«) - <*»>. y(n> 


x 

Figure 1.13 




cise. Write a parametric equation of the curve of Fig. 1.14. Ques- 
tion: can this curve be defined by analytic functions x ( t ) and y (t)?) 

Let us now discuss to what extent the above definition of the 
length of a curve is in conformity with the customary ideas about 



Figure 1.14 


length based on the concept of the Euclidean length of a segment 
and on the concept of a thin inextensible string with the aid of which 
we can measure the length of a more complicated curve. We know 
that the circumference of a circle is sometimes defined as the limit 
of the perimeter of a polygon inscribed in (or circumscribed about) 
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the circle when the number of the polygon sides tends to infinity. 
We start with a segment, of course. 

(1) Let the curve y (l) be defined by the linear functions x' (t) = 
a't, where a 1 = const, 1 ^ i ^ n, a ^ t ^ b. Then, calculation of 
the length of this smooth curve from t = a to t = 6 yields 

t / n / n 

Hv)S = j y 2 («')**■ = (&- a) y 2 (“')*• 

Since the segment originates at the point {a'a} and terminates at 
the point {a‘6}. th e ordinary (Euclidean) length of the segment is 

(6 — a) 2 («') s . whicli coincides with the value of the integral 

‘(y)l 

(2) Let the curve y (t) be defined on the plane R’ (*, y) by the 
parametric equations x = R cos t . y = R sin t. Straightforward 
evaluation of the integral gives / (y)s = 2 nR (where a = 0, b = 2n), 
which, apparently, coincides with the familiar expression for the 
length of a circle of radius R. 


1.2.2. THE LENGTH OF CURVE IN A CURVILINEAR 
COORDINATE SYSTEM 

Let us now consider an arbitrary curvilinear coordinate 
system in a Euclidean domain C and let y (f) be an arbitrary smooth 
curve in this domain. What is the expression for the length of 

Y (f) in this curvilinear coordinate system? To answer this question, 
we analyse the behavior of the components of the velocity vector of 

Y (f) under coordinate transformation. Denoting the curvilinear coor- 
dinates by **, . . ., 2 ", i.e. x l =!**(*), we obtain from the law of 
differentiation of a composite function 


dx> (I) Ail (« (()) 
dt dl 


r-\ gjl dt * , 

“^air'dT’ 

<*) 


, -sV 

a f i-l (A) 


that is, 
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S Tl dx<~ Bx> dt m dtP , 

^ 'a^"alp — ~dT dt 


■!/ 

= $ 1 f 2 gmp(*)-%r$r dl - 

a V P 


!■"! m, p 


whore the functions g mp {z) are of the form g mp (z) = 

tol 

Obviously, these functions are symmetric in m and p, i.e. g mp = 
g. m . Hence, the set of functions g mP can be represented in the form 
of a symmetric matrix denoted in the sequel by G = ( g mp j. In the 
formula just derived the coefficients of G are expressed as the sums 
of the products of elements of the Jacobi matrices. Indeed, = 
(ji), so that G is the product of two matrices G => A T A, where 
A = di]> t , x . Clearly, the matrix G depends on the curvilinear coordi- 
nate system z and may, in general, vary under coordinate transfor- 
mation. What is the law of variation of G ( z)1 Let us make another 
coordinate transformation {a 1 } -► {y*}, that is, consider a regular 
coordinate transformation z 1 => a 1 ( y l , . . y”), 1 ^ i < n. (The 

set {y*} is again considered as curvilinear coordinates in C .) 

In this case the coefficients g mp (z) are transformed as 


<?»i (if) = Z 

i-i 


Sri (y) dx> (y) yi dx< di m 9x> 9iP 
0y» dyl ~ ^ ^ dyh dtP a u t 


2 dt m / ^ dxl dz* \ — ^ di m dtP 

dyh \ b d t ™ dtP ) d u l & HF gm P W du l 9 
m. p 1—1 m, p 


i.e. e(y)~(rf*,.J r CW(i*,.J. 

Remark. To simplify the notation, in expressions of the form 
2 a'b', where summation extends over repeated indices, we shall 
omit the symbol S and simply write a'b'. For example, the formula 

n 



is written as g„(y) = 


dx< (y) dx‘ (y) 
' e v i 


Sometimes, we shall denote new coordinates by z‘\ using primed 
indices for a new coordinate system, viz., g t -y. 

The functions g mp (i) have a clear geometric meaning. Consider an 
arbitrary point P in a domain C and coordinate lines of the curvilin- 
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ear coordinate system z 1 , . . z" through P. Each of these lines 
can be defined by the following parametric equations: z'= c„ . . 

z'" 1 = cj_„ z* = f, z 1 * 1 = c i+ i z" = c„, where c a (1 ^ 

a :i)^ n) are constants such that P has the coordinates (in the 
system z): {z° = c n , 1 ^ a ^ n). Denote the mth coordinate line 
by Vm (0< 1 ^ m <: n. Then, in the coordinate system x the mth 
coordinate line of the system z is written as {x* (Cj, . . c m _,, 

Z m = t, £„)), 1 < i < n. 

The velocity vector of this smooth curve at point P has the 
coordinates e m = {-^-}. Since g mp (z) = , we 

< 

can write g mp (z) = (e m , e p >, i.e. the functions g mp are scalar prod- 
ucts of the vectors tangent to the corresponding coordinate lines 



(Fig. 1.15) (we recall that the scalar product is Euclidean, i.e. it is a 
characteristic of the surrounding space). 

Thus we see that under coordinate transformation the matrix 
G (z) is transformed as the matrix of a quadratic form. In particular, 
if the initial coordinates are Cartesian, G is an identity matrix, so 
that in any other (curvilinear) coordinate system it can be written 
as G (z) = A T EA, where A = dtp,.*, provided {x’} are Cartesian 
coordinates (then G (x) = E). 

Before proceeding further, we shall consider formulas for the 
length of a curve in various curvilinear coordinate systems and pre- 
sent explicit expressions for the matrix G in these coordinate systems. 

(1) Polar coordinates on a two-dimensional plane R J (r, q>). In 
Cartesian coordinates (x 1 , x 1 ) the matrix G(x) is of the form 

(o l)' ie ‘ gil ~ 6,l= { i' j The Jacobi matrix (calculated 
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/ cosip simp N T 

above) is at|>= I I , whence 

V — rsinip r cosip/ 

( cos<p simp \/cos<p — rsinipN /I ON 
—rsinip rsimpjvsimp r cosip )~\0 r 2 )' 

Hence, in a polar coordinate system the length of a curve defined 
as v («) = ( r (<). f (0) is given by. 

o 

(2) Cylindrical coordinates in a three-dimensional Euclidean space 
R 5 (r, <p, z). The matrix G (x) in Cartesian coordinates (x 1 , x\ r>) is 
G (x) => E. The Jacobi matrix for this case has been calculated 
above 

( cosq> simp 0\ r 
— rsinip rcosipOl , 

0 0 l/ 

whence 

/I 0 0\ 

C(r, z)= (dij.) r (dtp) c= 0 r 2 0 . 

\0 0 1/ 

Thus, in a cylindrical coordinate system the length of a curve 
V (0 =■ ( r (*)> f (0. z {*)) is of the form 

o 

As an example, we calculate the length of a helix on a right circu- 
lar cylinder given parametrically as: r (t) => R = const, <p (t) = oil,' 
z => qt. NVe have then 
6 

l(Y)a= $ V Wo* + d<= V W+ q 2 ( b - a). 

a 

(3) Spherical coordinates in a three-dimensional Euclidean space 
R a (r, 0, ip). The matrix G ( x ) in Cartesian coordinates (x\ x s , x- 3 ) is 
G (x) = E. The Jacobi matrix (calculated above) is of the form 

( sin 8 cosip rcosOcosjp — rsinOsintpN 
sin 0 simp 'COsSsinip r sin 0 cos (pi, 
cos0 — rsin0 0 / 
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whence 

fi 0 0 \ 

G (r, 0, (j>)— = I 0 r* 0 ). 

\0 0 r 2 sin 2 0/ 

Hence, in a spherical coordinate system the length of a curve 
given by y (t) = (r ({), 0 (»), <p (t)) is expressed as 

IMS- 5 /(£■)■ +'•(§)■+'■->••(#)' * 

a 

It is sometimes convenient to deal with an elementary arc dl in- 
stead of the whole arc. In the examples considered above these ele- 
mentary arc9 squared (in the respective coordinates) are of the 
form: (dl) 1 = (dr)’ -f r' (dip)’ (polar coordinates on a plane), ( dl )’ = 
/dr)’ + r* (d<p)* + (dz)* (cylindrical coordinates in R 3 ); (dl)* = 
(dr)* + r* (d0)* + r* sin’ 0 (dtp)* (spherical coordinates in R 3 ). 

1.2.3. THE CONCEPT OF THE RIEMANNIAN METRIC 

IN A EUCLIDEAN DOMAIN 

In the preceding section we -have associated with each 
curvilinear coordinate system z in C a smooth matrix function 
G (z) which is transformed under coordinate transformation as a 
quadratic form (at each point). The role of this set of matrix func- 
tions is quite clear: once it is given, the length of a curve can be 
calculated in a curvilinear coordinate system. Among all the prop- 
erties of this set of matrix functions of major importance is the 
property of being transformed (at each point) as a quadratic form. 
Consider now various sets satisfying this property. 

Definition 2. A Riemannlart metric is said to be given in a Euclid- 
ean domain C if in any regular coordinate system * l , .... z" 
there is defined a set of smooth functions g m p (z 1 , . . ., z") 
such that: (1) g mp (z) = g pm (z) (G (z) is symmetric), (2) G (z) = 
(gmp) is non-singular and positive definite, (3) under coordinate trans- 
formation z -*■ y the matrix G (z) is transformed as G (y) = 
diJ) T G (z) (<fy) (recall that only regular coordinate transformations are 
considered). Here stands for the Jacobi matrix of the coordinate 
transformation 

Definition 3. Let the Riem&nnian metric G (z) = g t < be given in 
C and let a smooth curve y ( t ) ={z‘. (1)} be given in tne coordinate 
system (z f ). The length of the curve from point y (a) to point y ( b ) is 
the number 
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If two smooth curves Yi (/) and y, (t) satisfying Yi (0) = y, (0) = P, 
y, (0) =£ 0, Yj (0) 0 intersect at a point P £ C, the angle between 

these curves (for a given Riemannian metric) is the number <p such 
that 


cos If - 
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The definition of the Riemannian metric presented above can be 
formulated in more invariant terms without explicit coordinate 
writing of the metric. Namely, once the Riemannian metric has 
been given, we can define (at each point of a domain) a bilinear form 
(,). on the set of all vectors tangent to smooth trajectories through 
this point. Indeed, if y« (0) = P = Ya (0), where P £ C, then we 

may assume <£, i\) t = g,j5V for tlie vectors 5 = Yi (0) and t) = 

y, (0), where | = (S', . . ., i”), ti = (t]' t . . ., ti"). Note that the 
coordinates of the vectors 5 and r] are calculated in the system 
(s' * n ). 

Lemma 2. The mapping g, T) -► (|, tj>, defines a non-degenerate, 
positive definite bilinear form smoothly dependent on a point. 

Proof. That the mapping is symmetric and bilinear follows from 
Definition 2. We now verify that the mapping defines a bilinear form. 
We perform a regular coordinate transformation (s') {z 1 '} and 

have 
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whence 




-(&£) 

= if ijiV = (&• *l>*. 

i.e. <g, is really a bilinear form. We have used the relation 
4 ^r — &k which follows from the identity (di|>) (dif)' 1 = E. The 

Os' di* 

lemma is proved. 

Thus, we arrive at the following definition: the Riemannian metric 
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is said to be defined in a Euclidean domain C if at each point of the 
domain there is given a bilinear form (scalar product) on vectors 
tangent to smooth curves through this point, the form being non- 
degenerate, positive definite, symmetric, and smoothly dependent on 
the point. 

Lemma 2 shows that this definition is equivalent to Definition 2. 
The lemma implies, in particular, that the length of a smooth curve 
does not depend on a curvilinear coordinate system (provided the 
ftiemannian metric is given in a certain coordinate system and is 
transformed under coordinate substitution in accordance with the 
law considered above). 

Do Riemannian metrics exist? An example has already been giv- 
en. Indeed, if the matrix G (x) = (fi,,) is defined in a domain C 
in the Cartesian coordinates (**,!. . ., i"), then in any other curvilin- 
ear coordinate system z obtained from x by a regular transformation 
we can set, by definition, G (z) = eb|> T G (x) (<fy) = (di)>) T (di|>), where 
is the Jacobi matrix of this transformation. Apparently, since any 
regular coordinate system z can be obtained from a Cartesian coordi- 
nate system by a regular transformation (see the above definition 
of a regular coordinate system), we have defined the matrix function 
G (z) in an arbitrary regular coordinate system. This consideration 
shows that conditions (l)-(3), which the Riemannian metric must 
satisfy, hold true. Indeed, properties (1) and (2) can be verified 
directly by the definition of G (z), property (3) follows from the 
fact that the Jacobi matrix of the composition of two coordinate 
transformations is oqual to the product of the Jacobi matrices of 
each transformation: 6%,.^ = tty,,. ,, Thus, we have defined 

a Riemannian metric in a Euclidean domain. This metric is Euclid- 
ean, and the squared differential of the length of a smooth curve in 

n 

a Cartesian coordinate system is written as (d/) s = 2 (<**')*• How- 
ever, it should not be thought that, given an arbitrary Riemannian 
metric, an appropriate coordinate transformation may be found 

n 

in C which will reduce the metric to the form 2 (dx‘) s - 

Definition 4. A Riemannian metric G defined in a domain C is 
called Euclidean if in C there exists a coordinate system y (generally 
curvilinear) such that G (y) is an identity matrix. 

Given a Euclidean metric (relative to a coordinate system), we can 
describe all other coordinate systems in which this metric is also 
Euclidean (there are many such systems). This description will be 
given in the sequel, for at this moment we do not have atour dispos- 
al an appropriate apparatus. Here we only note that all such systems 
can be obtained from one system by rotations,' translations, and 
reflections in a Euclidean space. 
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The existence of a "non-Euclidean" metric, i.e. a metric which 

n 

cannot be represented as 2 (‘it') 1 > n an y coordinate system, can- 
not be demonstrated for the time being. At this moment we are 
unable to find such a metric about which we could say with certainty 
that it is non-Euclidean. It is intuitively clear that to find such a 
metric, one has to find its invariants preserved under a regular coor- 
dinate transformation. Once these invariants are found for two metrics 
and shown to be distinct, we can prove the non-equivalence of the two 
metrics. Such invariants do exist and we shall define them soon. 
Only after that shall we be able to prove rigorously the existence of 
a non-Euclidean metric defined in a Euclidean domain. 

As was noted earlier, the Euclidean metric written in an arbitrary 
coordinate system 2 "loses" its simple "Euclidean form” and is given 
by the matrix G (a) in which it is rather difficult to "recognize' 1 this 
metric, especially if we do not know the invariants discriminating 
different metrics (that is, the metrics which are not transformed 
into one another under a suitable coordinate transformation). We 
now show how the Euclidean metric is written in simple curvilinear 
coordinate systems considered above. It is often more convenient to 
deal with the squared elementary arc of a smooth curve (dl) 2 =» 
g,, (z) dz i dz i rather than with the matrix G ( z ) of the Riemannian 
metric. 

(1) Polar coordinates on a plane: dl * = dr* + r dip 1 . 

(2) Cylindrical coordinates in three-dimensional space: dl 1 = 
dr 1 + r 2 dip 2 -f- dz 2 . 

(3) Spherical coordinates in three-dimensional space: dl 1 = dr 2 -f 
r 2 (df) 2 + sin* 0 dip 2 ). 

1,2.4. INDEFINITE METRICS 

Until now we have , considered only positive definite 
metrics called Riemannian. In various applications, however, we 
often come across the so-called indefinite metrics. 

Definition 5. An indefinite metric is said to be given in a Euclidean 

domain C if in any regular coordinate system 1 1 z" there is 

defined a set of smooth functions {g mP (z 1 , . . z")} satisfying all 

the conditions imposed on the Riemannian metric (see Definition 2) 
except the condition of positive definiteness, i.e. the corresponding 
quadratic form is indefinite. 1 

As a simple example of an indefinite metric, we shall consider the 
so-called pseudo-Euclidean metric of index s in a pseudo-Euclidean 
space R?. To construct such a metric, it is sufficient to provide an 
ordinary Euclidean space R" with Cartesian coordinates x 1 , . . ., x" 
and define at each point P 6 R" the following bilinear form (with 
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constant, i.e. point-independent coefficients): <g, Tj), = — JJg 1 n* -j- 

n j i_1 

.2 iV- Then, for any smooth curve y (f) = {*’(0). 1 ^ i ^ n, 
the length of an arc is expressed as 

1 = i y ~i(£y+ s (S4* *■ 

a f iml j=l + 1 

For n * \< pseudo-Euclidean space of index 1 is sometimes called 
Minkowski's space (in the special theory of relativity); we shall also 



consider spaces RJ and Rj. Note that pseudo-Euclidean space of 
index 0 coincides with an ordinary Euclidean space. 

Remark. The study of spaces Rn_, is equivalent, in a sense, to 
the study of R", since all lengths in RJ,'-, can be multiplied by i 
(the imaginary unit); the form (,)„., changes then to (,>„. Therefore, 
we shall assume, for simplicity, that the inequality |n/2] holds 
true (square brackets denote the integral part). 

As in an ordinary E uclidea n space, the length of a vector g in R" 
is given by | g |, = V <§, g>„ but in RJ, unlike in RJ, the length of 
a vector may be zero or imaginary. Indeed, since the form (,), is 
not positive definite, the set of all vectors g £ R" emerging, say, 
from the origin can be decomposed into three disjoint subsets: 
<?• 5). < 0 (time-like vectors), (g, g >, = 0 ( light or isotropic vectors), 
<g. g>j > 0 ( space-like vectors). Owing to this circumstance, there 
may exist vectors with zero, real, and purely imaginary length. 
Indeed, the length of a time-like vector is purely imaginary, that of 
a light vector is zero, and a space-like vector has a real length. The 
positions of these three types of vectors in space are also different. 
Consider the vectors emerging from the origin- The definition implies 



J.2. The Length of Curve in Curvihnnear Coordinates 


37 


i n 

that isolropic vectors form the cone: — 2 (*') ! 4- 2 (**)* = 0 

i=i >— +1 

with the vertex at the origin, time-like vectors are located “inside” 
the cone, i.e. in its hollow bounded by the coordinate plane x l , . . . 
. . ,, x\ and space-like vectors are located "outside” the light cone 
(Fig. 1.16). This fact in itself shows that the indefinite metric defines 
a much richer geometry (in the metric sense) than the Euclidean 
metric. 

Remark. In Minknowski’s space RJ (in the special theory of rela- 
tivity) the isotropic cone consists entirely of the so-called “light 
vectors" £ (i- e - (|. !>i = 0) and is termed tho light cone, since a 
light ray emerging from the origin propagates along one of the gen- 
erators of this cone (provided the parameter ct is chosen as the coordi- 
nate x', the constant c is the velocity of light). 

As in a Euclidean space, we can now define the length of any smooth 
curve in the psoudo-Euclidean space R? of index r by setting l, (y)J = 

j I <Y> Y>« df, the only difference from the Euclidean case being 
0 

that certain curves may have zero, purely imaginary or complex 
length. Indeed, since the integral along a curve is additive, it can 
be decomposed into a sum of several terms (for simplicity, their 
number is assumed to be finite), each term being such that at each 
point of a given segment of the curve the scalar product (y, y), does 
not change the sign (segments of zero length may also occur). Thus, 
the length of a curve is, in general, a complex number. 

The space RJ introduced for conveniently expressing certain quan- 
tities in the special theory of relativity has played an important role. 
Let us refer RJ to the coordinates! x° = ct, x 1 = x, x x = y, x 3 = z, 
i.e. dl 2 = — e* dO + dx 2 + dy 2 + 'dz 2 . Here t is time and c is the 
velocity of light. Consider in RJ an orthonormal 4-frame e lt e a , e s , 
e 4 with respect to the Euclidean metric in R*. Here the space RJ is 
superposed, for the sake of clarity, with the Euclidean four-dimen- 
sional space. Consider also the so-called “world line” of a 
particle y (t), this line being a smooth trajectory in RJ. If x, y, z 
are spatial coordinates, the motion of the particle along the trajectory 
Y (t) can be interpreted as the evolution in space and time of a 

particle moving in a three-dimensional Euclidean space. Let y 
be, as before, a vector tangent to the trajectory y (t) at point t. 
Since, according to the special theory of relativity, no signal can 
pr opagate at veloc ity exceeding the speed of light e, we have cdt >• 
V dx 1 + dy‘ + dz 2 , where cdt, dx, dy, d; are the coordinates of an 
infinitesimal translation along the trajectory y (t) in the direction 

of the tangent vector y (t). In other words, the length of any path 
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I 

cannot exceed the distance travelled by light for a given time. Hence, 
we find that the relation —c 2 dt 1 + dx 2 4- dy 2 + dz 2 c 0 always 
holds true along the world line y (x) of any particle, i.e. 

<Y (f), y (t)>, •< 0. This means that any vector tangent to a world 
line is a time-like vector and the world line of a particle always 
has imaginary length. In particular, a world line lies entirely 
inside the light (isotropic) cone with the axis t. This condition 



Figure 1.17. The world (line depicted 
in the bottom cannot exist 


must be satisfied at any point pf a world line (see Fig. 1.17). We 
recall that the isotropic cone can; be defined at any point of a pseudo- 
Euclidean space. In sections to follow we shall discuss the geometry 
of Minkowski's space at greater length. 


Problems 

1. Demonstrate that the length of a curve is the limit of 
the sum of the lengths of segments of a broken line connecting finite- 
ly many points on the curvo when the maximal segment length 
tends to zero. 

2. Provo that in Euclidean space a straight line is the shortest 
among all other lines connecting two points. 

1.3. GEOMETRY ON A SPHERE AND ON A PLANE 

VVe start with a two-dimensional Euclidean plane refer- 
red to Cartesian coordinates x, y and endowed with Euclidean metric 
dl 2 *= dx 2 + dy 2 (note that the symbol ds 2 is also used sometimes 
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for an infinitesimal elementary arc of a smooth curve; we shall use 
both symbols). This Riemannian metric (apparently, it is positive 
definite) induces the scalar product 1 (|, ti> = J'q 1 + £ 3 ri 2 . The con- 
cept of scalar product naturally leads to the concept of circle as the 
set of points which are the ends of vectors of length R. If we intro- 
duce polar coordinates on a plane, then circles with centre at point 0 
will be coordinate lines of the former (1) = const. In a polar coordi- 
nate system the infinitesimal elementary arc of a circle is rd*. p. 

Consider now a standard embedding of a two-dimensional sphere 
in a three-dimensional space referred to Cartesian coordinates z, y, z. 
The sphere is defined as a set of points which are the ends of vectors 
of length R emerging from point 0. Before studying the geometry 
of a two-dimensional sphere in greater detail, let us discuss the fol- 
lowing general topic. Supposes smooth curve y (f) lies on a sphere S 2 
and we need to calculate the length of the entire curve (or of its 
part). Since we deal with an Euclidean space, we may consider the 
ambient three-dimensional Euclidean metric ds 2 = dx* -f dy 2 + 
dz 2 , write the smooth curve parametrically y (t) = (z (t), y (t). 2 (<))■ 
and calculate the quantity in question by the methods described 
above. The same procedure can be i used if we need to measure the 
angle between two curves y, (t) and y, ( t ) intersecting on a sphere S 2 
(both curves are assumed to lie entirely on S 1 ). To this end, wo have 

to find the Cartesian coordinates of the vectors y, and y 2 (in a three- 
dimensional Euclidean space) and calculate this angle, using again 
the ambient Euclidean metric. 

It should be noted, however, that in such calculations we use the 
properties of the Euclidean metric 'only at points in the vicinity of 
S 2 . In other words, we could consider the Euclidean metric only for 
points of a two-dimensional sphere and express the metric in terms 
of coordinates on this sphere. Since the sphere S 2 is given in R 3 by 
a single equation, the position of a point on the sphere is determined 
by two parameters (i.e. Ies3 by onelthan in three-dimensional space). 
This is especially clear with spherical coordinates (r, 0, cp) in R 3 . 
In this case a two-dimensional sphere of radius R is defined by a 
single equation r = R = const. Let us now obtain an explicit ex- 
pression lor the scalar product of two vectors tangent to curves lying 
entirely on S 2 (these vectors are therefore tangent to the sphere). 
Let y, (<) => (fl, 0, (1), (p, (0). Yz (0 = (A. 0! (0. <Pj (0)- We have 
then 

y, (r) ® (0, 0,, <p,), y t (0 = (0. 0„ cp,), i.e. <y,. y,> 

= fl J (©.Oj + S'm^W q>|ip 9 ), 

where (0 (f), <p (t)) are the coordinates of the point of intersection of 
the curves y, (f) and y, (t). This implies that the scalar product just 
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calculated coincides with the scalar product of two vectors (0 lt <p,) 

and (0j, if .) relative to a new bilinear form: R 2 (0,0 2 + sin* 0 (£)<Pi«Ps)- 
This form induces the quadratic form R ! (dQ 2 -j- sin* 0 dip 5 ) which 
is obtained from the corresponding quadratic form in Euclidean 
space dr 5 -f r* (d0 2 -f- sin 5 0 dip 5 ) by substituting the functions of 
0. <p: r = R — const, 0=0, ip = q for the variables r, 0, q>. The 
Riemannian metric R 2 (d0 5 ■+■ sin 5 0 dqi 5 ) thus obtained on S 2 is said 
to be an induced ambient Euclidean metric of a three-dimensional 
space. 

Since the position of a point on S 5 can be specified by two para- 
meters 0 and q> (latitude and longitude), the radius vector of a point 
on a sphere can be represented in the form: x = x (0, cp) = 
R cos 0 cos ip, y ~ y (0, q>)i = R cos 0 sin cp, 2 = 2 (0, q>) = 
R sin 0. Substitution of these three functions (of two parameters) in- 
to the expression for the squared elementary arc in a three-dimension- 
al space dx 5 + dy 2 -4- di- yields (dx (0, <p)) 2 + (dy (0, q>)) 5 -f- 
(d 2 (0, q>)) 5 = fl 5 (d0 5 i- cos 5 0 dtp*). 

This concrete example will be generalized below and will serve as 
a particular case of "induced Riemannian metrics". To this end, in 
the following chapters we shall introduce a rigorous concept of a 
"surface” to which the ambibnt Riemannian metric is restricted. 
A two-dimensional sphere standardly embedded in a three-dimension- 
al spaco is precisely a “surface”. We shall give some other examples 
of "surfaces”, which are mainly! defined as vector functions of sever- 
al variables. For example, if the vector function (radius vector) 
x = x (u, u), y = y (u, t>), z ■= S (u, p) with the parameters u, o 
varying in a domain on a plane is given in a three-dimensional Euclid- 
ean space, this radius vector sweeps out (as u and v change) a set 
which we shall call (provided the vectors and 

gj;, |^) are linearly independent at each point (u, v)) a “two-dimen- 
sional surface” in a a three-dimensional space. (The general defini- 
tion will be given below.) Once such a surface (or a piece of it) is 
defined, there arises the following quadratic form induced by the 
Euclidean Riemannian metric: (dx ( u , o)) 5 + (dy (u, u)) 5 + 

(dz (u, v)) 1 . 

Let us consider a two-dimensional sphere S 2 standardly embedded 
in R 3 and endowed with an induced Riemannian metric. We have 
already obtained an explicit expression for this metric: R 2 (dQ 2 ■+■ 
sin 5 0 dip 2 ), where 0, ip are spherical coordinates. Some other curvi- 
linear coordinates can also be introduced on a sphere S 2 . Here are 
several examples. 

Wo first consider the stereographic projection of a sphere S 5 onto 
a plane R 5 . To do this, we place the centre of the sphere of radius R 
at the origin O and consider the coordinate plane R 5 (x, y) through 
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0; the north and south poles on 5 s are denoted by N and S, respec- 
tively. L8t P be an arbitrary point on the sphere, distant from N . 
Connect the north pole N with P and extend the segment NP to the 
point Q where it intersects the plane R 2 (i, y). Associating point Q 
with P, we obtain a mapping <p 0 : 5* R 2 which is called the sle- 
reographic projection of a sphere onto a plane. The construction im- 
plies that the mapping 9„ is defined at all points of the sphere except 
at the north pole N. We may assume, conditionally of course, that 
the north pole "maps" infinitely distant points of a two-dimensional 
plane (see Fig. 1.18). Introducing coordinates both on the sphere 
and on the plane, we can write the mapping <p 0 in analytic form. 



Figure 1.18 Figure 1.19 


Consider, for example, spherical coordinates r, 8, q> in R 3 . These 
coordinates induce coordinates on ‘the sphere S 2 and on the plane 
R 2 ( x , y). Indeed, the coordinates (0, <p) arise on the sphere and po- 
lar coordinates (r, 9) arise on R*. Since the mapping (p 0 preserves 
the coordinate 9, it is sufficient, for determining 9„, to find an ex- 
plicit relation between theradiusrand angle 0. Consider the section 
of S 2 by a plane through points P, 0, and N (Fig. 1.19). Since the 
angle ONT is equal to n/2 — 0/2, ,we obtain from the right-angled 
triangle ONQ: r = OQ = R tan (ri/2 — 0/2) = R coty. Thus, the 
final equations for the coordinate transformation are: 9 = 9, r = 
R cot (0/2). 

The Jacobi matrix of the coordinate transformation is 


. i.e. J — — 


2sin*y 


and the transformation is regular at all points except at the north 
pole. Hence, we can introduce on the sphere 5 2 coordinates induced 
by polar coordinates on a Euclidean plane. The Riemannian metric 
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of sphere in these coordinates takes the form 
ds^Rs^-fsin^ddtp*), dr => - 


— ft 


sin 1 4' 


fl* 


2 sin* 

cos2 7 = 7t*T75 


de, 


«* + r* 

Note that this Riemannian metric differs from the Euclidean met- 
ric on a plane in polar coordinates (dr* -f- r 2 dip 2 ) only by the var- 


iable factor 


4K« 


Such metrics are called conformal. 

Definition 5. The Riemannian metric g (/ (z) defined in a Euclidean 

domain C in curvilinear coordinates z 1 z" is called conformal 

if it can be represented in the form g u (z) = X (z) g\j (z), where 
X (z) is a smooth function on C and g\j (z) are the components of the 

Euclidean metric written in thd coordinates z 1 z n . In other 

words, the metric g t ,(z) is called conformal if there exists a coordi- 

n 

nate system x such that g„ (x) = X (x) Y, (dx*) 1 . 

Thus, on a Euclidean plane (referred to“polar coordinates) we can 
consider two Riemannian metrics: dr* -f- r* dip* (the Euclidean 
metric) and (dr 2 + r’ dip*) (the metric of a sphere). Both 

can be assumed to be defined on the somo domain, R ! (x, p). Let us 
now turn back to the topic considered above, namely, the equivalence 
of metrics. We may ask: does a regular coordinate transformation 
exist on the plane R* which sends the metric dr* -j- r* dip* into the 

“ etric ' (/t T ^-rajS + r 1 dip 2 )? Here we may only say, intuitively, 
that these two metrics are not equivalent. Lot us calculate the cir- 
cumference of the circle x* -f y 2 '== a* in the Euclidean and "spher- 
ical" metrics. By circle we mean 'a smooth trajectory on a plane R* 
the length of which can be calculated in different metrics introduced 
on R*. We shall calculate this quantity as a function of the circle 
radius. The Euclidean formula is quite familiar: l,' =* 2 na, where a 
is the radius (calculated in the Euclidean metric). To find the cir- 
cumference in the “spherical ” metric, we first derive a relation be- 
tween the Euclidean radius a and the radius p in the spherical metric 
(see Fig. 1.20) 


2 \' 


/?* 




dr = 2R tan' 1 


(*)• 




It* -a dip 
H 2 +a * '' 


4 na«* 

R--+U* 


= 2n Ii sin 


(*)• 
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It is clear from the figure that p is equal to the length of the meridian 
connecting the north pole with a variable point of the circle. Our 
formal calculations in terms of the Riemannian metrics on a plane 
can also be performed with the aid of elementary geometric rela- 
tions. Thus, if we could define a circle of radius a with centre at a 
certain point in terms of quantities independent of a local coordinate 
system, we would obtain a formulafor the circumference which does 
not depend on the local coordinate, system either. Such a definition 
does exist. Let us call the minimal length of a curve connecting 



points P and Q the distance between these points (the minimum is 
determined for all smooth curves connecting the points). Then the 
circle of radius a with centre ati point P is the set of points 
0 such that their distance from P ip equal to a. To apply this defini- 
tion to a sphere, we have to provo! that the distance between points 
P and Q on the sphere S* is equal to the length of the arc of the large 
circle through these points. This proposition is easily proved if 
any curve connecting P and Q is! approximated by a broken line 
composed of finitely many arcs of i large circles. 

In particular, for p -*-0 (i.e. for a circle of a small radius in com- 
parison with ft) we obtain l. ~ 2np, that is. the formula derived 
above coincides with the Euclidean expression for the circumfer- 
ence. Comparison of “the Euclidean! circumference of radius p, 2np” 
with “the spherical circumference bf the same radius, 2nR sin p/ft” 
shows that these two functions are jessentially different: one is linear 
and the other is periodic. 

One can easily understand why a convex spherical surface cannot 
be deformed into a domain on a Euclidean plane in such a way that 
the length of a curve on the spherical surface is preserved if one 
recalls that it is much more difficult to flatten a spherical segment 
than a cylindrical segment. 

The above calculation of the circumference on a sphere could also 
be carried out directly in spherical coordinates (0, <p) in which the 
metric of a sphere is ft* (d0* 4- sin* 9 dtp*). This metric can be defined 
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on a disk of radius a on a Euclidean plane referred to the coordi- 
nates 0,<p. Obviously, in these coordinates the circumference of a 
circle of radius 0 is equal to 2nR sin 0 (Fig. 1.21); the point O is, 
naturally, identified with the north pole and the circumference of 
the boundary circle (of radius n) is zero, since d0 = 0, sin (n) = 0, 
so that the entire circle is transformed into a single point identified 
with the south pole of the sphere. 

Let us now turn to calculating the length of a smooth curve on a 
sphere. By way of example, we shall consider the so-called loxo- 
drome, the trajectory intersecting each meridian of a sphere at the 



Figure 1.21 


same angle a. (Problem. Find thej length of this curve between points 
? (a) and y (6).) This curve is well known in navigation theory, for 
it is very convenient for choosing flight routes between two fixed 
points. The fact is that the angle a can easily be measured: it is 
equal to the angle between the aircraft velocity vector and the com- 
pass direction. Thus, to travel along a pre-determined loxodrome 
connecting the starting and terminal points, we may utilize only 
this parameter (the real situation is, of course, muoh more compli- 
cated). 

A convenient method of finding an explicit parametric expression 
for a loxodrome is to project stereograph ically the sphere (and hence 
the loxodrome) onto a plane referred to polar coordinates (r, <p). 
After this operation, the loxodrome is mapped into a plane trajecto- 
ry. We have already calculated the metric of a sphere in these coor- 
dinates: (dr J + r s dip’). The stereographic projection trans- 

forms meridians into rays emerging from the origin on the plane. 
We assert that the image of a loxodrome is a curve on the plane, 
which intersects all these rays at the same angle a (this curve is 
therefore uniquely determined by this angle, up to a rotation). This 
assertion follows from a more general fact: a stereographic projection 
preserves angles between intersecting curves. The transformation 
satisfying this condition is called conformal. To be more exact, we 
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mean the following. Let us consider a spherical metric (see above) 
induced on a sphere by the ambient Euclidean metric, and let 

two curves intersect at an angle a (y„ yj (the angles are assumed 
oriented) (see Fig. 1.22). The number a (y„ y a ) has been defined in 
Section 1.2. The mapping cp 0 (stereographic projection) transforms 



the curves Vj and y, into curves i g, and q,\ the angle between the 
latter, as calculated in the Euclidean metric df ! on a plane, is de- 
noted by P (q u q,). 

Lemma 1. For any intersecting curves y, and y, the equality 

“ (Yi. Ya) = P <9,. 9a) holds true A 
Proof. It is sufficient to compare the explicit formulas for a and 
P and use tho expression for the spherical metric (under the mapping 
<p 0 ) written in polar coordinates on R’. We have ds*(r, 9) = X 

(dr 8 + r 1 dip’); dl 2 (r, <p) = dr 1 + /■* dip*. It is clear that ds‘ (r, 9) = 
X 1 (r) dl * (r, 9), whence 


*(Yi. Yj) ' 


X' (r,r, + r»yi9,) 


= P(9i. 9-j)- 


7x* (rj + r'tf) X’ (r( + r> 9 i) 

The lemma is proved. 

A more general statement is also valid. 

Lemma 2. Let g it ( 2 ) and q it (2) be two metrics defined in a Euclid- 
ean domain C in curvilinear coordinates (z 1 , . . z"). If the iden- 

til U S 11 = Xq ih where \ = X (z) is a smooth function, holds true at 
any point (z) £ C, the angles between intersecting curves calculated in 
these metrics coincide. 
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The proof of this lemma is completely analogous to the proof of 
Lemma 1. 

Let us now return to the loxodrome problem. According to Lem- 
ma 1, it is sufficient to find its equation on a Euclidean plane. The 
condition that the angle a is preserved means that ((r, «p), (1, 0)> = 
cos a = const, where (r, <p) = y is the tangent vector to the loxo- 
drome and (1, 0) is the velocity vector of the ray (tp = const, r = t). 

Hence, : /;■■■ - ~ - = cos a = const and therefore r* sin* a = 

V r* + rV 

r*( p s cos’ a, r/r = q> cot a, (In r)' = <p cot a, r = c-e*™ 1 *, where 
c = const. Putting tp = t, we have r = c - cot a-e‘ tcola , <p = 1. 
Calculating the length of the arc, we obtain l (y)*, = c' •e' CTla -f- e', 
where c", c‘ = const. (Exercise. Find the constants c' and e‘.) 

Problems 

1. Demonstrate that the sum of the angles of a triangle 
formod by arcs of large circles on a sphere_5 s exceeds 2n. 

2. Express the sum of the angles of a 'triangle on S* in terms of 
its area (the triangle is formed by arcs of large circles). 

3. Demonstrate that the similarity transformation on a sphere 
S is possible if only the similarity! ratio is equal to unity. 

4. Prove that for any Riemannian metric there can be found a 
coordinate system such that the matrix of the Riemannian metric 
at a given point is an identity matrix. 

1.4. PSEUDOSPHERE j 

AND LOBACHEVSKIAN GEOMETRY 

Let us consider a pseudo-Euclidean space R? of index 
s. In a Euclidean space R" a sphere S’“ l (hypersphere) can be defined 
as a set of points located at a distance p from the origin. In a pseudo- 
Euclidean space wo can also consider a set of points at a distance p 
from the origin (here the number p need not necessarily be real, it 
may also be imaginary or zero). This set of points is called a pseu- 
dosphere of index s and is denoted by Si" 1 . Clearly, SZ ~ l = S"-'. 
Below we shall distinguish between pseudospheres of real, imagi- 
nary, or zero radius. A pseudosphere of zero radius is described by 

■ i 

the second-order equation >j (**)* + S (*') J = 0, where 

,. >'=t >=«+i 

. ... x are Cartesian coordinates in R' 1 on which the pseudo-Euclid- 
ean space R? is modelled. Obviously, a pseudosphere of zero radius 
coincides with an isotropic (zero) cone. 
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Here are some examples. Let n = 2 and s = I . The isotropic 
cone consists of two straight lines x 1 = ±x 2 (wo consider a two-di- 
mensional plane R 2 referred to Cartesian coordinates x\ x 2 , and 
model pseudo-Euclidean geometry of index one on this plane). This 
rone subdivides R 2 into two domains: the domain defined by the 



inequality | x 2 | > | | in which <&, g>, > 0, and the domain 

| *« | < | *‘ [ in which (J, 5), ;<0 (Fig. 1.23). Pseudospheres of 
real radius are hyperbolas — (x 1 ) 2 + (x 2 ) 2 => a*, where a is a real 
number, and pseudospheres of ' imaginary radius are hyperbolas 
-(x 1 ) 1 + (**)* = -a* (Fig. 1.24). 

Let n = 3 and * = 1. The isotropic cone (a pseudosphere of zero 
radius) is an ordinary cone of the second order given by the equation 



(_( z i)J 4. ( X J ) ! + (x 3 ) 2 = 0 (x 1 is the cone axis). This cone also 
subdivides the entire space into two domains (using the customary 
terms, we may say "subdivides into the interior and exterior do- 
mains”) (Fig. 1.25). Pseudospheres of real radius are one-sheet hyperbo- 
loids — (x') 2 + (x 2 ) 2 + (x 3 ) 2 = -i-ct 2 , and those of imaginary radius 
are two-sheet hyperboloids — (x 1 ) 2 + (x 2 ) 2 -f (x 3 ) 2 = —a 2 (p 2 = 
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—a 2 ) (see Fig. 1.26). Let us now discuss the metric properties of 
space RJ, which is modelled in Rf; if the Cartesian coordinates in R 3 
are denoted by x , y, and z, we have (5, |), = — x* +• y 1 + z ! . 

Consider a pseudosphere of imaginary radius. It is a two-sheet 
hyperboloid given by the equation —a* = — ** + + z a . Since 

this hyperboloid is embedded in Rj, we may say that "the geometry 
of the space Rf induces a certain geometry on a pseudosphere of 



imaginary radius". This idea cam also be expressed in terms of in- 
definite metric defined in Rj: “the metric of R{ induces a metric on 
a pseudosphere’’. The phrase “geometry induced on a hyperboloid” 
can be given a reasonable meaning even without introducing the 
concept of indefinite metric. Consider a pseudosphere —a* = — x s + 
y‘ -r z s (for the sake of simplicity,; we shall be dealing only with one 
sheet, say, the sheet defined by thfl inequality x > 0); by “points” of 
the geometry induced on this pseudosphere wo shall mean ordinary 
points of the hyperboloid and by “straight lines” of the induced ge- 
ometry, all possible lines of intersection of the hyperboloid and the 
planes ax -+■ by + cz = 0 through the origin (Fig. 1.27). It turns 
out that the geometry introduced in this way on a pseudosphere can 
be studied by the methods of analytic geometry (i.e. without resort- 
ing to the concepts of indefinite ntetric), using a far-reaching analo- 
gy with geometry on an ordinary sphere. To this end, it is conve- 
nient to perform a transformation similar to the stcreographic pro- 
jection of a sphere onto a plane. The origin, point 0, is taken as the 
centre of the pseudosphere S) = {—a 2 = — x* + y 3 + z 2 }, the 
point (—a, 0, 0) as the north pole, and the point (a, 0, 0) as the 
south pole. The plane YOZ through the centre of the pseudosphere is 
chosen as the projection plane (note that the restriction of the scalar 
product <|, rj), to the plane YOZ is of the form £ 2 r|* + I 3 !) 3 , i.e. 
the pseudo-Euclidean scalar product (|, >)>, induces the Euclidean 
scalar product on YOZ). Consider now a variable point P on the 
right-hand sheet of the hyperboloid and connect it with the north 
pole N . The segment PN meets the plane YOZ at a point which is 
denoted by / ( P ) and called the image of P under the stereographic 
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projection /: S, — R*. Exactly in the same way we can define the 
stereographic projection of the left-hand sheet of the hyperboloid 
onto the same plane YOZ, using the north pole IV as a projection 
centre. Figure 1.28 shows the section of pseudosphere by a plane 
through the axis OX. The image of the right-hand sheet of the hy- 
perboloid does not cover the entire plane YOZ, but only the inte- 
rior of the disk y* + z a < o> of radius a. The image of the left-hand 



sheet of the hyperboloid covers the exterior of the circle y* -+- z* = 
a’. Unlike the case of an ordinary sphere 5 *, the imago of a pseudo- 
sphere 5! under stereographic projection covers only part of the 
plane YOZ, since the circle y* 4- z’ = ct l does not belong to the 
projection image. The north pole /V is mapped (as in the case of a 
sphere) into an infinitely distant point of the plane YOZ. Let point 
P have Cartesian coordinates (x, y, r) (x > 0) and let (u‘, u‘) be 
Cartesian coordinates of the point / (P) on the piano YOZ, where the 
mapping / is a stereographic projection. The following lemma estab- 
lishes an explicit relation between these coordinates. 

Lemma 1. Let P=>(x,y,z), f (P) = (u l , u 2 ). Then, 

I u l'~r a* 2a l u‘ 2 a«n» 

' a*— | u |* ' ^ a*— a* — | u |* * 


inhere | u | 2 = (u') z + (u 1 ) 2 ; u = (u‘, u. 1 ). 
Proof. From Fig. 1.28 it follows! that 


*+» 


4 = -S±SL, -L=-i±£L, i.e, :yi _ . . 

u 1 o u* a 8 a 

Since — o 2 = — x 2 + y z +z 2 , we have 

-« 2 = _x»+((u') 2i + (u 2 ) 2 ) , 


whence (because (x — a)>0) x— a = 

. _ iuH- 




'I u I s • 


x-f-a 
■x * 


The lemma is proved. 
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Lemma 2. The coordinates (u 1 ,, u 2 ) (varying in the open disk (it 1 ) 2 4- 
(u 2 ) 2 < a 2 ) define a regular coordinate system on the right-hand sheet of 
a hyperboloid, that is, the stereographic projection defines a regular 
coordinate transformation f (i, y, z) (it 1 , u 2 ). 

Proof. The coordinates ( x , y, z) of point P on the right-hand sheet 
of the pseudosphere are related [ by — a 1 = — x 2 + y 3 + z 2 , so that 
the position of point P is uniquely determined by two numbers, say. 
y and z, i.e. the coordinates of the orthogonal projection of P onto 
the plane YOZ, and we may assume that the ri ght-hand sheet of the 
pseudosphere is given by the equation x = V a 2 + y 3 + z*. Thus, 
the stereographic projection / can be meant as the coordinate trans- 
formation (y, z) -*>(u I , u 2 ). It remains to find the Jacobi matrix of 
this transformation and verify that its Jacobian is not zero. Straight- 
forward calculation yields 



2a 2 (g*-f (u 1 ) 2 — (u 2 )*| 
(a 2 — | u i 2 ) 2 • 

2 a 5 2 u‘u 2 in _ 

1 (a 2 — I u | 2 ) 2 ’ ou* = 


Oy 2a 2 2u*u 2 

(a 2 — | u I*)* ’ 
2a» <a 2 + (u 2 ) 2 — (u 1 ) 2 ) 

' (a 2 — | u !>)• 

4a 2 x 


‘ (a 2 *- 1 u I 2 ) 2 


> 0 . 


Thus, the transformation Jacobian is positive at all points of the 
disk (u 1 ) 2 — (u 3 ) 3 < a 3 . This completes the proof of the lemma. 

Before proceeding further, let us consider once more a sphere 5 s . 
What geometry will arise on a sphere if by "points" we mean ordin- 
ary points of the sphere snd by “straight lines” cross-sections of 
the sphere by planes through the origin 0 (i.e. equators)? Let us 
dwell on an elementary level and elucidate the geometric axioms 
which this set of “points” and "straight lines” satisfies. Clearly, one 
and only one "straight line” passes through a pair of non-antipo- 
dal "points", but infinitely many "straight lines” may pass through 
antipodal "points”. Moreover, it, is not possible to draw a “straight 
line” through a “point” not lying on a given “line”, without inter- 
secting the original “straight line". In other words in this geometry 
on a sphere "parallel (i.e. non-intersecting) straight lines" do not 
exist. 

Some improvements are possible if this geometry could be approx- 
imated, as close as possible, to the Euclidean geometry. For exam- 
ple, if in the new geometry by ‘‘points” we mean pairs of antipodal 
points (P, —P) on S 3 , the first “drawback" is eliminated, that is, one 
and only one "straight line" passes through any two “points" (provid- 
ed these "points" do not coincide). This property is analogous to the 
corresponding property of the Euclidean geometry. It is a simple 
matter to observe that in the new geometry all classical Euclidean 
axioms are satisfied, except the so-called “fifth postulate": namely, 
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given a “point” outside a ’’straight jine”, no "straight line” parallel 
to the original one can be drawn through this point, that is, any two 
"straight lines" either intersect a: one “point” or coincide. Indeed, 
any two (non-coinciding) equators on a sphere define one and only 
one point ( P , — P). The geometry thus constructed (sometimes called 
elliptic geometry) is as rich as the Euclidean geometry, though in the 
former many customary properties of the Euclidean plane are re- 
placed by other properties which are, perhaps, more “exotic" from the 
classical point of view formed during the development of science on 
the basis of simple physical ideas about the surrounding world. 
Everyday human experience seems to be more prone to the “Euclid- 
ean" concepts. 

The above operation of identifying points P and — P, where P 
runs a sphere, is equivalent to the factorization of a sphere with 
respect to reflection symmetry at point 0. Since any pair (P, — P) 
defines one and only one straight line in a three-dimensional space 
(in which the sphere is standardly embedded), we can associate 
with each "straight line” of elliptic geometry (equator) the orthogo- 
nal straight line through point O. Thus, elliptic geometry can be 
modelled on a two-dimensional real projective space encountered in 
analytic geometry. Below we shall frequently deal with this type 
of geometry. The above operation of associating a "straight line” 
with a "point" becomes a duality on a projective space. This duality 
permits one to deduce directly from any theorem of elliptic geom- 
etry a new theorem by substituting “straight lines" for “points" 
and vice versa. The statement thus obtained is not, generally, 
equivalent to the original one. 

Let us now return to pseudo-Euclidean geometry and the geometry 
it induces on a pseudosphere of imaginary radius. The stereographic 
projection /: *S\ -» {p’ 4- z J < a*) = D 2 (here *5| stands fo the 
right-hand sheet of hyperboloid) transforms points of a hyperboloid 
into interior points of a two-dimensional disk D 5 of radius a. What 
are the curves on the circle D * into yrhich the “straight lines” of our 
geometry on a hyperboloid are transformed? By "straight lines” we 
mean the lines of intersection of the hyperboloid with planes 
through the centre# of the pseudosphere (i.e. analogues of equators on 
a sphere). 

Lemma 3. Each line o/ the intersection of 'S’ with the plane ax 4 - 
by + ci = 0 is mapped by f into a circular arc intersecting the circle 
y‘ - f :' = a* at right angles (Fig. 1.29). 

Proof. We recall that by the angle between intersecting smooth 
curves we mean the angle between their velocity vectors at the 
intersection point. Lemma 1 implies that in order to find the curve 
into which a “straight line" on *SJ is mapped, it is sufficient to sub- 
stitute into the equation of the plane ax + by + cz = 0 explicit 
expressions for the variables x, y, z in terms of u', u 1 . Suppose 




52 


1. Introduction to Differential Geometry 


Then the equation 

I ul»-ha» 
a»-| u |« + 


a a- 


Zbasu' , 2ca ! u» n 
a»j- | u |= + a* — I - n — 0 


■l a |* 


is reduced, after simple algebraic transformations, to 


i.e. it defines a circle of radius ~ y^^c 2 — a 2 = r centred at point 

( - , ^2.) which intersects the circle y 2 + z 2 e=a 2 at points A 

and B at right angles (Fig. 1.30). That the angle at the intersection 




points is equal to nl 2 follows from the obvious relation a 2 +r 2 = 
[M + c 1 ) a 1 . pq ote t ^ al the j mag{ j 0 f a “straight line" on under 

the mapping / is not the entire circle {u 1 + -^-) 2 + (u 2 +-y-) =>r z , 

but only its part contained in the circle y 1 + z 1 < a 2 . 

Thus, the geometry induced on a pseudosphere of imaginary radius 
in R{ coincides (after an appropriate coordinate transformation) 
with the geometry in a circle of radius a on a Euclidean plane R J , 
provided by "points" of this geometry we mean ordinary points of 
this circle (except for boundary points), and by "straight lines" 
circular arcs intersecting the circle at right angles (in particular, all 
diameters of the circle are “straight lines”, for these diameters can 
be considered as arcs of infinitely large radius). This is the so-called 
Lobacheuskian geometry, and its model in a circle of radius a on a 
Euclidean plane is called the Poincare model of Lobachevskian ge- 
ometry. N.I. Lobachevski developed his geometry in quite another 
way, without using pseudo-Euclidean spaces, but proceeding from 
such a form of the “fifth axiom'' which assumes the existence of in- 
finitely many straight lines parallel to a given one. 


1-4 ■ Puudospkere and Lobachevskian Geometry 53 

Using the Poincare model, we can easily verify that all Euclid's 
axioms hold true, except for the fifth axiom. Figure 1.31 clearly 
shows that infinitely many “straight lines” parallel to (i.e. not in- 
tersecting) a given one can be drawn through a point outside the 
original "straight line”. From the point of view of the parallel axiom, 
Lobachevskian geometry is just opposite to elliptic geometry. Note 
also that if the parameter a tends to infinity, in any finite domain on 
the Poincare model Lobachevskian geometry will "tend" to Euclid- 
ean geometry, since the arcs will be straightening, thereby turning 



Figure 1.31 


into Euclidean straight lines. The boundary of the Poincard model, the 
circle y 2 4- z 2 = a*, is called the absolute; infinitely distant points 
of the Lobachevskian plane are located on' this boundary. While 
studying the Lobachevskian plane, we sometimes assume, for sim- 
plicity, o = l. 

Remark. We could also consider geometry that arises on a pseu- 
dosphere of real radius in Rf (i.e. a one-sheet hyperboloid). (Exercise. 
Prove that this geometry coincides with Lobachevskian geom- 
etry.) 

Let us now turn to calculating the Riemannian metric induced on 
a psoudosphere of imaginary radius by the ambient indefinite 
metric. We shall proceed by analogy with an ordinary sphere, in- 
troducing in RJ an analogue of spherical coordinates and writing 
with their help the equation of a pseudosphere in a convenient form. 
In the plane YOZ we shall introduce polar coordinates (r, q>), where 
(p is the angle with the axis y. Moreover, we shall introduce the pa- 
rameter 0 '. an analogue of the corresponding parameter in ordinary 
spherical coordinates. Make the following transformation: y = 
a sinh 0’ cos q>, 2 = a sinh 0' sin <p, x = a cosh 0'. In this “pseu- 
dospherical" coordinate system the equation of a pseudosphere takes 
the form a = const. This is a direct consequence of the equation of 
a pseudosphere of imaginary radius. 

We now calculate the Riemannian metric on a pseudosphere in 
the coordinates u 1 , u 2 in the Poincard model. Substituting the for- 
mulas for the stereographic projection into the expression for the 
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squared elementary arc in RJ, we obtain (verify!) 

~(dx(u‘, u*))*+ (dy (u 1 , u'))*+ (dz (««. «’))’ = ■ 

Hence, in polar coordinates (Jet o=l) in the Poincare model 
tin's metric is written as ds i = 4' dr ~^' r \f ? 7 . It can be seen from 

(1 — r 8 )> 

this formula that the metric is conformal, i.e. it differs from the 
Euclidean metric by a variable factor X (r) = 4 (1 — r*)-*. To write 
this metric in pseudospherical coordinates, we go over from (r, <p) 
to new parameters (X. <P) by r = tanh (%l 2), q> - <P- Straightforward 



calculation yields (verify!) ds* = 4x 2 + sinl * 1 X d'P*- This form of the 
metric is analogous to that of the metric of a sphere in the coordin- 
ates (0, <p), but with ordinary trigonometric functions replaced by 
hyperbolic ones. . 

What is the geometric meaning of the parameter x? In the plane 
XOZ the induced pseudo-Euclidean metric is of the form dr "= 
— dx l 4- dz’. The section of pseudosphere by this piano is a hyperbola 
written parametrically in pseudospherical coordinates as (we again 
put a = 1): x = cosh 0', z = sinh 0' (Fig. 1.32). The length of a 
hyperbolic segment from 0 to 0' jin the pseudo-Euclidean metric is 

B’ 

1= 1 0' + cosh 1 0'd0' = 0'. Thus, 0' coincides with the 

length of a “meridian" on a pseudosphere from the south pole S 
to a variable point P, i.e. this parameter is completely analogous to 
the ordinary parameter 0 on a sphere. In particular, we have eluci- 
dated the meaning of pseudo-Euclidean coordinates (see Fig. 1.33). 
It can be seen that pseudospherical coordinates are completely iden- 
tical to spherical coordinates. If.«=^»l, the length of a “meridian 
is equal to a0'. 
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Consider now the stereographic projection (for the sake of simpli- 
city. we again consider only theiplune XOZ because all calculations 
hold true if the plane XOZ is routed about the axis OX). Since 

*= ' we obtain Z = T^* (because u 2 = r in the plane XOZ). 

Furthermore, since z = sinh 0' sin tp = sinh 0' ( because cp = 'j , we have 



-j-^- = sinh 0', whence r=tanh so that x = 0’- Thus, we have 
obtained the Riomannian metric 4 in the Poincard model. 

Note that this metric is positive definite, though the ambient 
metric is pseudo-Euclidean and. therefore, indefinite. Hence, cer- 
tain surfaces (viz., a pscudosphere of imaginary radius) can carry a 



Figure 1.34 


positive definite metric and be at the same time embedded in a 
space with indefinite metric. That! the metric induced on a pseudo- 
sphere is positive definite, is clearly seen from geometric analysis. 
Consider, for simplicity, the section of pseudosphere by the plane 
aOZ, and let g be the velocity vector of the hyperbola at point P. 
Our task is to verify that the pseudo-Euclidean length of this veloc- 
ity vector is real. This directly follows from Fig. 1.34 which clearly 
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shows that the vector g lies outside the light cone (with the vertex at 
point P) and is therefore a space-like vector. 

The Riemannian metric derived above is called the Lobachevskian 
metric (as written in the Poincard model). This metric can thus be 
considered as a new one defined on a circle, referred to ordinary po- 
lar coordinates in a Euclidean plane. We have already presented two 
other examples of the Riemannian metric given in a unit circle: the 
Euclidean metric and the spherical metric. Wehave proved that these 
metrics are not equivalent. Let us now demonstrate that the Lo- 
bachevskian metric is equivalent to neither of these two metrics. 
We shall use the procedure that has already been employed above: 
find the circumference of a circle on a Lobachevskian plane and ex- 
press it in terms of the radius (calculated in the Lobachevskian met- 
ric). We assume, for simplicity, that the centre of the circle is at 
point O and the Euclidean radius is a. Calculate the radius 
in the Lobachevskian metric. 'By the definition of the length 


of a curve we have x=* ' j 2 J' r t = * n j-jrj . i.e. a = tanh 

o 

2n 

The circumference l=\ = 2n sinh x, If X *s rather 

o 

small, we may take approximately l ~ 2nx, that is, we obtain the 
formula for the circumference in the Euclidean metric. Since, as in 
the case of a two-dimensional sphere, we have expressed the circum- 
ference (in the Lobachevskian metric) in terms of invariant (relative 
to coordinate transformation) quantities, namely, the radius in the 
Lobachevskian metric, the above formula for the circumference is 
also invariant relative to coordinate transformation, so that the 
Lobachevskian metric is equivalent to neither of the two metrics 
mentioned previously. The table of Fig. 1.35 compares the metrics 
of a sphere and a pseudosphere. 

There are two more useful forms of the above metrics, the so-called 
“complex forms". Consider a Euclidean plane and introduce on it a 
“complex coordinate” z = x -f iy\ as z we take x — iy. Here we shall 
not concentrate on the geometric meaning of these new “coordin- 
ates”, but consider the mapping( x, y) -*-(z, z) as a formal coordinate 
transformation. The Jacobi matrix of this transformation is 

. The Jacobian J = — 2<^t0, so that the transformation 



is regular. Since dz =dx+ idy and dz=*dx — idy, the Euclidean 
metric in these new coordinates takes the form ds i =dx‘-\-dy l ~ 
(dx+idy) (dx— idy) = dzdz. Hence, the metric of a sphere is 

Art _ + /. _ il ...1 l . 1 2 -5 , ,,2 — r 2 


/ -- T uy / BZ BZ 

= 4 (7TT T +7 ? P~ (T+TTf* 


where | z |* 


z-z — x 2 -\-y 2 
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Similarly, we obtain the complex form of the Lobachevskian 
metric; ds z = 4 — — 

There exists another useful expression for the Lobachevskian met- 
ric on the upper half-plane. We choose another copy of a Euclidean 



P ane, introduce a new complex coordinate w, and fix the upper half- 
plane (i.e. the set of points such that Im (id) > 0, where w = u + 
tu ’ v = (“>))• Consider the mapping R» (in) — R» (a) defined by 

z = eu>+d' wllere a < c < and d are complex numbers such that 
ad — be gfc 0. This mapping is called homographic. If ad — be = 0 
the mapping transforms the entire plane R a (w) into a point, that is 
why we have exc. ided this trivial case. 


ow -f - 6 
cu>+ d 


such that would trans- 


Our task is to rind a mapping *=• 

form the whole upper half-plane into' the interior of the unit 
circle | z | < 1 on the plane i\ in this case the real axis Im (u>) = 0 
is mapped into the boundary circle |z| = l. Any non-degenerate 
homographic mapping (i.e. the mapping for which ad — bc=£ 0) is 
uniquely defined by the image of any three points W t , W,, and W’ 3 



58 


1. Introduction In Differential Geometry 


nol on the same straight line in the piano w. Hero we shall not 
prove this gorioral statement, since we do not need it in such a 
general form, but demonstrate this property for a particular example 
of the mapping of a half-plane <(nto a unit circle. Let us find the 

• a u> 4 - b 

mapping 2 = — — _ such that 0-^-1, i->-0. 1 -» i (circular permu- 
tation) (see Fig. 1.36). We obtain' the following system of equations 


for a, b, c. and d: 1 = 4-, i 

a 

system (verify!), we obtain s = 


q-1-6 
c + d 

1 + >U> 


o=fi±i 

ei + d 


Solving this 


1-iu. 


Thus, v/e have found a 


homographic mapping which transforms the upper half-plane into 



a unit circle. (There are many such mappings!) Let us prove that 
the mapping z = defines a regular coordinate transformation. 

Indeed, representing the mapping z = in the form — 1 — 

2 / 1 lw \ 

i \ = \-iw ) > we see l,ial V 1 order 10 Prove the regularity 
of the coordinate transformation jit is sufficient to prove that the 
mapping z= — is regular (because the mapping in question is the 
following composition: z=4-, translation by a constant vector, 
rotation, and extension). Writing the mapping z = -4 in terms of 


the real and imaginary parts, we obtain .*•» 

u’-t-v* - i - 

The Jacobi matrix is (up to a constant factor) ^ U 

whence J = (u 2 + o 2 ) 2 > 0. The statement is proved. 

Let us find dz. We have -> — <<>Ml-to)-f t<to(l + to) 2 id.,, 


y ~ «*+»» 

up) 

p 2 -u 2 ) ' 


(1 — to) 1 


(1 — to)! ‘ 


Thus, dz dz = j- j - •' Making an appropriate transformation in 
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the expression «***■ » . we obtain ds 2 = - idwd 3 - ^'±^ 

Tins confirms once more that points of the real axis (the image 
of the absolule of the Poincata ipodel) are infinitely distant points 
on the Lobachevskian plane (modelled in this case on the upper 
half-plane). Indeed, the length of a segment of the axis Ou from 
point / to point O (not belonging to the Lobachevskain plane) is 

J ~ ™ln o I = — In (0) — oo . 
o o 

What are the curves that we obtain when “straight lines” of a 
Lobachevskian plane (in the Poincard model) are mapped onto the 



upper half-plane? First, we shall answer this question for elliptic 
geometry, Recall that by "straight lines" of this geometry wo mean 
different equators on a sphere S Consider the stereographic pro- 
jection of S * onto a plane R*. What are the curves into which the 
equators are transformed? 

Lemma 4. Stereographic projection maps an equator either into a 
circle on R* or into a straight line, an equator being transformed into 
a straight line if and only If the equator passes through the north pole 
of the sphere. 

Proof. We first write the stereographic projection in Cartesian 
coordinates. Suppose x, y, s are the coordinates of a point P on a 
sphere and x', y' are the coordinates of its image (after stereograph- 
ic projection). From Fig. 1.37 we obtain the relations x' = 

y' = -j-^. The equation of a circle on a sphere of radius 1 can be 
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written in the form {ax + by + d = d, x 2 -f y* + z 1 — 1}, whence 

d — ax — by _ d — ax' — by' 4 _ e — d 

Z ' I Z 1 T , 1 2 — * f r / . 

c c — ax' — by e — ax — by 


(*•)* «-*)*+ (jr')*d -*)*+**= 

1 — z>0, we have (x')*+ (y') J = 


is known from analytic geometry, this second-order equation defines 
either a straight line or a circle Ion a plane, depending on the rela- 
tionship between the parameters a, b, c, and d. The lemma is 
proved. 

A similar statement holds true for a Lobachevskian plane. 

Lemma 5. A non-degenerate homographic mapping z = “2+d 
(i.e. a mapping jor which ad — 6c gfc 0, where a, b, c, and d are com- 
plex numbers) transforming a two-dimensional plane into itself maps 
straight lines and circles into straight lines and circles; moreover, a 
straight line can be transformed into a circle ond vice versa. 

Proof. For c=0 the statement is obvious because the mapping 

z=.-ju>-+-j is a translation by the vector bid and multiplication 
by the complex number aid (extension with rotation). Lot c*£ 0. 
Then, z = ■ so that it remains to prove the lemma 

for the homographic mapping z=-i-. Consider an arbitrary circle 
on the plane z and write its equation in the form | z — z„ |* = e 8 , 
i.e. (z — z 0 ) (z — z 0 ) = e*. By virtue of the transformation z == Mw 
we obtain (1 — z„z) (1 — zz 0 ) = e 8 -zz, whence zz (e 8 — z,z 0 ) -+■ 
ZaZ + 1,2-1 =0. Clearly, this equation defines (depending on the 
choice of the parameters e 0 and z„) either a circle or a straight line. 
The lemma is proved. 

Corollary i. Consider the mapping z = ~~ j - ■ which transforms 
the upper half-plane into a unit circle. This coordinate transformation 
maps “straight lines" of the Poincare model, i.e. circular arcs orthogonal 
to the absolute, either into straight lines on the plane W, which are 
orthogonal to the real axis u (w = u + iv) or into semi-circles perpen- 
dicular to the real axis u (see Fig. 1.38). 

Proof. Suppose the unit circle is embedded in the complex plane z 
and the upper half-plane represents the complex variable w. The 
mapping z = is then defined everywhere on the plane w. 

According to Lemma 5, this mapping sends straight lines either into 


2< 

r TTT 

2d 
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straight lines or into circles (similarly, circles are transformed either 
into straight lines or circles). Since the mapping z = i±iil has the 


inverse one w 


z — i 


Tqrf) ( we recaU that ad — be ^ 0), the same 

statement holds true for the inverse mapping w = -ini . Hence 

“straight lines” of the PoincarS model (when completed"'" to straight 
lines and circles on the plane z) are transformed either into straight 



lines or circles on the plane w. It remains to prove that these 
“straight lines" must be orthogonal to the real axis (at points of inter- 
section with this axis). This is a consequence of the following lemma. 

Lemma 6. Any non-degenerate homographic mapping z*. . .S? r*~ 

which transforms the plane w onto the plane z preserves angles between 
smooth curves at intersection points. 

Proof. It is sufficient to calculate: explicitly the Euclidean metric 
dz dz in the new coordinates w = u + iv. The fact that the mapping 
1 = cu» + d ' where °d — be =£ 0, defines a regular coordinate system 
can be verified exactly in the same way as the above statement about 
the regularity of the mapping z =;~^. Straightforward calcula- 
tion yields 


. adw(ew+d) — cdw{au> + b) ad — be , 

az — ; = T ~ +t)r dw ‘ 

i.e. dz dz «■> , t - dwdw. In terms of the real coordinates (x, y ) 

and (u, u) we have dx*+dy* = Thus, our 

mapping is conformal, i.e. it multiplies the Euclidean metric by 
a positive (variable) factor and, as' was proved earlier, preserves 
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angles between intersecting smooth curves. This proves the lemma 
and, therefore, Corollary 1. 


• Consider the properties of the mapping w = ( *_ ^ in greater 
detail. Point — 1 goes over to infinity, hence, the diameter through 
points 0 and —1 in the Poincare model is transformed into a 



Figure 1.39 


straight lino orthogonal to the real axis u at point 0 (see Fig. 1.39). 
The mapping sends the circle |s| = l into the real 

axis u. Indeed, if , then = X. i.e. X is 

real. 

Let us consider a Lobachevskian plane modellbd on the upper half- 
plane. ff P l and P t are arbitrary points of the upper half-plane, 



Figure 1.40 


they can always be connected by a single “straight line” in the Lo- 
bachevskian plane. Figure 1.40 illustrates how to construct such a 
“straight line". If the two points lie on a straight line orthogonal to 
the real axis, a “straight line” of the Lobachevskian plane coincides 
with the former straight line. Let us find an explicit formula for the 
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length of a “straight segment" from P , to P, (in the Lobachevskian 
metric). We first make a simple transformation of the "straight line” 
which does not alter the length of its arcs, that is, translation along 
the axis u. Since the Lobachevskian metric is of the form ds 2 = 

— -p — , it is invariant (preserved) relative to translations (in other 
words, it is “translation-invariant" relative to real displacements, i.e. 
displacements along the axis x). Suppose P, and P a do not lie on a 
straight line orthogonal to the real axis. In particular, we may assume 
that the centre of the circle representing the "straight line" through 
P j and P 2 is at point 0. The parametric equation of this “straight 
line” is r = r„, where (r, <p) are polar coordinates. Let P, and 
P 2 have the coordinates (r 0 , <p,) and (r„, <p a ), respectively. Then the 
length of the arc from P, to P a is 




= _ 4- ln j*+ C0 *TlM^ 7 etia ? 1 > = _ ] n 

2 (t- cos 9,)(1+ cos 9,) 


9, 

cot 9, 


tan 


tan 



Suppose now that points P, and P, lie on a straight line orthogo- 
nal to the real axis. Obviously, l (Pi, P, ) = ln(j^), where ( x , t/,) 

and (x, y a ) are the coordinates of points P, and P a , respectively. 
Note that if P, and P, lie on a circle with the centre on the real axis, 
the distance between these points remains unchanged under similar- 
ity transformation with the centre at point 0 (we assume that the 
centre of the circle coincides with the origin). 

Using the formula for the length of an arc derived above, we can 
prove that for any triangle on a Lobachevskian plane formed by 
segments of “straight lines” the triangle inequality holds true: 
namely, l (P u P,) + 1 (P„ Pa) >|I (Pi, P 8 ), where P,. P s , and 
P s are the triangle vertices. 

Let us prove this inequality. It is convenient, as before, to consider 
a Lobachevskian plane as a two-sheet hyperboloid defined by the 
equation — (x 1 ) 2 4- (x 2 )* (x 3 ) 2 = -j— 1 . Recall that “straight lines” 

on a Lobachevskian plane are intersections of planes through the 
origin with a two-sheet hyperboloid. Let e,, e 2 £ *SJ be two vectors 
with their ends on a Lobachevskian [plane, and let P be a plane gen- 
erated by these vectors. Then the Malar product in RJ induces an 
indefinite scalar product on P. Since (e,, e,) = — 1, the plane P is 
isomorphic to RJ, so that we can introduce the linear coordinates 
(x, y) on P such that the metric takes the form — x ! -f y 2 and the 
equation of a “straight line" T is written as — x 2 + y 2 — —1. Hence, 
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the length of a segment of the curve T between points e, = (*,, !/,) 
and e, = (r,, y 2 ) can be calculated by formulas derived above. To 
this end, we put i = cosh x< : V = sinh %, whence *, = cosh Xi. 
j/i = sinh Xii = cosh Xj. Ur = sinh Xj. and the length of the 
segment is 

lit= I X. — X, 1= | cosh -1 x, — cosh"' xj*| 

=* 1 cosh*‘ (x,i t — y,y») = cosh*' ( — <e„ e s ». 

Thus, for the three vectors e t , e,, e 3 6 *5? the triangle inequality 
becomes lit < lit + hr Substitution of the lengths in terms of 
scalar products of the vectors e,, e,, and e, yields: 

cosh-'(— <e„ e,»sCcosh-' ( — (e,, ej)) + cosh-' ( — (e,, e 3 ». 

Note that all the three scalar products — (e„e s >, — <e s , e 3 >, and 
— <e 3 , e 3 ) are negative on Calculating the function cosh of 
both the left-hand and right-hand sides of the inequality we obtain 

— <••> e,) <e„ e,>+ V<e„ e 3 )» — 1 V <e„ c 3 > 2 — 1 

or 

— <«n e,> — (e,, e 3 > (e,, ejX/fe,, e 3 )*— 1 /(e,. e 3 > 2 — 1. 
Instead of the linear inequality, it is sufficient to prove the relation 

<e,. e a ) 2 +<e,, e 3 > 2 <e„ e 3 > 2 + 2(e,, e,> <e 3 , e 3 > <e„ e 3 > 

««|, *))* <«i» •*>*!+ 1— <e,. ®s> a — (®n e s> 1 

or 

— l + 2(e„ e,) <e„ ej)<e„ «>+(«„ e,>*+<e„ e 3 > 2 +<e,, e 3 > 2 <0. 

Since (e,. e,> = —1, (e,, e,> = —1 and (e 3 , e 3 > = — 1, the left- 
hand side of the inequality to be proved is the Gram determinant 
composed of scalar products of the vectors e„ e„ e 3 : 

( <*i- ei> < e «. e i> <e 5 . e,l\ 

<e„ e t > <e„ e.) <e„ e,) <0. 

<*,, e 3 ><ej. e 3 ) (e,. e 3 >/ 

The sign of the Gram determinant remains unchanged under basis 
transformations, so that in the standard basis it is of the form 

f-1 0 0\ 

del 0 1 0 )=-i= 5 fc 0 . 

\ 0 0 l/ 

Thus, the triangle inequality is proved. 

Using similar considerations for a sphere, we can prove the follow- 
ing statement. 
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Lemma 7. The shortest distance between any two points P and Q is 
the segment of the ", straight line " connecting these points. 

Let us consider a Lobachevskian plane and its model on (lie right- 
hand sheet of a two-sheet hyperboloid *SJ. The “straight line" con- 
necting P and Q is the arc of the section of *S\ by a plane through 
point 0 (the pseudosphere centre). Consider also an arbitrary smooth 
curve y connecting points P and Q on the hyperboloid and approxi- 
mate this curve by a broken line composed of “straight" segments. 


B 



It is sufficient to prove that the length of any such broken line is not 
less than the length of the "straight! line" connecting P and Q. Any 
two points on a Lobachevskian plane can be connected by a “straight" 
segment. We have already proved this statement in the model on 
the upper half-plane when we constructed, using an arbitrary pair of 
points on the upper half-plane, the circle passing through these 
points and orthogonal to the real axis (at the intersection points). We 
now can replace our broken line by! a new broken line such that its 
length does not exceed the length of the original one. Consider two 
adjacent links of the original broken line and (if these links do not 
lie on a single “straight line") construct a new segment which con- 
nects the beginning of the first link with the end of the second link 
(Fig. 1.41). Since triangle ABC is formed by three “straight" seg- 
ments, it obeys the triangle inequality (see above), so that the 
length of the new broken line does riot exceed the length of the orig- 
inal one. Continuing this process [and bearing in mind that the 
original broken line has a finite nuriiber of links, we obtain (after a 
finite number of steps) a broken line consisting only of one link, i.e. 
we have connected points P and Q by a “straight” segment. However, 
we have proved above that a “straight” line connecting any two points 
is unique. Hence, the process of “simplifying" the broken line ceased 
at the step where the broken line coincided with the "straight" seg- 
ment connecting P and Q. The lemma is proved. 

Thus, we have demonstrated why plane sections of a hyperboloid 
act as straight lines in Lobachevsljian geometry, ft turns out that 
precisely these lines realize the shortest distance between points on a 
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Lobachevshian plane. We have 1 ; got accustomed to the fact that on a 
Euclidean plane the motion along a straight line jneans the motion 
along a trajectory which is the Shortest distance between two points. 
Since in Lobachevskian geometry (as well as in geometry on a 
sphere) the concept of “rectilinear motion" cannot he formulated in a 
simple way in terms of vectors with constant components (which 
uniquely deline the direction ofjmotion). it would be quite natural to 
call motion along a smooth curve, which is the shortest distance be- 
tween the storting and terminal {points, “rectilinear motion”. We have 
found a class of such curves both on a sphere and on a Lobache.’skian 
plane. In both cases the class comprises plane sections of two-dimen- 
sional surfaces modelling the corresponding geometries (of sphere 
and of pseudosphere). In the sequel, we shall deal with the elemen- 
tary calculus of variations and prove that this class of curves can be 
distinguished from all other smooth curves also by the property that 
translation (a generalization of ordinary translation in a Euclidean 
space) cair easily bo effected along stroll “straight lines” (celled geo- 
desics), 


Problems 

1 . Demonstrate that) the sum of the angles ol a trianglt 
on a psevidosphere composed of /’straight” segments is less 'han 2n 
2. Express the sum of the angles of a triangle on a 'seudosphere 
(formed by “straight” segments)! in terms of its area. 
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General Topology 


Topology is a branch of mathematics that studies the 
properties of geometric objects which remain unaltered under “de- 
formations” or transformations similar to deformations. There are 
many concepts in mathematical analysis which are analogous in 
their properties and investigation methods. For example, convergence 
and limit in analysis as (a) limit of a sequence, (b) various types of 
limits of a function of one variable, (c) limit of a function of several 
variables, (d) limit of a vector-valued function, (e) convergence of 
integral sums. All these concepts based on some common methods of 
investigation we understand intuitively as the closeness of points 
of a set. Another important example is various typos of continuity 
which are very close to convergence. General topology studies the 
most fundamental properties of geometric spaces and their trans- 
formations related to convergence and continuity. 

2.1. DEFINITION AND BASIC PROPERTIES 

OF METRIC AND TOPOLOGICAL SPACES 

2.1.1. METRIC SPACES 

"Closeness" of elements! of a set is one of the fundamental 
concepts in topology. It can be measured most conveniently as 
distance between the elements. 

Consider a set X of arbitrary elements. A metric on A is a numer- 
ical non-negative function p (x, y) dependent on a pair of elements 
x. y £ X such that the following conditions are satisfied: 

(a) p (x, y) = 0 if and only if x <= y, 

(b) p (x, y) = p (y, x), 

(c) for any three elements x, y, z fc X we always have p (x, y) 
p (x, z) + p (z. y). 

Properties (a), (b), and (c) are called identity, symmetry, and 
triangle axioms, respectively. 

The set X equipped with a metric p is called a metric space-, the 
elements of X are called points. The value of the metric p (x, y) on 
a pair of points x, y 6 X is called the distance between the points x 
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and y. A metric space should, in general, he denoted as a pair (Af, p). 
But if there is no confusion, ! we shall frequently denote a metric 
space just by X. 

A simple example of a metric space is the set of real numbers R'. 
The metric on this set is defined by p(z, y ) = I x — y |- The func- 
tion p possesses all the properties of metric and transforms R l into 
a metric space. 

If X is a metric space with metric p and F tr X is a subset of X , 
then Y is also a metric space with the same metric. The metric space 
(F, p) is called a subspace of metric space X. Let Y c X be an arbit- 
rary subset of a metric space. Qonsider the upper bound of all num- 
bers p (x, y) with x and y running points of Y . If this upper bound 
is finite d = sup {p (x, y)}, the set Y is called bounded and the 

x,y€ Y 

number d is called the diametei 4 of Y . 

A ball neighbourhood of radius e with centre x 6 X is the set O t (x) 
of all points y £ X such that p (x, y) < e. 

Tile distance between two sets Y,. Y, 6 X is the number p (F,, V,) = 
inf p (x, y), where x runs F, and y runs F,. If F, and F t have a com- 
mon point, then p (F,, F,) = 0 1 . There exist, however, disjoint sets 
with zero distance between them. 

A bail neighbourhood of a set F of radius i is the set O c (F) of all 
points x £ X such that p (x, F ) < e. 

The point of contact of a set F| is any point x such that p (r, F) ■= 
0. In particular, every point x of the set F is the point of contact of 
this set. The converse statement! is, in general, incorrect. For exam- 
ple, the interval (a, b ) <r R l has points of contact a and b which do 
not belong to the interval (a, 6). 

The closure of a set F is the set of all its points of contact. The 
closure of a set F is denoted by F. 

Thus, FC F, but the converse statement is, ingeneral, incorrect. 
In the above example the closure of the interval (a, 6) is the seg- 
ment |a, 6|. I 

A set F of a metric space is called closed if its closure F coincides 
with F, F — F. 

A point x is called an interior point of a set F if a ball neighbour- 
hood of x is contained in F, i.e. O, (x) c: F. The set of all interior 
points of a set F is called its interior and is denoted by Int F. If a 
set F coincides with its interior. Int F, then the set is called open. 

Theorem 1 . Let X be a metric space. The set Y cz X is closed if and 
only if the complement A"\F is open. 

Proof. Let F be a closed set, F = F, and x £ A\F. This means 
that x is not a point of contact of F, i.e. p (x, F) =a e > 0. Demon- 
strate that O t (x) cz X\F. Indeed, if y (■ O t (x), then p (x, y) < 
e. If y £ F, then p (x, y) > p (x.'F), i.e. p (x, y) > e, which contra- 




dirts the hypothesis. Hence, the , set X\V is open. 

Conversely, let X\V be an open set. Then if x £ X\5’. there 
exists a ball neighbourhood O t (X) contained in X\5'. This means 
that p (j:. y) > e for y £ V, i.e. p (x. V) > ?. Hence, x is not the 
point of contact of Y. Thus, if x £ Y, then x £ (AT - — V), i.e. x £ 
This means that Y <r Y, i.e. >’ ■= Y. so that the set V is closed. 

Theorem 2. Let X be a metric space. Then the union of any family 
af open sets is an open set and the intersection of finitely many open 
sets is also an open set. In dual form: the intersection of any family of 
closed sets and the union of finitely many closed sets are dosed sets. 

Proof. Let V 0 e= X be a family of open sets. We now demonstrate 
that the union / = |J is ah open set. Suppose x £ V’. then 

a I 

,i £ K a for a certain index a and since Y a is open, the ball neigh- 
bourhood O t (x) is entirely contained in Y. i.e. O a (x) <= K a . There- 
fore, 0, (x) <r Y a a U Y a = Y, that is, Y is an open set. Let the 

a 

index a assume finitely many values. We now verify that the inter- 
section Y' = 'S an open sei. If x £ Y', then x £ Y a for each 

a 

value of a. Since Y a is an open s^t, the ball neighbourhood O ta (x) 
lies in Y a . Take e = min e a >0 (here we use the fact that the set 
of indices a is finite). Then 0 , (x) <r O t (x) c: Y a for any a, i.e. 
O t (x) <= n Y a = Y. Hence. Y is an open set. 

a 

The dual statements for closed sets follow from Theorem 1 and 
the union, intersection, and complement are related as 

n (x\y a ) = x\u^,.! u(X\y a ) = x\ni r a . 

o a a a 

In the previous statements we have not used property (c) of the 
metric, which is often called the triangle inequality. In many pro- 
positions to follow concerning metric spaces only the properties for- 
mulated in Theorems 1 and 2 will be used. We can, therefore, extend 
Hie class of spaces for which the concepts of open and closed sets, 
interior points, and points of contact are applicable. Before pro- 
ceeding further, however, we prove several useful propositions about 
metric spaces based on the triangle inequality. 

Theorem 3. /■el X be a metric space. Then , 

(a) the ball neighbourhood O c (x) is an open set, 

(b) the interior Jnt Y of an arbitrary set Y is an open set , 

(c) the closure Y of an arbitrary set Y is a closed set. 

Proof. Let y £ 0, (x). then p (i. y) = 6 < e. Demonstrate that 
there exists a number e’ > 0 such that O t ■ ( y ) a O t (x). Choose e - 
such that 6 -r e' < e. If 2 £ O e - i(y), then p ( 2 . y) < e' and hence 
C (*• x)< P (*. y) + P <y. 2 ) < 6; 4- e' < e, i.e. 2 £ Or (x). This 
means that O e -(y) cz O t (x). Thus, (x) is an open set. 



We now prove tliat Int Y is an open set. Note that if K, d. Y t . 
then Int V, d Int Y t . Hence, if x £ Int Y, we have O f (z) a Y. 
and by virtue of statement (a) O, (r) = IntO e (i) Int Y. Thus, 
by definition, Int Y is open. 1 

Let us finally_verify that Y isl a closed set. By definition, x does 
not belong to Y if and only jf x 6 Int (AVK), i.e. X\Y = 
lnt(A\F), According to Theorem 1, if Int (A\F) is open, then Y 
is closed. This completes the proof of Theorem 3. 

2.1.2. TOPOLOGICAL SPACES 

A topology is said to be defined on a set A' if a family of 
subsets ol X, called open sets, is valid and the following conditions 
are satisfied: 

(a) The entire set X and the empty set are open sets. 

(b) The union of any family of open sets and the intersection of 
finitely many open sets are open sets. 

A sot A with a topology defined on it is called a topological space, 
and the elements of A are called | i ts points. The complement to an 
open set is called a closed set. Obvjously, in_any topological space A 
the following duality properties for closed~sets hold true: 

(a') The entire set X and the empty set are closed sets. 

(b*) The intersection of any family of closed sets and the union of 
finitely many closed sets are closed sets. 

Thus, to define a topology on ja set A, it is sufficient to define 
a family of sets satisfying conditions (a') and (b'), instead of a 
family of open sets, and call the former closed sets. 

Theorem 2 of the preceding section implies that a family of open 
sets of a metric space A induces a ^topology on A, that is, transforms 
A into a topological space. 

Many important properties of a metric space are also valid in 
a topological space. Any open set containing x is called a neigh- 
bourhood of point x-ol a topological space A. Similarly, an open set 
containing a subset of Y is called a neighbourhood of set Y. A point 
of contact of a set Y d X is a point x such that each its neighbourhood 
has a non-empty intersection with'.F. The set of all points of contact 
of a set Y is said to bo the closure of Y and is denoted hy Y. An inte- 
rior point of a set Y is a point x f.Y contained in F together with 
its neighbourhood. The set of all interior points of a set Y is called 
the interior of Y and is denoted by Int Y. 

Theorem 4. The set Y a X is closed (i.e. it is the complement to an 
open set) if and only if Y = Y. 

Proof. Let Y be a closed set, i.e. A\F is open. Then the set X\Y 
is a neighbourhood for any its point, i.e. the points of As. Fare 
not points of contact of the set Y. Therefore Y d Y, i.e. Y =» F. 
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Conversely, let Y = Y. Then if i g V, x is not a point of contact 
of Y, i.e. some neighbourhood U„ of x does not intersect with Y, 
that is U x c X\Y\ Thus, the sfet X'sV can be represented as a 
union of open sets U x and is therefore an open set. Theorem 4 is 
proved. 

Theorem 5. The closure Y of an arbitrary set Y oj a topological 
space X is a closed set. 

Proof. According to Theorem 4 we need to prove that Y — Y. 
The inclusion Y_cz Y is obvious, and it remains to verify the in- 
verse inclusion Kef. Let iff. This means that any neighbour- 
hood U of a point i has a non-empty intersection with ?. * r or exam- 
ple, if a point y £ U f) Y, then the set U is a neighbourhood of y. 
Since y £ Y, the set U has a non-fempty intersection with the set Y. 
Hence, x is a point of contact of Y, i.e, x € Y. We have demonstrated 
therefore that Y czY. Theorem: 5 is proved. 

Example 1. Consider a set X consisting of only one elemenl, x. 
Then on X we can define a unique topology such that its open sets 
are represented by X and the epipty set. 

Example 2. Consider a set X consisting of two elements x =£ y. 
In this case several distinct topologies are valid on X. A first topology 
is represented by the set of all subsets considered as open s6ts> I.e. 
{ 0 , {*}, { y }, X}. A second topology is given by the following 
family of open sets: {0, X}. Finally, a third topology can bo in- 
troduced with {0, {i}, X} as open sets. These are all distinct topolo- 
gies on the same set X, and define three distinct topological spaces. 

Example 3. Let X be an arbitrary set. Introduce on X a topology, 
assuming any subset of X to be open. Then any single-point subset 
is open and therefore any subset; being the union of its points, is 
also open. This topology is called discrete. 

Let X be a topological space and Y cz X bo its subset. Then on Y 
we can also construct a topology by considering any set Y f\U, 
where U is open in X, as an open set. In this case the topological 
space Y is called a subspace of thf topological space X, and the to- 
pology in V is called an induced topology. If X is a metric space and 

Y is its subspace, a topology in Y can be defined irrespective of the 
order of operations: restriction ofj the metric and transition to to- 
pology or transition to topology and induction of the metric. 

Let KcX be a subset in a topological space X. The set 1' is 
called dense (everywhere dense) if Y = X. 

Theorem 6. 7/ y„ Y,cz X are two open dense sets, their intersection 

Y = Yj H Y? is open and dense 'in X. 

Proof. Let x 6 X be an arbitrary point and U its neighbourhood. 
Since the set Y, is dense, we have U fl 0. i-e. we can find 



72 


2. General Topology 


ft point y such that y £ U fl Yv Since U f) }’i ' s an °P en set anc * ^ : 
is dense, we have U fl V, ()Yi<£0, i.e. V H Y =g= 0 , whence 
it follows tiial Y is a dense set in X. The theorem is proved. 

2.1.3. CONTINUOUS MAPPINGS 

The concept of a topological space has been so success- 
fully formulated that the definition of a continuous mapping can be 
borrowed word for word from 'mathematical analysis. 

Definition according to Cauchy. The mapping /: X -» V of ft 
topological space is said to be Continuous at a point x 0 £ X if for 
any neighbourhood l' (/ (x 0 )) of the point / (x„) 6 Y there exists 
a neighbourhood U (x„) of x 0 £ X such that / (U (x„)) cz V (/ (x 0 )). 
The mapping / is called continuous if it is continuous at each point 
of space X. 

Theorem 7. The mapping f: X -*■ Y Is continuous if and only if 
one of the following equivalent conditions is satisfied: 

(a) the inverse image of any open set is an open set. 

(b) the inverse image of any closed, set Is a closed set. 

Proof. Since we have for inverse images/' 1 (K\d) = XS/' 1 (A), 
conditions (a) and (b) are equivalent. Suppose / is a continuous map- 
ping and V cz Y is an open seti Wo now demonstrate that the in- 
verse image /-' (K) is open. Let jx £ /•' (If), then / (x) £ V. i.e. V is 
a neighbourhood of point /(x).iBy the definition of a continuous 
mapping, there exists a neighbourhood U of a point x such that 
/ (U) c V, i.e. U a /-' ( V ), and therefore the set /-’ (V) is open. 
Conversely, let condition (a) be satisfied. If V 3 / (x 0 ) is a neigh- 
bourhood of point / (x„), then U = /"' (V) 9 x 0 is a neighbourhood 
of x 0 and / (U) = / (/*' (10) -j V C V. Hence. / is a continuous 
mapping. The theorem is proved. 

Conditions (a) and (b) of Theorem 7 are especially convenient for 
verifying the continuity of mappings of topological spaces. Below 
we shall need the following useful theorem. 

Theorem 8. Let a topological space X be defined as a union of its 
two closed subsets X = F t U F r and let /: X Y be a mapping of X 
into a topological space Y. The mapping / is continuous if and only if 
the restrictions of f to the subsets F t and F t ( denoted as f \ Ff. -*• Y 
and f | F t : F } -*• Y) are continuous. 

Proof. Let / be a continuous mapping. We now demonstrate that, 
say. / | F, is a continuous mapping. The inverse images for / | F, 
c an be calculated by the formula (/ | F ,)‘ l (i4) = F x fl l~' (-4)- Thus, 
if A is a closed set, /*' (/f) and F i nf-' 1 (/l) are also closed. Converse- 
ly, let / | F t and / | F, be continuous mappings. We shall prove 
that / is continuous. Suppose A = A c: )*. Then. 

/-' (-4) = /-‘ (.4) n*=/-‘ {A) n\F, u FJ 

- </-' (/i) n f { ) u (/-• (^ 4 ) n f 2 > = (f i f ,r> (A) u (/ 1 *■,>-■ (-4). 
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Since the set (J | X,)- 1 (A) is closed in the subspacc F, and h\ = F t , 
we have (/ | (A) closed in X. Similarly, the set (/ | F t )~ l (A) 

is also closed in X, whence it foillows that /*' (A) is closed in X. 
Theorem 8 is proved. 

Let us consider a continuous mapping /: X -* Y of a topological 
space X into a topological space Y. If the mapping / is one-to-one 
and the inverse mapping/* 1 is also continuous, / is called a homeo- 
morphism, and the topological spaces X and Y are called homeo- 
niorphlc. A homeomorphism defines a one-to-one correspondence not 
only between points of topological spaces X and Y, but also between 
I lie topologies themselves, i.e. between families of open and closed 
sets. A property of a topological space is said to be topologically in- 
variant if this property is the same for homeomorphic topological 
spaces. Thus, while studying topologically invariant properties, we 
need not distinguish between homeomorphic spaces. 

Example 4. The continuity of the mapping /: X -*■ Y is a topo- 
logically invariant property. Indeed, if ip: X' -*■ X and if: Y -*■ Y' 
are homeomorphisms, the composition X' VH Y' is also a continuous 
mapping. In general, the composition of two continuous mappings 
is a continuous mapping. 

Example 5. A continuous function, i.e. a continuous mapping of 
a topological space X into the space R 1 of real numbers, is an impor- 
tant particular case of continuous mappings. The condition that a 
function / is continuous can be formulated as follows: for any point 
,r B 6 X and any e > 0 there exists a neighbourhood U of z 0 such 
that for y 6 U the inequality | / (z 0 ) — / (y) | < e is satisfied. The 
uniform limit of a sequence of continuous functions can be defined 
for functions on a topological space. J nst like in the case of a function 
of one real variable, the following statement is valid: 

111 = lim/ n and the sequence {/„} of continuous junctions on a 

n-oa 

topological space X converges uniformly to /, the junction j is continuous. 
Indeed, let x 0 6 X and e > 0. We can choose a number n such that 
I / (z) — j„ (x) | < e/3 for any x ig X (uniform convergence). Fur- 
ther, since the /„ are continuous, there exists a neighbourhood U 
of z 0 such that I /„ (x 0 ) —/„■(*) | < e/3 for x£U. Then, 
I / (*,)-/<*) I < 1/ (X 0 )-/ B (* 0 ) |rl/„ (*„)-/„ (X) 1+1 fn (X)- 

(r) | < 3- e/3 = e. 

Example 6. Let /: X -*• Y be ia continuous mapping of metric 
spaces and let p,. p t be metrics on X and Y. respectively. Then the 
condition that / is continuous can be formulated as follows: for any 
.r„ 6 X and e > 0 there exists a 6 > 0 such that the inequality 
Cl <x, x„) < 6 implies p s (/ (x), / (x 0 )) < e. 

It would also be useful to extend the concept of the convergence 
of a numerical sequence to a metric space. We say that the sequence 
of points {z„} converges to a point x„. lim z„ = z 0 , provided 
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lim p (x 0 , x„) = 0. Many properties of spaces and mappings can be 

n— oo _ j 

formulated in terms of convergent sequences of a metric space. For 
oxample. a set Y c X is closed if for any convergent sequence 
{z„}c V the limit x„ = lim x„ also belongs to Y. Further, the 

n— oo i 

condition that the mapping/: X — *• V of metric spaces is continuous 
can be formulated following Hqine: the mapping / is continuous at 
a point x 0 if the equality x„ = lim x„ implies lim / (x„) = / (x 0 ). 

tv-eo n-oo 

Example 7. Consider two topological spaces X and Y and form 
a new topological space X X Yi X X Y is the set of all pairs (x, u), 
x £ X, y £ Y, and is called the Cartesian product of sets X and V. 
Let us now define a topology in. X x Y. The set U <= X x Y is 
called open if V can be represented as the union U <= (J (F a X VF a ), 

a 

where F a c: X, W^czY are open sets. It is a trivial matter to 
verify the properties of an open set. The set X x Y with the to- 
pology just defined is called ^he Cartesian product oj topological 
spaces X and Y (these spaces are called factors of Cartesian product 
X x y). The Cartesian product! possesses the following properties: 
<a) the spaces X x Y and y x X are homeomorphic, and (b) the 
spaces (X X Y) x Z and X K (Y X Z)-are homeomorphic. In 
(a) we should choose the homeomorphism in the form q>: X X Y — 
Y x X, <p (x, y) = (y, x). If U = U (F a X iy a ) is an open set 

of space X X y, then ip (U) (J (lV a x F a ) is an open set of 

y X X. In (b) we should consider the homeomorphism in the form 
q>: (X x Y) X Z— X X (y x \Z). ip ((x, y,)z) = (x, (y, z)). The 
projection of the Cartesian product X x Y onto one of the factors, 
say X, /: X X Y X, / (x, b) = x, is a continuous mapping. 
Indeed, the inverse image of the open set (/cX is f~ l (U)= V xY , 
i.e. /-* ( U ) is an open set. 

Example 8. LetX and Y be metric spaces, then the Cartesian prod- 
uct X X y admits a metric consistent with the topology of this 
product. Let p, and p, be the metrics of X and Y , respectively. The 
metric p in the Cartesian product X x Y is defined as 

P <fa. Ifi). fa. Us)) = max {p, (x„ x a ), p, (ff„ I/*))- (1) 

Let us verify properties (a), (h). and (c) of Section 1.1 for the metric. 
If P ((*i. */i)- fa. y,)) = 0. then p, (x„ x a ) = p a (y„ y,) = 0, i.e. 

x, = x 2 , y , = y a , whence fa, y t ) = (x a , y t ). Conversely, if 

fa. ill) = fa. I/*), then Xi-Zi, y, = y, and hence p, (x„ x a ) = 

Ps (ffi- y,) = 0, that is, p (fa. I/,). (x„ y,)) - max {0, 0} => 0. 

Property (a) is proved. Further,' 

P ((*i. bi), fa. bs)) = max {p, (x„ x s ). p, (y,, y a )) 

= max {p, (x„ x,), p 2 (y a . </>)} 

= P (fa. bs). fa. bi)). 
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and properly (b) follows. Finally, let ns verify the triangle ine- 
quality (c): 

P K J V i/i)- (■»*• Va)> = ">«* (Pi C-r,, x t ). p, ({/,. j/,)} 

< max {p, {x„ x,) + p, (x 3 . x s ). p, (y„ y.,) 

+ Pi (i/s • y t )) 

< max (p, (x„ x 3 ). p, (y„ y 3 )} 

+ max {p, (x„ x,) + p t (p 3 , y a )} 

= P ((*.. tf.i. (x 3 - Va» 

+ P {(* 1 . V»)> (x,. P,))- 

Thus, formula (1) defines a metrii in the Cartesian product X x Y . 
We now demonstrate that the topology defined by p coincides with 
the topology of Cartesian product. Consider a hall neighbourhood 
of radius e with the centre at point (x„. y„) 

O. (x 0 . ifo) *= {(*, y) ■ P «*• y)- (if y 0 )) < e) 

“{(*• y) : P*(*. *o)<e. Pj(V. Vo) < e} = O t (x 0 ) xO,(y 0 ). 

Hence, any open set in the sense df metric p is open in the topology 
of a Certasian product and vice; versa. 

There are some other ways of defining a metric in the Cartesian 
product. A rather customary method is to establish an analogy be- 
tween the factors X and Y of the Cartesian product and coordinate 
axes on a plane. The metric is given by 

P'((*i- ifi)- (*r Sfi)) = V r Pi<*i. *») , + P,(Jfi. Vt )*• (2) 

Verification of properties (a), (b), and (c) is left to the reader. In 
order to prove that the topology defined by metric (2) coincides with 
that defined by metric (1), it suffices to find constants C, >0 and 
C s > 0 such that 

C |P((*|. Vi). (**. .V,))«P'((*,- V,). (*,. y t )) 

s£C,p((x, Fi). *„ Vz))- (3) 

Indeed, if O c is a ball neighbourhood in the metric p and 0' t is 
a ball neighbourhood in the metric p', then it is sufficient that the 
inclusion 

O* ((* 0 - Uo)) <= °€- ({xi, y 0 ))a 0,.((x 0 , y 0 )), (4) 

j 

be valid at any point, where e, e' iare chosen for an arbitrary e" >0. 
From inequality (3) it follows thaf inclusion (4) is satisfied for e' = 
C 2 e" and e = and it remains to prove inequalities (3). 
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We have 

p'tt*i. Vi)- (*,. y*)) = Vpi^i. x s )>+p,(y,, ;/,)* 

<V2max {p,(x,, i,), pj(y t , y,)) 

=-/2p((*i. y.). (*j. y,)). 

p«*i- v,). (*». y>)) 

= m ax{p,(j„ x,), p,(y M tf,) } 

O^Pifo. * J ) , + Pt(yi. yi) 2 ='P'((ii. yi). (*,, y,)). 

Hence, inequalities (3) hold for C, = 1 and C, = \f2. We have 
thus demonstrated that in the Cartesian product X X Y two metrics, 
(1) and (2), induce the same topology. 

Problems 

1. Give an example of a metric on a finite set which can- 
not be induced by any embedding of the set in a Euclidean space. 

2. Demonstrate that a finite sit on a straight lino is closed. 

3. Demonstrate that p (x, Y) = p (x, - ?). 

4. Prove that the function / (x) => p (x, Y) is continuous for any 
subset of Y. 

5. Demonstrate that any metric on a finite set induces on this set 
a discrete topology. 

6. Prove that an interval, a half-interval, and a segment on the 
real axis are not pairwise homeomorphic. 

7. Prove that the metric p (x, y) is a continuous function on the 
Cartesian square X x X of a metric space X. 

8. Prove that a set X can be represented as the difference of two 
closed sets if and only if (X\AS) is a closed set. 

9. Demonstrate that under a continuous mapping the image of 
a dense subset is dense in the image. 

2.2. CONNECTEDNESS. SEPARATION AXIOMS 

Among all topological spaces we may distinguish narrower 
classes characterized by certain topological invariants. For instance, 
in the preceding section (Example 3) we have considered the class 
of discrete topological spaces. The following property holds true for 
these spaces: any mapping f of d discrete space X into a topological 
space Y is continuous. In this section we shall consider some other, 
more important classes of topological spaces. 


2.2. Connectedness. Separation Axioms 
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2.2.1. CONNECTEDNESS) 

A topological space X is said to be disconnected if it con- 
tains a subset Y c X, both open and closed, which is distinct from X 
and from the empty set 0. For example, any discrete topological 
space consisting of more than one point is disconnected, since any 
subset of this space is both open and closed. If a space X is discon- 
nected, it can he decomposed into a union of two open, disjoint, 
non-empty subsets: X = Y U (X\J'). 

A topological space X is called a connected topological space if X 
cannot be decomposed into a union of two open, disjoint, non-empty 
subsets. 

Example 1. Consider a segment '[a, 61 of the numerical axis and 
demonstrate that la, 6] is a connected set. Suppose the segment fa, 61 
is represented as a union of two non-empty, open-closed disjoint 
sets, (a, 61 = A [) B. Without loss of generality, we can assume 
that a f d. Then since A is open, there can be found an e > 0 
such that the half-interval la, a 4- e) cz A. Let e 0 = sup (e) with 
e running the numbers such that [a, a + e) c= A. Then for any 
e < e„ the segment (a, a -(- e) <r A, i.e. a 4- e £ A for any e < e b . 
Hence, the closeness of A implies Ithat a + e„ £ A. The only possi- 
bility is a + e 0 = 6, otherwise e 0 is not equal to sup {e}. Thus, 
[a, 6) = A. i.e. B = 0 contrary to the proposition. We can show 
in a similar fashion that an open: interval (a, 6) of the numerical 
axis is a connected set. 

We now prove several statement^ which may be useful in verifying 
the connectedness of topological spaces. 

Theorem 1. Let X ■= (J X a , each X a be connected, and the inter- 

a 

section fl X a be non-empty. Then the space X is connected. 

a 

Proof. Assume the converse, i.e. X = A ( j B, A ft B = 0, and 
the sets A and B are open and non-empty. Then X „ = (X„ fj A) U 
(X a f) B). Since X a is connected, then either X a f) A = 0 or 
X a 0 B = 0, i.e. each set X is entirely contained either in A 
or in fl. Non-emptiness of A and fl implies that there exist points 
a 6 A and 6 £ fl. Let ofX„ then X a ,c:A; let 6 6 X 0l , then 
X a ,czB. Hence, X a , f) X 0l = 0. which contradicts the con- 
dition. Theorem 1 is proved. 

Theorem 2. If in a topological space X there exists a connected set C xv 
containing any two points x, y € X, Then X is a connected topological 
space. 

Proof. Assume the converse, i.e. X = A [) B, A f|fl = 0, and 
the sets A and S are open and non-empty. Then we can find points 
a £ A and 6 6 fl. Consider the decomposition C ab = (C ab f| A) U 
( c a0 ft fl) The point a belongs to C ab f| A and the point 6 to C cb f| 
fl. Hence, the sets C„ b fl A and C ab flfl are non-empty, open in 
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C„ b , and do not intersect. We have come to contradiction. 

Theorem 3. The image of a connected space is connected under a con- 
tinuous mapping. 

Proof. Let /: X -*■ Y = f ( X ) be a continuous mapping. The 
condition V = / (X) means that Ian inverse image of a non-empty set 
is also non-empty. Therefore, if Y is a disconnected space, Y = 
A U B, A fl B — 0, and A and B arc open and non-empty. Hence, 
X = /-‘ (7) = /-> ( A ) U t* (B). so the sets /-* (A) and /' l (fl) 
are open, non-empty, and do noi intersect. Theorem 3 is proved. 

Example 2. It follows from Theorem 3 that any continuous real 
function y = / (z) defined on a segment [a, 6) of the real axis takes 



Figure 2.1 


intermediate values. If the function / does not assume an intermedi- 
ate value y 0 , the image / (la, 61) could be decomposed into the union 
of two open, non-empty sets: the values which are less than y„ and 
those which are larger than y 0 ,i but this contradicts Theorem 3. 

A particular case of using Theorems 2 and 3 is the concept of path- 
wise connectedness. A topological spsce X is called pathwise connected 
if any two of its points z, y can be joined by a curvilinear segment, 
i.e. there exists a continuous mapping /: 10, 1) X of the segment 
10, 1] of the real’ axis into X suph that / (0) = i and / (1) = y. 

Theorem 4. A pathwise connected topological space X is connected. 

Proof. Indeed, by Theorem 3 the image / (10, It) is connected and 
contains the points x and y. Th^n by Theorem 2 the space X is con- 
nected. 

Example 3. Consider a connected topological space which is not 
pathwise connected. Let X be the closure of the graph of the func- 
tion y = / (x) = sin (1/z) as a set in a two-dimensional Euclidean 
space R s (Fig. 2.1). The metric in R : is assumed to be classical, in the 
sense of the length of a segment connecting two points in R : . Then 
the set X is a union of the graph ot y = sin (1/a:) and the vertical 
segment T, = {(z, y): x = 0, — 1 < y ^ +1}. The graph of the 
function / is decomposed into two subsets, each being homeomorphic 
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10 the interval: T, = {(x, y): 0 < x < oo, y = / (*)}, r, = 
((x, y) 4 . —oo < x < 0, y = / (x)}. Thus, if* = A (] B. A f| 5 = 
0, and A and B are open, non-empty sets, then each of the subsets 
T,, r 2 , and r 3 lies entirely either in A or in B. Let T, cz B. It is 
a simple matter to verify that any neighbourhood of r a intersects 
both T, and r 2 , i.e. T,c fl and I\ c B. Hence, A = 0, which con- 
Iradicts the hypothesis. So X is a connected space. 

We now demonstrate that X is not pathwise connected. Consider 
two points P — (— 1/ji, 0) and 0 = (1/n, 0) in X. Suppose there 
exists a continuous mapping /: |0, 1) -*• X. / (0) = P, j (1) = Q, 
The mapping / is defined by twd continuous numerical functions: 
/ (0 = ((* (0. y (0). y (<) = sin (Mx (<)) for x (f) 0. Since x (0) = 

—1/n. the exact lower bound f 0 stricly exceeds zero for t satisfying 
z (t) = 0. Thus, the conditions * (t) < 0, y (t) = sin (Mx (f)) hold 
on the interval 10, t 0 ). Since x (t) is a continuous function and there 
exists a sequence f* > f„, t k —■ t 0 , where x ( t h ) = 0, we have x (t 0 ) = 
lim x (t) =a 0. In this case, however, the function sin (1/z (<)) 

f— I 

does not have a limit for t 1 „ 1- 0, and hence the function y (t) 
is not continuous. Thus, X is not a pathwise connected space. 

Example h. Let us consider two topological spaces X and Y and 
construct a new topological space Z = X U Y consisting of the 
points of X and Y (we assume here 'that X and Y do not have common 
points). By an open set of Z wo shall mean any set of the form W = 
U U V, where U <= X, V c: Y are open sets in X and Y. The space Z 
is called a topological sum of the spaces X and Y. The space Z is really 
disconnected, for its subspaces X and Y are open, disjoint 
subsets. Using two spaces X and Y, we can construct another topo- 
logical space called a connected sum or a wedge of topological spaces. 
To this end, we fix two points, on^ in each space: x„ g X and y 0 £ Y. 
Consider the union of X and Y and identify in it the points x 0 and y„. 
The space thus obtained is denoted X Y. By open sets in X V Y 
we shall mean sets U such that the intersections X f] U and Y [\ U 
are open in X and Y, respectively. If the spaces X and Y ere con- 
nected, their connected sum X V jV is, by Theorem 1, a connected 
topological space. If X and Y are pathwise connected spaces, their 
connected sum X \/ Y is a pathwise connected space. 

2.2.2. SEPARATION AXIOMS 

A topological space X ; is called a Hausdorff .space if for 
any points x, y £ X, there exist disjoint neighbourhoods 

(J (x) and U (y), i.e. U (x) fl U (y) = 0. Not every topological 
space is a Hausdorff one. In the preceding section (Example 2) we 
have considered the space X consisting of two points x and y the 
open sets 'of which are (0, X. {x}}. The points x, y are then dis- 
tinct, and no intersecting neighbourhoods of these points exist. In 
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a Hausdorff space any point x g )C is a closed set. Indeed, if y x. 
we can lind a neighbourhood U (y) of point y which does not con- 
tain x. Then the set X\{x} = 1 (J U (y) is open and its comple- 

v =£ x 

nient consisting of one point x is closed. 

A discrete topological space X;is a Hausdorff space, indeed, any 
point x g X is an open set, and lienee for x =£ y the neighbourhoods 
{*} and {y) are disjoint. 

Theorem 5. Let X and Y be Hausdorff topological spaces. Then the 
Cartesian product, the topological sum, and the connected sum o/ X 
and Y are Hausdorff topological j spaces. 

Proof. Consider two points ' (st,. y,) g X X Y and (x 4 , y,) € 
X X Y. If these points are distinct, then either x, x 4 or y, y 4 . 

In the first case, since X is a Hdusdorff space, there exist two dis- 
joint neighbourhoods U (x,) and, U (x 4 ). Then the neighbourhoods 
U (x,)i x Y and U (x 4 ) x Y of | the points (x,, y,) and (x 4 , y 4 ) 
are disjoint either. In the second case, where Y is a HausdorlT 
space, there exist disjoint neighbourhoods V (y ,) and V (y„). 
Therefore, in this case the neighbourhoods X X V (y,) and X x 
V (y t ) of the points (x,, y,), (x 4 , y s ) are disjoint. 

Let us consider a pair of distinct points x, y 6 X (J V. If these 
points lie in the same space, say X, the condition that X is a Haus- 
dorff space implies that there exist disjoint neighbourhoods U (x) 
and V (y) which are at the same time open sets in the union X U Y. 
If the points belong to distinct spaces, say x £ X and y £ F, the 
spaces X and Y themselves are; disjoint neighbourhoods of these 
points 1 . 

Consider a wedge X \J Y and a pair of distinct points x, y in it. 
First, let the two points belong to X. Then one of them, say x, does 
not coincide with a fixed point x 0 = y 0 , so that disjoint neighbour- 
hoods U (x) and U (y) exist in X. After eliminating x„ from U (x), 
we may consider that U (x) does not contain this point. The set 
U (x) is therefore open in X V Y- The set U (y) is also open in 
X J Y, provided it does not contain the point x 0 . If jr 0 £ L/ (y), 
the set U (y) (J Y is open in X \J Y and does not intersect with 
U (x). This completes the proof of Theorem 5. 

Definition. A topological space jX is called normal if it is a Haus- 
dorff space and for any two disjoint closed sets F, and F s there exist 
disjoint neighbourhoods If, ^ F, and U t 3 F 4 . 

Normal spaces are the most common occurrence among topo- 
logical spaces. This class is fairly wide and includes all metric spaces. 

Theorem 6. Any metric space is normal. 

Proof. Let X be a metric space with metric p and let F t and 
F j be disjoint closed sets. Suppose xgF,, e (x) = ~ p (x, F 2 ) and 
put V\= U O c(x) (x). Similarly, £',= |j Of (y), where e’ (y) = 
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-—p(p, P ,). We have obtained neighbourhoods of the sets F , and 
F,. We now demonstrate that • V, and £/, are disjoint. Assume 
the converse, i.e. there exists a jpoint z^V^U,. Then for certain 
points x£F , and y£F, we h'ave z^O c(x) (x), z £ O t -( V ) (y) , i.e. 
p (x, z) < -y p (x, F,), p(y. z)<~(y. F,). In particular, p (*, z) < 
-i-p(z, y), p{y, z)<-|-p(j/, x). Adding tho last two inequalities, 
we obtain p (x, z)+p (y, z) < -y p (x, y), in contradiction with 
the triangle inequality. Theorem 6 is proved. 

The system of open sets {t? 0 J of a topological space X is called an 
open covering if X = (J U a . Covering is a convenient concept for 

Cl 

studying topological spaces. For example, if a continuous function 
/ a is defined in every U a and tile functions / a and /„ coincide on 
every intersection U a fl f/p. there exists on X a continuou" tui- 
tion / which coincides with /„ in every open set t/ a . 

Given two open coverings {6t a },and {F s } of a topological space X. 
We say that the covering {F B } refines the covering [U a } or is finer 
than {t/ B } if each set F B is contained in the set U a , a = a (p). 

Theorem 7. Let X be a normal topological space and [U a )^ l 
be a finite open covering. Then there exists a finer covering {F a }^ =1 
such that V a dU a . 

Proof- The theorem implies the existence of a finer covering 
whose elements are numbered by i the same index a and the sets 

are also included with the index a. Consider a closed set Af\ (J (/ 

awm2 

contained in V.. Since the space X is normal, there exists a neieh- 

N 1 _ B 

bourhood F, such that U £i a cl'.c(' 1 cl/ 1 . Then the sys- 

a=2 1 

tem of sets {F,. U s , U K ) covers X, and we can find a set 
F,cF, where the system {F,, V,, U y also covers the 

space X. Replacing U k successivo.lv by F* c F„ cz U k , we arrive, 
after N steps, at the covering in question {F, F N }. 

Problems 

1. Prove that if a finite (countable) number of points 
is eliminated from R" (n > 2), the remaining space is connected. 

2. Prove that if finitely many subspaces of dimension less than 
<n — 1) is eliminated from R”, the remaining space is connected. 

3. Find the maximal number of connectedness components into 
which R* is subdivided by finitely many straight lines. What is 
the minimal number of the connectedness components? 
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4. Let /: X —*• X he a continuous mapping of a ilaiisciorff space. 
Prove that the set of fixed points (i.e. / (z) -*> x) is closed. 

5. Prove that the image of a normal space mapped continuously 
into a Hausdorff space is normals. 

6. Prove that X is a Hausdorff space if and only if the diagonal 
A — Ur. y): x y) c: X X X is closed in X X X. 

7. Prove that the mapping /: X )' into a Hausdorff space )' 
is continuous if and only if the graph T. — {(a - . / (r)): x £ X} cr 
X X Y is closed in X X Y. 

2.3. COMPACT SPACES 

Compactness is one ofltlie most important properties of 
a topological space. In particular, this property is fundamental in 
the study of real numbers and continuous functions. 

2.3.1. DEFINITION 

A HnusdoriT topological space X is called compact if 
any open covering {£/„} has a finite part- that covers X. 

The only condition which can be imposed is that a finite finer cover- 
ing should exist. 

Remark. Such a space was first called bicompact, while the term 
compact space was used for a metric bicompact space. Recently, 
however, a bicompacl space has been called simply a compact space. 
In what follows we shall use this, more recent, terminology. 

Example 1. A real segment la. 16) is a compact space. Indeed, if 
{£/„} is an open covering of la. f>l, we can assume, without loss of 
generality, that each element of U „ is an interval (c 0 , d a ) (except 
for two half-intervals (|a, a') and |(6', 61). Consider the set P of all 
numbers x 6 la, 6! such that the segment [a, zl is covered with 
finitely many elements of U a . Then, if x £ P, y < z, the point y 
also belongs to P. Since the point a belongs to the clement of the 
covering |a, a'), a' > a, the set P 'consists of more than one point a. 
Let z 0 be the exact upper bound of \P, x„> a. If z 0 < 6, the point z 0 
lies in the interval f/ a< = (c a „ d a J, i.e. c a> < z„ < Suppose 
y, z are such that c a < y < z 0 < z < d a . Then y £ P and the 
segment la, yl is covered with finitely many sets Up, so that the 
segment (a, z| is also covered with a finite number of sets Up. Hence, 
z 0 is not the upper bound of P. jThus, z„ = 6, and 6' < z„ = b. 
If 6' < y < x„, then y g P and again the segment la, g] is covered 
with finitely many sets Up. so that the whole segment la, 61 is also 
covered with finitely many sets Up. 
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2.3.2. THE PROPERTIES OF COMPACT SPACES 

Theorem 1. A compact topological space is normal. 

Proof. Let X be a compact space and F be a closed set in X. Dem- 
onstrate that if a point x does not belong to F , there exist disjoint 
neighbourhoods 0 ( x ) and U ( F ). 

Lemma 1. A closed subset F in a compact space X is a compact 
space. 

Indeed, if {K a } is an open covering of the set F, each V a = 
U a fl f, where U a are open sets in X. Then the family of open sets 
{U a , X^F) covers the space X and hence there exists a finite family 
X\F} covering X. Thus, {V^} covers F. 

Let us proceed with proving iTheorem 1. Sinle xgF, for any 
point y£F there exist disjoint neighbourhoods U v $x and V v ^y 
because X is a Hausdorff space. Obviously, the family {K„} covers 
the set F. According to Lemma i, we can find finitely many sets 

N 

covering F, so that the neighbourhood U U„ h of point x 
N 

does not intersect with the union U V Vk =>F. 

Let us consider two disjoint closed sets F , and F, in a compact 
spaco X. Then for any point x£F, wo can find disjoint 
neighbourhoobs U x and V x of the point x and of the set F t , re- 
spectively. The family (£/„} covers the compact set F,\ hence, there 

exists a finite covering {U x (1 }£.|. 1 Thus, the union U U Xh contains 

w *” 1 

F { and does not intersect with the intersection f) V* k containing 
F Theorem 1 is proved. 

Theorem 2. Let F c X be a compact subspace in a Hausdorff topo- 
logical space X. Then F is a closed set in X. 

Proof. Let x be an arbitrary point of X not belonging to F. 
Since X is a Hausdorfi space, thero exist for points y£F 
disjoint neighbourhoods and V„9x. Then the family 

{£/„} covers the set F and, as this set is compact, we can find a 

finite family that covers F. Thus, the union U U„ k con- 

n 

tains F and doos not intersect with f| V„ k . Hence, the point x 

has a neighbourhood not intersecting with F, which means that 
the set F is closed. The theorem is proved. 

Theorem 3. Let f: X -+Y be a continuous mapping of a compact 
space X into a space Y. Then the Image f (X) is a compact space. 

Proof. Let {f/ a } be an open covering of the set f(X). Then the 
family {/*' (£/,)} is an open covering of the compact space X. 
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Hence, some finite family {/"* (^*»)}*L| covers X and therefore tho 
family covers the image f(X). The theorem is proved. 

Theorems 2 and 3 imply the following general property of a con- 
tinuous function on a compact space known from mathematical 
analysis. 

Theorem 4. Let f: X R 1 be a continuous junction on a compact 
space X. Then the function f is bounded and attains a maximum (min- 
imum) value. 

Proof. According to Theorem 3, tho image f (X) is a compact sub- 
space in R 1 and, according to Theorem 2, f (X) is a closed set. If 
the image f (X) were unbounded, the system of intervals U n = 
(— n, n) would cover / (X) and no finite subcovering could be found 
in this system. Supposo A = sug {/ (*)}. Then there exists a se- 
quence x n £X such that lim /(*„) = ,4 , i.e. A £ / (X), A = / (x 0 ), 
x„ 6 X. Similarly, B 
The theorem is proved. 


inf {/ (z)} is also a value of the function /. 

x6X 


2.3,3. METRIC COMPACT SPACES 

In the case of metric spaces the compactness property 
can be formulated in terms that are customary for mathematical 
analysis. 

Theorem 5. Let X be a metric space. The space X is compact if and 
only If one of the following equivalent properties is satisfied: 

(a) any sequence {x„) has a convergent subsequence , 

(b) any sequence of embedded, non-empty, closed subsets (/■'„}, 
F„ => F„ +l , has a non-empty intersection. 

Proof. Let X be a compact metric space and { F n } a sequence of 
embedded, non-empty, closed sets, F n F n +i- If fl^n = 0. the 
open sets G„ = X\F„ cover the space X, and G„ c:G n+1 . Since 
X is a compact space, it is covered with a finite system {G n „ . . ., 
G„ }. Without loss of generality we assume that n, ^ n, ^ ... 
< «,. Then G„ k cC„ , i.e. X = G n< and hence F„ f = 0, which 
contradicts the hypothesis. 

Let us now demonstrate that property (a) follows from property 
(b). Suppose {z„} is an arbitrary sequence of points of X. If {x„) 
does not have limit points, any subset F <= {x„l is closed. We can 
therefore construct a sequence of embedded closed subsets {/•■„) 
with an empty intersection by putting F„ = {x„+„ x n +i. ■ ■ 
Hence, by property (b) the sequence {z„} has a limit point x 0 6 X. 
Choose a subsequence (i n|i ) convergent to x 0 and consider a neigh- 
bourhood 0, (z„). There exists a number n, such that z„, 6 0, (z 0 ). 
Let the terms {x„„ . . ., z nj }, n t < n, < . . . < n„ be already 
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constructed, and p (x 0 , x„ k ) < i/k. Let also 

e-min { 7 ^-, P(* 0 . * 1 ). •••. P(* 0 . *„,)}. 


Then in the neighbourhood O e (*„) we can find a point x n>>i £ 
0 t (x u ). Clearly, p (x 0 , x» jtl )< and hence n, +l > n,. Thus, 

we have constructed, by induction, the subsequence {x n> } with 
lim p (x 0 , x n> )= 0 . which means that lim x nj =x Q . 

Finally, we shall prove that property (a) implies the compactness 
of X. Let { U a } be an arbitrary open covering of the metric space X. 
Suppose there exists a number e such that the covering with balls- 
[O c (x): x € AT) is inscribed in {£/„}. Then e is called the Lebesgue 
number of the covering [U a }. 

Lemma 1 . If condition (a) of Theorem 5 is satisfied, any open covering 
has a Lebesgue number. 

Proof. For any point x£X we select a number e (x) equal to 
the exact upper bound of the numbers 6>0 such that the ball 
0 4 (x) lies in an element of the covering U a . If the function e (x) 
has a strictly positive e 0 «inf e!(x), then eJ2 is the Lebesguo 

x€X I 

number of {C/J. If inf e(x) = 0, there exists a sequence {x„} such 

xtX 

that lim e(x n ) = 0. According to property (a), we can choose a 
subsequenco x„ k such that lim in^x,,. Suppose k„ is a number 
such that p(x 0 , x„ k ) < -j e (x 0 ) for k>k t . Then, O ^ ^ (x„ k ) cz 




This means that e(x „ k )>~r e ( x „ ) and hence 


lim c(x nii )>-j- e (xj > 0. The lemma is proved. 

Let us consider an arbitrary covering {£/„!. By Lemma 1, thocov- 
oring with balls {0, (x): x£X) is inscribed in {£/_). Suppose {£/ a } 
does not have a finite subcovering. Then { O t (x) : x € a) does not have a 
finite subcovering either. Fix an arbitrary point x,g X. Sincethoball 
O e (xj) does not cover the space X, there exists a point x a g0, (x,). 

Suppose the points x, x„ are so constructed that x»g0 e (x,) 

for n^k>s. The system of balls {0 e (x,), .... O t (x„)} does not 
cover X, so that there exists a point x n+ , g 0, (x,) U ... |J O t (x„). 
Thus, we have constructed, by induction, the sequence {x„} with 
p(x„, x„)>e>0. On the other liand, property (a) implies that 
there exists a subsequence fx*.} such that lim x„. =x„, i.e. 

lim p (in k , x„) = 0. In particular, an appropriate choice of the 
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number k„ among *>*„ gives p(i njk , i 0 ) < 4" e ' w,lencc 

P( Z >V ‘-(..KP (*«;. *o) + P {*»*.,. *o) < *• 

This contradiction proves Theorem 5. 

As a corollary of Theorem 5,’ we formulate the following funda- 
mental property of real numbers: the sequence of embedded segments 
of the real axis has a common point. 

2.3.4. OPERATIONS OVER COMPACT SPACES 
If. a Hausdorff space A - is a union of a finite number of its 

n 

compact subsets. A is a compact space. Indeed, if A = U X. . where 

i tot 

X h are compact spaces, and {£/„} is an open covering of X, then 
each subset A 0 is covered with finitely many elements {f/ a> ( , ., 

Ua h ,„ k )- Then the entire finite system {C/ 0(i 

covers the whole space X. The; following theorem is very impor- 
tant. 

Theorem 6. The Cartesian product X x Y of compact spaces X 
and Y is a compact space. 

Proof. By Theorem 5 of Sec. j 2.2, the Cartesian product X x Y 
is a Hausdorff space, £*t {i/J .be an arbitrary covering of X x Y. 
Without loss of generality, we may assume that U a = V„ X W a . 
Fix a point x£A and consider a subspace ixfcXxr. The 
subspace x X Y is homeomorphic to Y and is therefore a compact 
space. Thus, there exists finitely many elements {t/ o( „, covering 

a (I) ! 

the space ixl'. Put Vi => fl V 0 <*.,)• Then the open sets {Fix 
W’a (».*)} are refinements of tlie- covering {U a ) and cover ixf. 

n (x) 

The sets {W a rtt ijJJj.f cover the space Y, |J W a [h , x) = Y. and 

the sets {Vi} cover X. Since the space X is compact, it is cov- 
ered with a finite family {Vi }j£ f . Then the space X X Y is cov- 
ered with a finite family {Vi| x l<fs^/n, l<k<n(x,)}. 

The theorem is proved. 

Remark. If the spaces X and K are metric, the proof of Theorem 6 
is much simpler Indeed, consider a sequence {z„}, z n = (x„, y„). 
Since A is a compact space, there ' exists, by Theorem 5, a con- 
vergent subsequence {x^}. The I compactness of Y implies that in 
the sequence {g,^} we extracts convergent subsequence {g n|i }. Thus, 
the subsequence {zn, } is also convergent. 
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Problems 

1. Prove that a union of finitely many compact spaces is 

compact. 

2. Let X be a metric, non-compact space. Prove that there exists 
a continuous function unbounded on this space. 

3. Prove that a metric compact space has a countable dense subset. 

4. Given two closed disjoint sets A and B in a compact metric 
space. Prove that p(A, B) > 0. 

2.4. FUNCTIONAL SEPARABILITY. 

PARTITION OF UNITY 

In this section we shall prove the theorems which enable 
continuous functions to be analysed under relaxed conditions, 
as in the case of functions of one real variable. We have already 
noted that a continuous function' on a topological space behaves, 
in many respects, like a function jof one real variable: namely, the 
sum f + g , product f-g, and ratio fig (g¥*0) of two continuous 
functions are also continuous functions. A limiting process is valid 
in the class of continuous functions on a topological space X. A se- 
quence of functions /„ converges uniformly to a function / if for any 
e > 0 there exists a number N such that for n > N the inequality 
| / fir) — /„ (x) | < e is satisfied for any point x 6 X. 

Theorem 1. The uniform limit of a sequence of continuous functions 
on a topological space X is a continuous function. 

Proof. Let / (x) = lim /„ (x). We now demonstrate that the func- 

n— oo 

tion / is continuous. Fix a number e > 0 and a point x„ £ X. Then 
there exists a number n such that for any point x £ X we have 
J/(x) — /n fir) | < e/3. Since /„ is a continuous function, there 
exists a neighbourhood 0 (x 0 ) such that for x € 0 (x 0 ) the inequality 
I /n (*) — / n (*o) I < e/3 is satisfied. Then we have for x 6 O (x„) 

I /(*) — / to I < I / (*) — /»(*) l + l /n (*) - /„ (*o) I 

+ |/n (a'o) — / (*o) I <e/3 + e/3 + e/3 = e. 

Theorem 1 is proved. 

2.4.1. FUNCTIONAL SEPARABILITY 

Let F, and F, be two disjoint closed sets in a topological 
space X. To construct disjoint neighbourhoods of these sets, it suf- 
fices to construct a continuous function f on X such that / (x) jSs a 
for x € F„ / (x) ^ b for x 6 F t , and a > b. Thus, as the neighbour- 
hoods of the sets F v and F 2 we can select the inverse images of the 
intervals, f~ l ( c , oo) and /-* (— oo| c), where b < c < a. The state- 
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ment, converse in a certain sense, is also valid (it is called Urysohn's 
lemma). 

Theorem 2. Let X be a normal topological space and f 0 , F, be two 
closed disjoint sets. Then there exists a continuous function /: X -*-[0, 1) 
such that / l^aO and f \ F, as 1 . 

Proof. Construct a system of open sets 1% numbered by all 
binary-rational numbers such lhal the following condi- 

tions are satisfied: (1) F 0 c:r o . (2) rjC-ArX-F,, (3) F r c: IV for 
r <r' . 

Then the system of open sets -{r,} can be extended by adding 
the sets T, *= (J r r , where t is an arbitrary real number, 0^t<l. 

r <i _ 

The system of open sets (Ti) satisfies the same conditions: T, c T,, 
for td'. Indeed, choosing rational numbers r and r’_such that 
t < r < r' < I’, we obtain T, c= T r . T,- cz Ti*. Hence. T,cr r c IV c 

T, . Construct a function /: putting / (*) = sup {<; x g T,}. 

We now demonstrate that / it continuous. Fix a point x 0 and an 
e>0, and tuku t„ = f(x 0 ). By the definition of / wo have x 0 g 
Pti, -r/ 2 ), *0 € r«, +l / 2 ). Consider a neighbourhood of x„ equal to 

^(i»+«/ 2 i\F(i,_e/j). If y£U, then y6r ( i i+ ,/j), y?F(i,+«/ 2 >- Owing 
to the definition of the function /, the inequalities L-el 2^ 
/(y)^fo + e/2 8,0 satisfied, i.o. | /(x 0 ) — / (y) | <e. Thus, the 
function f is continuous. 

To complete the proof of the theorem, it remains to construct 
a system of open sets T, satisfying conditions (1), (2), and (3). Since 
the space X is normal, for any closed set F and its neighbourhood 

U, F c: V, there exists another neighbourhood V such that F cr 

V'cVc^ For the sake of brevity we shall write V <g U, pro- 
vided V c V c U. Thus, F„ = F„ c and therefore F 0 (g 

X\F,. Hence, there exists an open set T 0 such that F,er,e 
X\F V Similarly, we can find an [open set f, such that F 0 er,g 
T, g X\F,. Suppose that for all binary-rational numbers r = 
p/2", 0 p < 2", the open sets T, have already been constructed, 
and r iwl .,g r ((p+1)/2 n ) . Define the set r, 2p+n/2 n.i in such a way 
that r p/2 n g r (2p+))/2 n.i e r, p+1)/2 n. Hence, we have constructed, 
by induction, the whole family {r r }. If x 6 F 0 , then / (x) = 0, and 
if x £ F u then / (x) =1. Theorem 2 is proved. 

The following important theorem is a consequence of Theorem 2. 

Theorem 3. Let X be a normal topological space, F c. X a closed 
set, and /: F -»■ R 1 a continuous function on F. Then the function f is 
extendable to the continuous function g: X R‘ on the entire space X. 
If the function ) is bounded, | / (x) :| <; A, the function g can also be 
chosen in such a manner that it is bounded by the same constant. 
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Proof. First, let us assume that / is bounded, | / (r) | ^ 4. Put 
<p 0 (x) = f (x) and consider two closed subsets 4 0 = (x: cp 0 (x) ^ 
—A/3} and B 0 = {x: (p 0 ( z ) > -4/3). Since the sets A 0 and B 0 are 
disjoint, there exists, according to Theorem 2, a continuous function 
X -*■ i —A /3, A/ 31 which is ^Al 3 on A„ and A/3 on B 0 . In 
other words, | f 0 (x) | < A/3, x, € X, | tp 0 ( x ) — /„ (x) | sg 24/3. 
Put <p l (x) = <f 0 (*) — / o (x). Then the function ip l is bounded on 
F by the constant 24/3. Thus, repeating the procedure, we can con- 
struct two disjoint closed sets 4, = {x: (p, (x) ^ —24/9} and 
B, = (x: q>, (x) > 24/9}, and a continuous function /,: X -*■ 
(—24/9, 24/9|whichis — 24/9 onAj and 24/9on By. In other words, 

l/i (*) I •y' 4 * I *Pi (*) — /i ( 1 ) I 44/9. Repeating this pro- 
cess infinitely many times, we can construct two sequences of func- 
tions /„: X -*R' and <p„: F -► R' satisfying the following con- 
ditions: (p n+1 (x) = <p„ (x} — /„ (x), 


Ifn (*)K(.y)"4» 

(1) 

I^WKCt)"^ 

(2) 


Next, 

/(*) = <Po(*)=> /•(*) + 9. (*) 

/»(*) + /, W+ ...+/ B (*) + <p B+ ,(z) for x^F. 

Inequality (1) implies that the series 2 f.lx) converges uni- 

*-o 

formly on the entire space X. According to Theorem 1, the func- 
tion g(x)“ 2 /„(x) is continuous and g(x) = /(x) for x£F. From, 
a— o 

inequality (1) we have 

is(*)i<2 i/.wi<S (t)"t=' 1 - 

A-0 A-0 

Theorem 3 is proved for a bounded function /. 

Turning to a general case, let' us consider a homeomorphism 
h: R 1 -*■ (— 1, 1). Then the composition hf: F -<-(—1, 1) is a con- 
tinuous bounded function. Applying Theorem 3 to the bounded 
function hf, we can construct a continuous function g: X -*-1—1, 11 
which is an extension of the function hf. The function g assumes the 
values ±1 on a closed set F, disjoint with the set F. According to 
Theorem 2, there exists a continuous function tp: X -»-[0, 1] equal 
to 1 on F and 0 on F,. Then the function g, (x) — ap (x) g (x), x 6 X, 
coincides with hf on F and does not assume the values ±1. Thus 
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the function g, maps X into the interval ( — 1, 1). Finally, put 
8 2 (*) = h ~'B\ (*)• Then g, (x) — h-'g, (xj = h-‘hf (x) = / (x) for 
x g / . This completes the proof of the theorem. 

2.4.2. PARTITION OF UNITY 

The support ol a continuous function on a topological space X 
is the closure of the set of those points x £ X for which / (x) 0. 

The support of a function / is denoted by supp f. Thus, a function / 
is identically zero outside the support. A convenient method in 
topology is the decomposition of a function into a sum in such a way 
that any term has a sufficiently' small support. 

Theorem 4. Lei X be a normal space and { U a ) a finite epen covering. 
Then there exist functions <p a : Xj R 1 . 0 < ip a (x) 1, such that: 

(a) supp ip a <= U a , (b) 2 <p„ (x) ci 1. 

a 

The system of functions (tp a ) is called a partition of unity subordi- 
nate to the covering {£/„}. Hero we do not assume that the covering 
is finite, but only require that any point x g X should have a neigh- 
bourhood 0 ( x ) intersecting finitely many supports supp cp a . In 
general, 10 system of subsets {A a ) of a topological space X is called 
a locally finite system if for any pbint x 6 X there exists a neighbour- 
hood O x x) which has a non-empty intersection only with finitely 
many .-ets A 

Exi.mple. The covering of the real axis R* with intervals (— n, n) 
is not locally finite. On the coiitrary, the covering with intervals 
(n. n + 2) is locally finite. 

Thus, if the family of supports {supp 9 a ) of continuous functions 
q> a is locally finite, only finitely many functions (p„ are non-zero at 
any point xf X and therefore the sum 9 (x) = 2 ’Pa (*) is correctly 

O 

defined at any point x 6 X. The function thus obtained is continuous. 
Indeed, the continuity of <p can be verified independently in some 
neighbourhood of each point. Since the system {supp q> a ) is locally 
finite, there exists a neighbourhood O (x) in which only finitely 
many functions <p ai , . . ., <p ajv are non-zero. Hence, in the neigh- 
bourhood 0 (x) the infinite sum appearing in the expression for <p 

s 

is, in fact, finite, i.e. 9 (y) =» 2 9» fi (y) for y £ 0 (x). The function 

9 is therefore continuous at every point if X. 

Proof of Theorem 4. Let us consider a finite covering [U a }. Ac- 
cording to_Theorem 7 of Sec. 2.2, there exists a finer covering {K„} 
such that K a cz U a . By Theorem 2, there exists a continuous func- 
tion i)i a on X which satisfies the conditions: 9 a | K a = 1, ip a | 

U 0 ) S3 0, 0 sj 9a ( z ) ^ 1 • Thid means that supp9a ! =^a anc * 
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\|> a (x) >0 for x 6 V a . Put ip (x) = 2 if 0 (x). The function is con- 

a 

tinuous. We now demonstrate that \p (x) > 0 at eacli point x g X. 
Indeed, since the system {P„} covers the space X , a number a 0 
can he found sucli that x 6 P a ,, I * >e - 'I’a. (x) > 0. Thus, ip (x) = 
2 ip a (*) > 'J’a. (x) > 0. Let us finally put cp a (x) = ip a (x)/ip (x). 

Then, 

supp cp B = suppip, <= U a , 0<<p a (x)<l, 

and 

2 fa (x) ~ 2 1' a (x) ! *p (x) = (2 ft (x))lf (x) = ip{x;/<p (x) b1 . 

a 

Theorem 4 is proved. 

Remark. Theorem 4 can be extended to locally finite open cover- 
ing. To this end, it suffices to prove Theorem 7 of Sec. 2.2 for locally 
finite coverings. If a space X is Compact, we can always confine 
ourselves to finite coverings, while for non-compact spaces there 
exist essentially infinite coverings for which we should, nevertheless, 
construct a partition of unity. Thus, given a locally finite covering 
that refines a given covering {£/„}, a partition of unity can be con- 
structed. The following statement is formulated without proof. 

Let X c R" 4e an arbitrary subspace of a Euclidean space and let 
[U t) be an open ( not necessarily finite ) covering of X. Then there 
exists a partition of unity subordinate to {£/„}. 

Problems 

1. Prove that in Theorem 2 we may require the smooth- 
ness of the function /, provided X is a Euclidean space R". 

2. Prove that in Theorem 4 wo may require the smoothness of the 
functions q> 0 if X = R". 





Chapter 3 


Smooth Manifolds 
(General Theory) 


INTRODUCTION 

In Chapter 1 we have shown that a coordinate system 
describing the position of a poiiit in space is an indispensable tool 
for studying geometrical objects: Using coordinate systems, we can 
apply the mothods of differential and integral calculus to solve 
various problems. Therefore, an analysis of spaces which admit such 
concepts as differentiable or smooth functions and differentiation 
and integration has emerged as an independent branch of geometry. 

Some examples of these spaces may prove useful. 

Example 1. Consider a unit circle 5* orf a plane (i.e. in a two- 
dimensional Euclidean space R 5 ). To describe points of the circle by 
coordinates, we define it as a set of points satisfying the equation 

+ y' = 1 (l) 

whero (x, y) are Cartesian coordinates on the plane. Thus, each point 
P € S' is uniquely defined by a pair of numbers, Cartesian coordi- 
nates x and y. For points of a circle, however, there is no need of 
giving both coordinates. If the coordinate x of point P is known, 
the second coordinate is easily found from equation (1): y = 
±yi — **, i.e. the coordinate y is uniquely (to within a sign) 
related to the coordinate x. Furthermore, if a point P „ = (z 0 , j/ 0 ) 
does not lie on the i-axis, i.e. y 0 =£ 0, there exists a sufficiently 
small neighbourhood U of point P„ such that for all points P £U 
the sign of the coordinate y of P is uniquely determined by the sign 
of the coordinate y 0 of point P 0 . We may therefore say that points 
of the circle S l are described by one numerical parameter, the Carte- 
sian coordinate x. To be more exact, only the points of the upper 
semicircle, i.e. the points satisfying y > 0, are uniquely defined 
by one numerical parameter x. Similarly, the points of the lower 
semicircle, i.e. the points satisfying y < 0, are also defined by one 
numerical parameter x. The parameter x varies within the same 
range, namely on the interval (—1, 1) of the real axis, both for the 
upper and lower semicircles. If we need to describe parametrically 
points of a circle, including “singular" points P 0 = (1, 0) and P x = 
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(— 1, 0), we will have to interchange the coordinates x and y and 
express x in terms of y through equation (1). 

A question naturally arises: can we introduce such a parametriza- 
tion of points of a circle that all the points are uniquely defined 
by a numerical parameter? The parameter <p, equal to the angle 
between the x-axis and radius vector ending at point P, seems to be 
the most appropriate approximation, though this parameter is not 
defined uniquely. And if we consider the values of <p only in some 
interval, say 0 < if < 2n, the function associating the angular 
parameter 9 with a point P £ S‘ will suffer a discontinuity at point 
Po = ( 1 . 0 ). 

Thus, we arrive at the following assertion. No continuous function 
exists on a circle S‘ (as a topological space) whose values uniquely 
describe points of the circle. 

Example 2. Let us consider in a three-dimensional Euclidean space 
a two-dimensional sphere S 2 defined by 

z a + y* + z* = 1. (2) 

Just like in the case of a circle, St is unnecessary to give all threo 
Cartesian coordinates (x, y. z) for points of the sphere 5*, since one 
coo rdinate, say z , can be expressed in terms of the other two: z = 
±V 1 — ** — !/*• Obviously, on the upper (and similarly the lower) 
hemisphere the coordinate 2 of a point P is uniquely related to the 
coordinates x and y. 

As before, it can be shown that there exist no two continuous func- 
tions on the two-dimensional sphere S* such that their values 
uniquely define a point P on the sphere. 

These examples demonstrate that the only possibility is to reject 
the construction of a unique coordinate system for all points of a 
space under consideration and usej different coordinate systems for 
different parts of a space. A rigorous analysis of the situation has led 
in geometry to a specific concept of a manifold. 

3.1. THE CONCEPT OF A MANIFOLD 

3.1.1, FUNDAMENTAL DEFINITIONS 

A metric space M is called an n-dimensional manifold (or 
simply manifold) if any point P of the space is contained in a neigh- 
bourhood U cz M homeomorphic to a domain V of a Euclidean space 
R". This condition can be formulated in brief as follows: an n-di- 
mensional manifold M is locally homeomorphic to a domain in 
a Euclidean space R", in which case the dimension of M is said to 
be equal to n or dim M = n. Thus, if M is an n-dimensional manifold, 
we can find in M a system of open sets {U t } numbered by finitely 
(or infinitely) many indices i and a system of homeomorphisms 
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<fi : U, -+V, czR n of the sets U v on the domain V,. The system (Ut) 
roust cover the space M, i.e. M = |J Ut, and the domains V t may, 

in general, intersect one another. 

Suppose a Cartesian coordinate system (x' t . . x") is valid in 

a Euclidean space R n . Then for any point P £ U t the Cartesian coor- 
dinates of the point q> ( (P) 6 Vj can be considered as a numerical 
parametrization of P. The homeomorphism <p, is therefore called 
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a coordinate homeomorphism and the Cartesian coordinates (x 1 , . . 
x") of <pj (P) ore termed local coordinates of the point P £ Ut and 
denoted by i* = i* (/*)•, k = 1, . . ., n. A system of functions 
= (/*)* given on an open set U ( is called a local coordinate 

system, and the open set t/ ( together with a local coordinate system 
defined on it is called a chart of a manifold M . Thus, a chart is a pair 
(U t , (pi), and we shall denote it, for brevity, only by the first symbol, 
Uf A set of charts {f/,} covering the entire manifold M is called an 
atlas. It is convenient to number] local coordinates of a point P £ M 
by an additional index characterizing the chart U t : x^ = xj ( P ). 
Since the point P can belong simultaneously to several charts, it 
acquires several sets of local coordinates. 

Here are simple examples of manifolds. 

Example 1. In the Introduction we have considered a circle S' cr 
R ! defined by the equation x* -f- y* = 1. Let us cover S' with an atlas 
consisting of four charts (Figs. 3.1 and 3.2) 

U, {(x, y) 6 S': y > 0}, U, = {(x, y) £ Sh y < 0), 

U, = {<*. y) 6 S': x > 0). £/, = ((x, y) f5':z< 0). 


• Strictly speaking, the Cartesian coordinates (x 1 , . . ., z n ) in 
a Euclidean space R n are linear functions defined in R n , and the correspondence 

associating with a vector a € R n a set of its coordinates (x' (a) x " (a)) is, 

in fact, a mapping of R n into an arithmetic linear n-dimensional space. It 
would therefore be better to write x * = i* (P) = xk (ip, (Pi), but for the sake 
of brevity we shall omit the symbol ip, if no confusion arises. 
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The corresponding domains F„ F„ V 3 , and V, on the real axis R 1 
coincide and are equal to the open interval (—1, 1 ). Hdmeomorphisms 
<Pi and <p, are constructed as projections of the circle onto the x-axis: 
<Pi (*. V) = <Pj (x, y) — x, and homeomorphisms <p 3 and q>, as pro- 
jections onto the y-axis: <p 3 (x, y) = tp k (x, y) = y. In order to 
prove that the mappings <p», k =|1, . . 4, are homeomorphisms, 

it is sufficient to write explicitly the inverse mappings 

<?:'(*) = <*. V -s 1 . <p,“(i) = (x, 

<p;‘ (v).= (l / 1 — y 2 . y)ZS', vr' (v) = ( — V i — y 2 . y)£S‘ 

and demonstrate that they are continuous. Then we obtain on the 
circle four local coordinate systems, each consisting only of one 
coordinate: x, = q>, (x, y) = x, x s ±= «p, (x, y) = x, x 3 = <p 3 (x, y) = 
y . = <p t (x, y) — y. Certain points are provided with two local 

coordinate systems. For instance, ; for points P of the intersection 
U k ft U, the coordinates x, (P) and x 3 (P) are valid (Fig. 3.3). 
There are other ways of introducing an atlas on a circle. In Chapter 1 
we have considered polar coordinates (r, <p) on a plane. The equation 
of a circle in these coordinates is very simple: r = 1. Strictly speak- 
ing, polar coordinates on a plane ;are not a coordinate system (see 
Chapter 1). We introduce therefore two charts on a circle S', namely, 
v . 1 =={(*. y) e S‘: X -1 ) and U t = {(x, y) g S': x 1 ) 
(Fig. 3.4). Let <p, (P) = <p, (x, y) be the value of <p in the interval 
(— n, it) and rp, (P) = tp, (x, y) bo the value of <p in the interval 
(0, 2n), i.e. F, = (— n, n), F, = (0, 2n). Obviously, the local 
coordinates <p, = «p, (P) and <p 3 = <p, (P) coincide for points of the 
upper semicircle and do not coincide for points of the lower semi- 
circle, that is, cpj (x, y) = «p a (x,' y) for y > 0 and cp, (x, y) = 
<p a (x, y) - 2n for y < 0 (Fig. 3.5). 

Example 2. The circle S' considered in Example 1 is a rather com- 
plicated manifold. The simplest example is represented by Euclidean 
space R". We may take an atlas consisting of only one chart U = R", 
the coordinate homeomorphism <p is the identity mapping y. U 
V = R", the local coordinate system is Cartesian coordinates of 
points in R n . Similarly, any domain U c: R" is an n-dimensional 
manifold whose atlas also consists of one chart with a Cartesian coor- 
dinate system. 

Example 3. Let /: R" -► R' be a continuous function and F, cr 
its graph, i.e. the set of points (*„ . . ., x", x"*‘): x" > ‘ = 

/ (x 1 , . . ., x'“). The space F, is an n-dimensional manifold with an 
atlas consisting of one chart U = T,. The coordinate homeomorphism 
<p: U -*■ V = R” will be defined as a projection along the last coor- 
dinate: <p (x\ . . ., x n , x-») = (x 1 x") g R n . Then the in- 

verse mapping (p*‘ is given by cp' 1 (x 1 , . . ., x") = (x 1 , . . ., x", 

/ (x 1 , . . ., *»)) and is, apparently, a continuous mapping. 
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Example 4. Let us consider an n-dimensional sphere S " of unit 
radius defined as a set of points in R"* 1 satisfying the equation 
( X i)» + (xty -f . . . -f (x”* 1 )* = t. We shall demonstrate that an 
n-dimensional sphere is an n-dimensional manifold. The open sets 

U J [={(x‘ *"*■)£ S”: i* > 0} , 

t/f={(x> x"+>)€S n : *‘<0}, 

will be taken as an atlas. We obtain 2n + 2 open sets covering the 
entire sphere S n . Indeed, if the point P = ( x, ■ • ., x n * 1 ) belongs 
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neither to charts U\ nor to charts UJ for all (, then the inequalities 
x 1 < 0 and x‘ > 0 are satisfied', i.e. *‘ = 0, I = 1, 2, . . n + 1. 
Then (x') a (x n * l ) a = 0, that is, the point P does not lie 

on the sphere 5". The coordinate homeomorphisms <pt and <pT are 
defined as projections of the Euclidean space H n ‘* 1 onto R along 
the coordinate x l . In this case the domains V\ and VI coincide and 
are equal to a unit ball, and the coordinate homeomorphisms are 
given by 

■pH*', .... x" +l ) = <p? (x 1 x”*>) 

= (x' x 1 *', x**>, .... x"'')6R". 
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The inverse homeomorphisms are defined by the formulas 

(•pH- 1 (if 1 . y n ) 

= (!/' V i — (»')*— - - . —(if") 2 , if' y")€R"‘’, 

(•pD " 1 (if*, ... >/•) 

r(y' y' 1 ’ -V* -(»•>*- ■■■ -(«")*. v’ neR”* 1 , 

and are apparently continuous. 

Example 5. Let us consider a projective plane RP ! . By this plane 
we mean a space the points of which are straight lines through the 
origin in R 3 . Define the distance between two straight lines as the 
least angle between them. Then RP 2 becomes a metric space. We 
now prove that RP 2 is a two-dimensional manifold. To this end. it 
is convenient to describe any straight line P € RP 2 by three homo- 
geneous coordinates (r : y : z) which admit multiplication by a 
number X ^ 0. Homogeneous coordinates do not vanish simultane- 
ously, i.e. x 2 + y* + i* > 0. Cover RP 2 with three charts: U x = 
{(i : y : z): x =f= 0}, J, = f(z : y : z): y =£ 0), and U, =. 
i(x : y : z): z 0}. Let V, => V t = V, = R 2 . The mappings (P*: 
U k V k = R 2 are taken as coordinate homeomorphisms, namely.. 
cp, (x: y:z) = (y/x, z/x), <f t (x: y: z) = (x/y, zly), <p, (x : y : z) = 
(x/z, y/z). Thus, we have constructed three local coordinate systems 

*1 =» ylx, x] = tlx; x[ = xly, x\ = zly, x\ = x/z, x\ = y/z. 

To verify that the mappings cp* are homeomorphisms, it is sufficient 
to construct the inverse mappings 

91' (*l. **,) - <1 : *! : *)). fV (A, A) = (*J : 1: *J). 

and prove that they are continuous. 

The examples presented above show that the same manifold M 
admits distinct atlases. Even though the charts, as open sets, remain 
unchanged, we can alter the local coordinate system in a chart by 
choosing another coordinate homeomorphism. In particular, the 
following lemma holds true. 

Lemma 1. Let M be an n-dimensiohal manifold and let U be Us 
chart with a coordinate homeomorphism <p and a local coordinate system 
(x\ .... x"). I] J’ c :U is an open subset of U, a coordinate homeo- 
morphism if' and a local coordinate system (y\ . . ., y") can also be 
defined on U’, and in this case <p' (P) = <p (P), y k (P) = x h (P) for 
P 6 V. 

Proof of Lemma 1 follows from the fact that the homeomorphism 
<p: U V maps homeomorphically any open subset U' cz U. It is 
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sufficient therefore to take the restriction of q> to V as cp' and the 
restriction of coordinate functions x’ 1 to the same subset U' as y h . 

Lemma 1 shows that using a given atlas [V ,} we can construct 
a new atlas consisting of finer charts. On the other hand, the union 
of two atlases (t/,) and {£/}} is again an atlas of the manifold. Thus, 
there exists a maximal atlas consisting of all the charts of a given 
manifold. A maximal atlas may be considered as a union of all 
aliases on a manifold. 

Now wo shall prove another useful lemma. 

Lemma 2. Let {[/,} and { U )} be two atlases on a manifold M. Then 
there exists a third atlas which refines these two atlases. 

To prove the lemma, we put W,j = U t fl U'j. According to Lem- 
ma 1, a local coordinate system can be introduced on each open 
set W u . On the other hand, W, , cz U , and W/j <r Uj, so that the 
system of sets { IV, A covers M. Hence, {W,,} is an atlas refining 
both {{/,} and {£/j}. 

3.1.2. FUNCTIONS OF COORDINATE TRANSFORMATION. 

DEFINITION OF A SMOOTH MANIFOLD 

Among metric (or, in general,- topological) spaces mani- 
folds seem to be of special interest. For example, any continuous 
function /: M -*■ R 1 defined on an n-dimensionai manifold M in the 
neigh liourhootl of each point P £ A/can be identified with an ordinary 

continuous real-valued function h (x‘ x") of n independent 

real variables (x 1 , . . ., x n ), the function h being defined in a domain 
of a Euclidean space R". Indeed, let U be a chart containing a 
point P, let ip: 0 —■ V c R" be a coordinate homeomorphism of 
this chart, and lot (x l (/»), . . ., x" (P)) be a local coordinate system 

in U. Ifx = (x 1 x") is a vector with coordinates <x\ . . ., x“). 

we put ft (x 1 , . . ., x”) = / (<p -1 (*)). Conversely, if ft is a continuous 
function of n real variables defined in a domain V c R'\ we can 
associate with ft a continuous function / valid in the domain U of 
the manifold A/: / (P) = ft (x 1 ( P ) x" ( P )). 

More generally, let f: A/, he a continuous mapping of an 

K-dimensional manifold A/, into an m-dimensional manifold M s . 
Suppose Q a = f (P»). p o € A/, and f M t . Then in a small neigh- 
bourhood U 9 P„ the mapping / can be identified with a continuous 
vector function ft of n independent variables. Indeed, let U' 5Q<< 
he a chart of the manifold A/j and let (y 1 , . . y m ) be a local coor- 
dinate system. Since the mapping/ is continuous, there exists, accord- 
ing to Lemma 1, a chart V of point P, such that / (U) cr U'. Suppose 
(x 1 , .... x“) is n local coordinate system in U. Since points P of 
the chart V are in a one-to-one correspondence with their coordinates 
(x 1 (P), . . ., x" (P)), and points Q of the chart V are also in a one- 
to-one correspondence with their coordinates (y 1 ( Q ), . . ., y m ( Q ))• 
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the equality Q — f ( P ) means 

U" «?) = '/ (/ ( P )) ~ y k (h (x‘ (P) x- (/>)) 

= A*(x*(P). .... x K (/>)). 


The functions h k (x‘, . . i") are continuous, and the mapping / 

is uniquely reconstructed in U by these functions. 

Thus, any continuous function / on a manifold M in a local coor- 
dinate system can be represented by a real-valued function h. of n 
independent variables. If we alter the local coordinate system, the 
function h will also be modified. What is the law of modification of h 
under coordinate transformation? Let (x„ . . x") and (y‘. . . y ") 

be two local coordinate systems. Without loss of generality, we may 
assume that these coordinate systems are defined in the same chart U. 
Suppose h and h' are functions of coordinates (x ! , . . ., x' 1 ) and 
(y‘, ■ • ■, y"), respectively, which represent the function /. Then 
f(P) = h(x' ( P ) x“ (P)) ~ (y> (P) y" (P)). (\) 


Since the coordinates y\ .... y " are also continuous functions in U, 
they can in turn be represented as functions of n independent vari- 
ables (x‘, . . x n ), i.e. 

y'(P) = y‘ (x<(P) x"(P)), 


y n (P)-y n (z , (P) *"</'». 


( 2 ) 


In these equations we deliberately use the same symbol y 1 ' to denote 
both the coordinate of point P and its representation as a function 

(x‘ *'')•• y k = if* (*‘, • • x n ). Then from equation (1) 

we obtain the identity 

h (x 1 , . . x’ 1 ) = h' (p 1 (x 1 , . . .. x") j i n (x 1 x")). (3) 

The functions y k = y k (x*, . . ., x”) on the right-hand side of rela- 
tions (2) were called in Chapter 1 functions of coordinate transforma- 
tion, provided the set U is a domain in a Euclidean space. We shall 
retain this term for manifolds as well. 

Definition f . Let M be an n-dimensional manifold, {£/ ( } its atlas, 
’Pi coordinate homeomorphisms, and {x?} a set of local coordinate 
systems. In each intersection of two charts U,, = U t f) U, two local 
coordinate systems {x? } and {x*} are valid such that xf (P) = 

(xj (P) xj' (P)). P e U„. The functions xf = x? (xj 

x'i) are called junctions of coordinate transformation or functions of 
transition from the coordinates (x?) to the coordinates (xj). 

Transition functions are not defined in the entire domain V,, 
but only in its part V n = < p, (U,j) where it is meaningful to speak 
about two coordinate systems. 
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In Fig. 3.6 the domains F, and Vj in a Euclidean space are shown, 
for convenience, as disjoint sets. 

The transition functions i? = i* (ij, . . i") map the domain 

y j! into V u in R" 

x, =■ {i* (x$ ip} = {ij (x,)} - x, ( x ,) = «p,<pj‘ (x,) = <f a (Kj). (4) 

The mappings tp/j: Vj, -~V/j given by equation (4) are, in fact, 
another writing of transition functions, and represent a homeo- 
morphism of the domain V ,, onto F i; . 

Note that if / = /, then U ,, = U,, V, t = V ,, = V ,, and if (x), 
- . ., x“) ss Xj. Let us now return to the representation of a con- 
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tinuous function / defined on an n-dimensional manifold M as a 
function h of n independent variables, local coordinates of a point 
of the manifold. It is known that a narrower class of function- 
differentiable functions— is of great significance in mathematical 
analysis. We now transfer this important concept to functions de- 
fined on a manifold. If a function h f**, . . i") is continuously 

differentiable, we cannot say the same about the function h' ( p ', .... 
y") representing / in another local coordinate system (p 1 , . . ., y"). 
Indeed, the functions h and h‘ are related by equation (3). Thus, the 
condition that h’ is also continuously differentiable is that the func- 
tions of coordinate transformation i* = i* (p‘, . . ., y") should be 
continuously differentiable. If these functions are not continuously 
differentiable, there exists a function / such that its representation li 

in the coordinates (i 1 i"j is a continuously differentiable 

function, while the representation h' in the coordinates (p 1 y") 

is not. As an example, we consider the function /(/')= z* (P), 
P 6 U c: M. Then h (i‘, . . ., x") ss i* is, apparently, a continu- 
ously differentiable function, while h' (p 1 p’ 1 ) = i* (p 1 , . . ., 

p") does not possess this property. 
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We thus arrive at the following definition. 

Definition 2. A smooth, n-dimensional manifold is an n-dimensional 
manifold M with an atlas {£/,} having local coordinate systems 
{xi} satisfying the condition: the transition functions 
. . Xj) are continuously differentiable for any pair of charts £/, 
and Uj in the entire domain of definition. 

This definition enables a class of continuously differentiable func- 
lions to be distinguished among alt functions va'‘i on a manifold A/. 

Definition 3. A function /: M -*■ R' defined on a smooth mani- 
fold M is called continuously differentiable at a point £ M if in 

any local coordinate system (*| x?) (the charts U, 3 /•„ 

belong to a fixed atlas) the function / can be represented as a con- 

inuously differentiable function h (xj x“) of n independent 

variables in a neighbourhood of the point (x| (/'„) x'i ( P „)). 

Note that the condition of continuous differentiability of flic 
transition function in Definition 2 is essential for Definition 3. As 
we have already pointed out, if the transition functions were not 
continuously differentiable, the condition of continuous differentia- 
bility of/ at point P 0 £ A/ would depend on the choice of the chart 
U i containing P t . 

Example 6. VVe now consider the following atlas on a manifold A/. 
Let M = R‘ be a real axis and let the atlas consist of two identical 
charts t/, = t/, = A/ = R 1 , but with distinct coordinate systems. 
On £/, we define the coordinate x, =>x, x £ R 1 , and on U t the coor- 
dinate x, = x s . Then the transition functions are 

x t = x, (x,) - (x,)L (5) 

*,«i,(x,)«7^. (fi) 

While the transition function (5) is continuously differentiable 
(a polynomial), the function (6) has a discontinuous derivative. Thus, 
according to Definition 2, the manifold M with the atlas {£/,, U.,\ 
is not a smooth manifold. 

Remark. If an atlas on a manifold M consists of only one chart 
(i.e. M is liomeomorphic to a Euclidean domain), M is a smooth 
manifold. 

Definition 4. Let on a manifold M there be given two atlases 
ji/j) and {£/)} such that M is smooth with respect to each atlas. 
Two atlases {£/,-} and {£/)} are called equivalent if every function 
of coordinate transformation from any local coordinate system in 
{(/,} to any local coordinate system in [U]) is continuously differ- 
entiable. 

A substantiation behind this definition lies in the fact that any 
function I on a manifold M is continuously differentiable in the atlas 
{U,) if and only if it is continuously differentiable in {£/)}• Thus, 
from the point of view of continuously differentiable functions on 
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a manifold M equivalent atlases "have equal rights", so that any 
of the equivalent atlases can be used to represent a function as a con- 
tinuously differentiable real-valued function of independent vari- 
ables (coordinates of a point). Definition 4 admits another formula- 
tion: two atlases {U t ] and [Uj}are equivalent if M is a smooth mani- 
fold with respect to a new atlas equal to the union of the initial atlases, 

(tfi) u m. 

We often have to deal with narrower classes of functions. Recall 

that a real-valued function h (x' x") is smooth of class C r 

( ,- f= 1 . 2, . . ., oo) in a neighbourhood of a point (xj, . . xj') 
if in this neighbourhood all partial derivatives of h up to order r 
exist and are continuous. For r == oo this means that the function h 
has continuous partial derivatives of any order. Consequently, we 
shall impose on atlases of a manifold M the conditions formulated 
in the following definition. 

Definition 2\ A manifold M with a fixed atlas {£/,} is called a 

smooth manifold of class C r (r = 1, 2 oo) (or C r -manifold) 

if all the transition functions are smooth of class C' at all points of 
the domain of their definition. 

Definition 3'. Let M be a C'-manifold and let / be a continuous 
function on this manifold. The function / is-called smooth of class C 
s ^ r (or C'-f unction) in a neighbourhood of a point P„ g M if any 

representation of / as a function h of local coordinates (x 1 x") 

(from a fixed atlas) is a C'-function in a neighbourhood of the point 
(*‘ ( p o)- • • *" (f'o))- The function / is smooth of class C‘ if it is of 

class C" in a neighbourhood of each point P 0 in the domain of de- 
finition. 

Example 7. Let us modify Example 6 by choosing the coordinate 
x 2 = * 4- i- 1 x | in the second chart U t . Then M is a C-manifold, 
but it is not C*-manifold. 

Remark. Below, if not stated otherwise, we shall consider only 
C”-manifolds and functions on these manifolds. 

In examples 1-4. we Jiave considered manifolds with such atlases 
that these manifolds are always of class C°°. 

Geometry may also deal with more strict conditions on atlases 
and their transition functions. For example, if all transition func- 
tions are real-analytic, i.e. in a neighbourhood of each point itt 
their domain these functions can be expanded into convergent Tay- 
lor series, the manifold is called a real-analytic manifold. A real- 
analytic manifold is C°°-manifold. 

A more important class of manifolds is represented by complex- 
analytic manifolds. Let i\f be a 2n-dimenstonal manifold. {[/)) 
its atlas, and <p/-. U ] -*■ V, cr R 5 ' 1 its coordinate homeotnorphisms. 
Identify a 2n-dimcnsional Euclidean space R 2 “ with an n-dimensioual 
complex linear space C", assuming that complex coordinates of 
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a point (z 1 , . . z n ) give rise to 2 n real coordinates (x‘, . . x", 

!)'< ■ - •• y n )< z h = x k + iy k . Then, 2n coordinate functions x) ( P ), 
. . x” (P), y'j (P), (P) in the chart U , are transformed 

into n complex-valued functions z) ( P ) = x k ( P ) -f- iy k (/>). The 
functions z* ( P ) are called complex coordinates of a point in tile 
chart U t . In the intersection of two charts U t fl Ui the transition 
functions are given by 

x} = x) (xj x, n , pj, ... p?), 


*" •= *7 (*}. •••,*». y\ y"). 

*} =*;•<*! *r. v\ w). (7) 

(*) Ifii •••. it")- 

These functions can be represented as complex-valued functions 
of n independent variables 


*/=*J(*i *?). 

$-*tm *?>• 


( 8 ) 


Functions (8) are called transition functions or functions of trans- 
formation of complex coordinates. 

A manifold M with a fixed atlas \U /} and local complex coordinate 

systems (zj- z") is called a complex-analytic manl/old, provided 

all transition functions (8) are complex-analytic, i.e. they can be 
expanded in convergent Taylor series of complex variables in a neigh- 
bourhood of each point in the corresponding domain of definition. 

As an example of a manifold admitting a complex-analyticstruc- 
ture, we shall consider a two-dimensional sphere S‘ with a specially 
defined atlas. In Chapter f we have constructed the stercographic 
projection of the sphere S l = x 2 + y* -f- z ! = 1 from the north pole 
P„ = (0, 0, 1) onto the coordinate plane (x, y). This projection, 
denoted by <p 0 , maps all the points of S 2 except for the pole P 0 
{i.e. the open set U a = S S \(P 0 )) homeomorphically onto the entire 
plane V 0 = R 2 . In Cartesian coordinates the homeomorphism 

To »s of the form < f„(x . y, z)=(y^-, ■ We inlrotlucc 

llierefore in the chart U a one complex coordinate u> 0 = expressed 

in terms of the Cartesian coordinates on a sphere. Furthermore, 
we shall consider the south pole P, = (0, 0, — 1) and the ster- 
eographic projection <p, from the south pole onto the same coor- 
dinate plane (x, y). The projection <p, maps homeomorphically the 
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set U t = S*\(P,) onto the entire plane V, — R*. In Cartesian coor- 
dinates tp, takes the form 9 , (x, y, z) = | ^ ^ , T^t) ' Introduce 
in the chart U, a complex coordinate to, — ly . ■ Then, in the 
intersection U^OU, we obtain w 0 il\ = = 1 . Hence, 

u»o = w,(w,)=.^., to, - w, (w„) (9) 

Functions (9) are complex-valued, so that the sphere 5 s is a complex- 
analytic manifold. Each chart U 0 and l/, covers the entire sphere S 1 , 
except for one point, and is identified by virtue of the coordinate 
homeomorphisms 9 0 and 9 , with the complex plane C 1 = R*. Thus, 
the sphere S‘ is usually identified with the so-called completed com- 
plex plane obtained from C' by adjoining another "infinitely dis- 
tant" point. 

An arbitrary smooth manifold need not necessarily be a complex- 
analytic one. For example, if its dimension is odd, the manifold 
is not, by trivial considerations, complex-analytic. Yet, there 
exist manifolds of even dimension which do not admit a complex- 
analytic structure either. For instance, as is-demonstrated in Sec. 4.G 
of Chapter 4, a projective plane is not a complex-analytic manifold. 

3.1.3. SMOOTH MANIFOLDS. DIFFEOMORPHISM 

Let Af, and Af, be smooth manifolds and let/: A/, -*■/'/, 
be a continuous mapping. As was already noted, in a neighbourhood 
of any point P 0 £ A/, the mapping / can be represented as a vector 
function h, p* = h h (x l , . ... x n ), where (**, . . ., z") is a local 

coordinate system in the neighbourhood of P 0 £ A/, and (p 1 p”) 

is a local coordinate system in the neighbourhood of point Q 0 = 

/ (^0) e m,. 

Definition 5. The mapping /: A/, -*■ M 2 of smooth manifolds is 
called a smooth mapping of class C' (r = 1, 2, . . ., <x>) (or C'-map- 
ping) if for arbitrary local coordinate system (x 1 , . . ., x") in the 
neighbourhood of any point P 0 £ M l and (p 1 , . . ., p m ) in the neigh- 
bourhood of point Qt>=f ( Pc ) 6 the representation of / as a vec- 
tor function y = (p*) = ( h k (x 1 , . . ., x n )) = h (x) is a vector func- 
tion of class C r . 

Note that the definition of a C'-manifold has a meaning if only 
the manifolds A/, and M t are smooth of class not less than C. 

Let /: A/, -► A / 2 be a homeomorphism of manifolds. If / is a C r - 
inapping, the inverse mapping j- 1 need not be a smooth mapping. 
Therefore, if the inverse mapping /-■: Af, -*• A/, is also a C r -mapping 
the homemorphism / is called a smooth homeomorphism of class C r 
or C'-diffeomorphism. Diffeomorphisms of smooth manifolds play the 
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same role as homeomorphisms of topological spaces. If /: M , -*-A/ 8 
is a diffeomorphism, the manifolds -V/, and A/ a are called diffeo- 
morphic. The set of all manifolds is subdivided into non-intersecting 
classes of pairwise diffeomorphic manifolds. Any general property of 
smooth manifolds, smooth functions or mappings on a manifold can 
be transferred to any other diffeomorphic manifold. We shall not 
therefore distinguish between diffeomorphic manifolds. 

There are however such properties of manifolds that their "iden- 
tity" for a pair of diffeomorphisms is not quite obvious. In particular, 
we have assigned to each manifold a numerical characteristic, the 
dimension. Do diffeomorphic manifolds have the same dimension? 

Theorem 1. Let f: Af l -+M t be a C'-homeomorphism (r > 1) of 
smooth manifolds. Then dim A/, = dim M t . 

Proof. Suppose P 0 £ Af, is an arbitrary point, Q 0 = f (P„), and 
g = /•* is the inverse mapping. Choose local coordinates (x 1 , .... x”) 
in the neighbourhood U„ of point P 0 and local coordinates (y‘, . . ., 
y"‘) in the neighbourhood V 0 of point Q 0 . Then the mappings / and g 
can be represented as vector functions x = (y) and y = h (x), 

with h (ft-* (x)) es x and h- 1 (h (y)) = y. Consider the mappings h 
and h- 1 . The mapping h consists of m functions y‘ — h‘ (x 1 , . . ., x") 
of n independent variables (x 1 , . . ., x"). Compose the matrix of 
all partial derivatives of h‘ 



The matrix dh is a rectangular one of order (m X n), i.e. it has m 
rows and n columns. The matrix dh is called the Jacobi matrix of the 
mapping h. 

Lemma 3. Let U 0 c: R'\ V 0 cz R m , and W„ c: R* be open Euclid- 
ean domains , let f: U 0 -*■ V 0 and g: V 0 -v W 0 be continuously differ- 
entiable mappings, and let h: U „ -*■ W 0 be the composition of f and g, 
i... h (P) = g (f (P)). Then the relation dh (P) ~ dg (/ (P)) ■ df (P), 
P £ £/„, holds true for the mappings /, g, and h. In other words, the 
Jacobi matrix of the composition h = g » / is the product of the Jacobi 
matrices of the mappings g and f. 

The proof of the lemma directly follows from the rule of differenti- 
ation of a composite function. Let (x 1 , . . x n ), (y 1 , . . ., y m ), 
and (z‘, . . z k ) be Cartesian coordinates in the domains U t , IV 
and W 0 . Then 

x"), z’ = g>(y' y"), 

= h> (x‘ x’ 1 ) = e‘ (/' (x>, . . . , x") (x‘ x")). 
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Differentiating the (unctions h 1 with respect to x\ we obtain 


■&(*■ *")-S #</*<*• *")....)#<*' X"). 

( 10 ) 


This formula exactly coincides with the definition of a common ele- 
ment of the product of two matrices, i.e. dh (x 1 , . . z") = 

dg (/' (z 1 z n ), . . .) -df (z l , . . x”). If a point P has the 

coordinates (z 1 , . . x"), this equality can be written compactly 

in the form dh ( P ) = dg (/ (/>)) -df ( P ). The lemma is proved. 

We now apply Lemma 3 to a pair of mappings h and h-'. Let e„ 
be the composition of the mappings h and It- 1 and let e, be the com- 
position of ft- 1 and h, i.e. e 0 IQf == It (h- 1 (0)), Q £ V 0 , and e, IP) ~ 
it- 1 (h </>)), P £ i/ 0 . 

The mappings e 0 : F,, — V 0 and e,: U 0 -*■ U 0 are both identity 
mappings, so that their Jacobi matrices are identity matrices of 
order m and n, respectively. In particular, rank de a = m and 
rank £/«,<= n. On the other hand, by Lemma 3 we find 
de„ «?) = dh (h- 1 ('<?)) -dit- 1 (<?), Q £ V 0 . 
de, (/>) = d/t- 1 (h (/>)) • dh (P)7 P £ t/ 0 . 

It is known from linear algebra that the rank of the product of two 
matrices does not exceed the rank of each matrix. Since rank dh ^ 
min (tn, «) and rank dh- 1 ^ min (m, n) (the matrices dh and dll’ 1 
are rectangular!), rank de 0 ^ min (m, n) and rank de, min (m, n). 
Hence, m ^ min (m, n) and n ^ rain (m, n) or max (m n) ^ 
min (to, n), that is, m = n. Theorem 1 is proved. 

The concept of dimension is valid not only for smooth manifolds, 
but for arbitrary manifolds as well. A question naturally arises: 
do the dimensions of homeomorphic manifolds coincide? The answer 
is yes, i.e. if M l andM i aretwohomeomorphicmanl/olds,thendimM,= = 
dim M t . This is a fundamental theorem of general topology, but 
it is beyond the scope of our course. 

In conclusion, we shall prove several useful statements con- 
cerning the structure of an atlas By definition, an atlas on a mani- 
fold Af consists of open sets U, homeomorphic to domains V, cz R' 1 . 
If M is a smooth manifold, the coordinate homeomorphisms tp, : U, -* 
F( are also smooth. It is convenient sometimes to simplify the form 
of domains V, in R", though at the expense of an increased number 
of charts in the atlas. 

Lemma 4. In a smooth manifold M there exists an atlas {U ,} such 
that any chart LI, is dtfjeomorphic to R". 

Proof. First, we shall demonstrate that there exists an atlas such 
that any of its charts is diffeomorphic to an open ball of radius e 
in R". Let P a g M be an arbitrary point, U, 9 P 0 , and let <p f : U, 
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V, cz R„ be a coordinate homeoniorphism, £>„ = rp, (P„). Since V, 
is an open set in R'\ we can find a number e such that the e-ball 
about Q 0 lies in V,. Denote this ball by O, (Q 0 ) and its inverse image 
<pi’ (0. «?„)) by W n . The family of open sets {W r ) is an atlas on M 
and each chart W r is diffeomorphic to an open ball in R”. To com- 
plete the proof of the lemma, we 1 shall demonstrate that an e-ball 
is diffeomorphic to R". It is sufficient to consider the case e «= 1. 
Let (r 1 . .. z") be a point in a unit ball, i.e. (i 1 )* 4- . . . •+■ 

(z") ! < l Put 

FT-, <>« 


r* — £ 

»'t +(»’>?+..• + (»")* ' 


(« 2 ) 


Functions (11) and (12) are smooth and map a ball of radius 1 into 
R n and vice versa. 

Lemma 5. Let M be a smooth compost manifold equipped with an 
atlas {!/,). Then there exists a smooth partition of unity ip, subordinate 
to the covering {U t). 

Proof. According to Lemma 4, it suffices to assume that all 
charts are homeomorphic to a ball of radius 1. Let qj ( : £/,-».£)" cz 
R" be coordinate homeoraorphisms.* Choose a rather small k> 0 
such that ipl 1 (Ofi -t>) cover the manifold M . Suppose there exists 
on the ball D J a C“-funclion / such that supp /=D,". t) , 0^ 
/<1. Pul 

n-.(P)» 

Since /(<pi(P))-0 for P (j <pr D ", _ e) , the functions ip, are smooth 
on M and supp ip, c: U h 0^rp,^f. Moreover, supp ip, z> tp7’ D ( n |_ e)1 
hence the sum ij>,xp(P) = V >p ( (p) is strictly positive at each point. 

We take then \p, (P) — • ip, (P)/ip (P). The functions ip , (P) form a 
smooth partition of unity subordinate to the covering {£/,}. 

It remains therefore to construct a ^“-function / in R” such that 
its support is equal to the ball We shall seek / in the form 

/ (*', . . x") = h ((x') 1 -f • . • + (*")’)• Hence, it is sufficient 

to find a smooth function of one yariable h ( 1 ) such that h (x) =0 
for x > (1 — e)* and h (j) > 0 for x < (1 — e)’. We shall choose 
the function 

< e - !/(*-<! -(•w, z<(1 — ef, 

h(l) ^ lO, . »>{ 1 — «)*. 

which is known to be smooth of class C“. Lemma 5 is proved. 


f 0 if i>lU„ 
l/(<Pi(P)) If P 6 If,. 


• Here D" r is an r-ball about the origin. 
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Problems 

1. Provo that the space of positions of a rigid segment on 
a plane is a smooth manifold. 

2. Prove that the group SO (3) is homeomorphic to a three-di- 
mensional projective space. , 

3. Describe the configurational space of a system of two hinged 
bars in a three-dimensional space. 

4. Give an example of a smooth one-to-one mapping which is not 
a diffeomorphism. 

5. Demonstrate that no atlas consisting of one chart exists on 
a sphere S n . 


3.2. DEFINITION OF MANIFOLDS BY EQUATIONS 

There is a conventional way, used most frequently in prac- 
tice, to describe and construct manifolds. 

In the preceding section (as well as in Chapter 1) many examples 
of manifolds appeared as a set of solutions of a non-linear equation 
given in a Euclidean space. For instance, an n-dimensional sphere S" 
in a Euclidean space R' 1 *' is defined by the equation (a: 1 ) 8 + 
(**)* + . . . + (x"* 1 ) 8 = 1; a pseudospheTe SJ is given by z 8 4- 
y 1 — = —1. In general, if / (x 1 , .... z") is a continuously dif- 

ferentiable function, the set of solutions of the equation / (z 1 , . . ., 
■*") — c = 0 is called a manifold of level c of the function f. Thus, the 
Euclidean space R n is decomposed into a union of level manifolds 
for the function /. In the case of a function of two variables, the 
solutions of the equation are called level lines for f and in the case of 
a function of three variables level surfaces. 

To justify the term the level manifold for a function /, one should 
prove that the level manifold for / is really a manifold. However, 
this is not always the case. 

Example 1. Let us consider the function / (z, y) = x 8 — y*. Its 
level lines are described by the equation x 8 — y* = c. If c > 0, 
the level lines consist of two connectedness components, each being 
described by the equation z = yV -f y' or z = -Vc + p 8 , i.e. 
these lines are the graphs of functions of one variable (Fig, 3.7). 
Simila rly, fo r c < 0 the leve l lines are the graphs of two functions: 
y ~ ]/x 8 — c and y = — Vx* — : c. Thus, for c 0 the level lines 
are one-dimensional manifolds (see Sec. 3.1, Example 3). Of special 
interest is the level line for c = 0; it consists of two intersecting 
straight lines y = x and y = — z, and is not a manifold. Indeed, 
we shall demonstrate that the point P 0 = (0, 0) on the level line 
c = 0 does not possess a neighbourhood U 0 homeomorphic to a Euclid- 
ean domain. If such a homeomorphism <p 0 : U 0 V 0 c R 1 existed, 
we could assume, without loss of generality, that F 0 is an open 
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interval and U a contains all points P lying from P B at a distance less 
than e. Then U„'^(P 0 ) has at least four connectedness components, 
while its homeomorphic image Ki\(<p 0 (P t )) has only two connect- 
edness components. This contradiction proves the absence of homeo- 
morphism <p 0 for R 1 . In a similar way we can verify the absence of 
homeomorphism tp 0 for the domain V, c; R" for n ^ 2. 

Nevertheless, a level manifold, for a continuously differentiable 
function / is almost always a manifold. 

Theorem 1. Let / => f (z 1 , . . ., x") be a function of class C°° defined 
in the entire Euclidean space R" and let 11 c = ((x 1 , . . x"): 

f (x‘, . . ., z") = c). If the gradient of f is non-zero at each point of 



the set M c , this set is a smooth (n — lydimensional manifold of class 
C°°, and we can choose (n — 1) Cartesian coordinates of the ambient 
Euclidean space R" as local coordinates in a neighbourhood of every 
point P 0 £ M c . 

Proof. The theorem is, in fact, the implicit function theorem for- 
mulated in convenient terms. Fix a point P„ € M c , P 0 = (*', . . 
xj). Since 

gradp, /=,t0, grad , -^r) , 

there exists a non-zero partial dervative at point P 0 . Without 
loss of generality, we may assume (zj, .... zoJ^O- Let Q 0 — 
(x' 0 , x"~‘) be a point in R"*l which is the image of P 0 under 

projection along the coordinate axis x". According to the implicit 
function theorem, there exists a neighbourhood F 0 3 Q 0 of point Q„, 
an interval (xj — 6, x" + 6), and a continuous function y = 
y (z 1 , . . z"* 1 ) of class C° defined in such that: 

(a) fix' z'-', y(x' x"-')) = c in V„, 

(b) z3~y(x; z 0 "-’l. 
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(c) |x3— y(x‘, x"* 1 ) | < 6 in Ihe domain 

(d) any solution (x‘, .... x") € V„ x (*o — 6. *3+6) of the equa- 
tion / (x 1 , x") = c is of the form x n = y (*', Lot i/ 0 = 

-ff c n(f / oX (*o — 6. *8 + 6)) stand for the neighbourhood of point 
P 0 G M c . This neighbourhood is the chart in question which 
contains />„. Take the restriction of tho projection R" -+ R" _1 
to U 0 as a coordinate homeomorphism <p 0 (x', •••> *") — 
{*', . . i" -1 ) 6 V 0 and define the inverse mapping <pj‘ by the 
relation 

<Po-'(*‘ *”-')= (*• y (** *"-'»• 

It follows from condition (c) that <p“* (*', .... i"’ 1 ) € X (*o— 6, 
*o+6) and from condition (a) that <pj‘ (i 1 , x n ~')^M c . Thus, 

<pj' (*', .... *"->)eCf 0 , i.e. the mappings <p„ and tp;‘ are continuous 
and mutually inverse. 

We have proved that M c is an (n — l)-dimensional manifold and 
found in the neighbourhood of ea<jh point P „ 6 a local coordinate 
system formed by some Cartesian coordinates in the Euclidean space 
R". We now prove that the transition functions are smooth. Let P 9 
be also contained in another chart U x and let Cartesian coordinates 

x ,+l *“) be chosen as~loeal coordinates in U,. 

Then in the intersection U t (]t/ l the coordinates (*', 
x'* 1 , x n ) are expressed in terms of (*’, x"‘‘) as 

*' = x 1 . 


x*"' = *'•', 

x'*l = x l+f , (1) 


x"' 1 — x"-l, 

*"■=</(*’ * n -'). 

Since the function y—y(x l , ..., x”' 1 ) is smooth of class C°°, all 
the functions (1) are also of class C“. This completes the proof 
of Theorem 1. 

Example 2. Consider an n-dimensiona) sphere S" given by the 

71 + 1 

equation / (x 1 , .... x n+l ) = V (**)* = f. The gradient of / is 

grad/ = (2x', 2 j 1 , .... 2x" +l ). If the point P~(x’, ..., x"*') lies on 
S", then not all of its coordinates vanish, that is, one of the 
gradient coordinates is non-zerp. Conditions of Theorem 1 are 
satisfied, hence S " is a C”-manifold. 
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Example 3. Consider a Euclidean space R' 1 ' of dimension n z and 
represent the points of R"' as square matrices A of order n with the 
coordinates A = Consider also the set SL (n. R) of all matrices 
A € R"" with the determinant equal to unity, det A = 1. The set 
SL ( n , R) is a group with respect to multiplication of matrices and 
is called a special linear group. We shall demonstrate that SL ( n , R) 
is a C”-manifold of dimension n? — 1. Consider a function / of h* 
variables, / ( a ,j) = det (a,,). This function is a polynomial and is 
therefore of class C°°. In order to apply Theorem 1, we have to cal- 
culate grad / at all points of the group SL ( n , R). Let E be an iden- 
tity matrix. Since det E = 1, E £ SL (n, R). Calculate grad / at 
point E. To this end, we express det A as 

det A = a,, det A,, — a,, det .4,,+ ...+( — l)"* 1 det A,„-r/ ln . (2) 

This expression contains the determinants of the matrices A,* 
which are polynomials of all variables (a, i) except those in the 
lirsl row. Then the partial derivative of / with respect to a,, is 
of the form = ■(a ll detw4 ll ) = det A,,. At point E we obtain 

■sgrt*)- 1 * < 3 > 

Thus, the gradient of / at point E is non-zero. We now demon- 
strate that at an arbitrary point A a £SL(n, R) grad/ is also 
non-zero. Introduce new variables b lt defined by (6,/)= B = A’,'A = 
A;'- (a u J. If A = A 0 , then B = E and 

/(A) = /(A 0 fl) = dct {/l 0 fi) = det /f 0 -detfl=dctA 0 ./(R), 


Difterentialing the superposition of functions, wo obtain 




(4) 


The left-hand side of Eq. (4) is equal to unity according to formula 
(3); hence, at least one of the terms on the right-hand side of Eq. (4) 

is non-zero and therefore one of the partial derivatives 
as well as grad /, is also non-zero. Thus, the conditions of Theorem 1 
are satisfied, so that the group SL (n, R) is a smooth manifold of 
dimension ( n ' — 1). 

Theorem 1 can easily be extended to a system of non-linear equa- 
tions. Note that Theorem 1 admits another formulation. The grad- 
ient of a function / can be represented as a column of partial deriv- 
atives of / and is therefore the Jacobi matrix of /. Then the con- 
dition of nontriviality of grad / at a point P 0 6 R n is equivalent 
to the condition that the rank of the Jacobi matrix df of the function / 
is equal to unity, i.e. is maximal. 
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Let there be given a system of equations 

/'(**. . 4 .. 

/*(*• *")=«=. 

: (40 


/*(*’ *")-«*. 

which can be written in compact form as / (x) = c, where x = 
(**, . . x") £ R". c = (e>, . . c") £ R\ and / is a mapping de- 
fined by thefunctionstf 1 , . . /*). The set A/ c of solutions of system 

(4') is called a level manifold for the system of functions (/' /'*). 

Theorem 2. Let f: R" -*R h be a C™ -mapping and let M t be a set 
of solutions of the system of equations f (x) = c. If the rank of the Jacobi 
matrix of f is maximal at every point P 0 £ M t ( i.e . rank df (P 0 ) = A), 
M e Is an (n — k)-dimensional smooth manifold of class C°°, and 
(n — k) Cartesian coordinates of the surrounding Euclidean space R" 
can be taken as local coordinates in the neighbourhood of each point 

p 0 e M e . 

The proof of Theorem 2 is exactly analogous to that of Theorem 1 
with the only difference that instead of one variable x n we choose k 
variables (x f >, . . x‘*). Denoting this group of variables by one 

symbol, say y = (x'<, . . **), we obtain the same formulas as 

in Theorem 1. 

Example 4. Let us consider in a Euclidean space R* with the coor- 
dinates (x l , x*. x 3 , x 4 ) the system of equations 

(*•)» + (**)* =1, (x 3 )* + (x*)* = 1 . (5) 

The corresponding functions f‘ and f‘ are of the form 

f‘ (**, x», x 3 , x«) = (x>)« + (x’)«, /* (x‘, x*. x 3 , x*) = (x 3 ) 3 + (x*) s . 

In order to apply Theorem 2, we shall calculate the Jacobi matrix 
of the mapping / = (f‘, /*) 

j dp dl> dp dp 

| Ox' Ox 2 Ox 3 Ox' 

' ~ 1 3p op dp op 

' dx L dx 2 dr 3 dx 2 

Clearly, rank df ^ 1 if only one of the rows of the Jacobi matrix is 
zero, which is impossible at the points representing solutions of 
system (5). Thus, the solutions of this system form a two-dimensional 
manifold of class C°° . Since system (5) splits into two equations, 
each for its own group of variables, the set of the solutions of this 


/2x> 2x 2 0 0 'i 

V.0 0 2x> 2x 4 J" 
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system can also be expressed as the Cartesian product of the solutions 
of each equation, i.e. the solutions of system (5) are represented as 
the product of two copies of a circle. This manifold is called a (two- 
dimensional) torus. 

3.3. TANGENT VECTORS. TANGENT SPACE 

fn Chapter 1 we have seen that the so-called infinitesimal 
properties of space are of great help in the study of metric properties 
of curves and surfaces and, generally, of metric properties of domains 
in a Euclidean space. These are the properties defined in a very small 
neighbourhood of a fixed point P by neglecting small quantities of 
an order higher than the distance from P. In mathematical analysis 
we use a similar procedure of neglecting infinitesimal quantities 
while studying the behaviour of a function in a neighbourhood of a 
point. In the case of smooth manifolds there is also a natural desire to 
neglect infinitesimal quantities. One of such methods is to introduce 
special concepts analogous to tangent vector to a curve and tangent 
plane to a surface. 

3.3.1 SIMPLE EXAMPLES 

Let us consider a smooth curve x = x (t) == (*' (f), 
x s (t), x 3 (1)) in a three-dimensional space R 3 , where t is a parameter. 
Fix a value t 0 and expand the vector function x = x (1) in a Taylor 
series about the point t„ 

x ( t„ + At) = x (/ 0 ) + (/ 0 ) At + 0 (At 1 ) . ( 1 ) 

The first two terms on the right-hand side of Eq. (1) may be con- 
sidered, on tho one hand, as an approximation of x (t) in a neigh- 
bourhood of the point f 0 by a linear vector function. On the other 

hand, this linear function y (At) = x (t 0 ) -f -(At) defines 

in R 3 a straight line through the point P a = x (t 0 ). Furthermore, 
among all straight lines through P 0 the straight line y (t) “approaches 
most closely” the initial curve x (t). Let us first explain the term: 
a straight line "approaches closely'” a curve x (t). We say that the 
straight line y (1) = a -7- bt (| b | = 1) is tangent to a curve x (l) 
at point x (!„) if the distance from the point x ( l ) to the straight line 
is an infinitesimal quantity in comparison with the distance from 
Pa = x (1„) to x (1). The point P 0 lies then on the straight line y (1). 
We may assume x (t 0 ) = y (t 0 ), so that y (f 0 — Af) = x ( t „ ) — bAt. 
The distance from the point x (t 0 — At) to y (1) is 

| x ( t „ -j- At) — x (1„) - b (x (1 0 1- At) - x (<„), b) | 

= 0(|x«o4-A!)-x(f o )|). 


( 2 ) 
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Suppose -^-(/ o )= 5£0- Expanding x(f) by formula (1), we obtain 
instead of Eq. (2) 

1 4 r (t ' } b (-5T <‘°) At ‘ b ) | = 0 

for 6t ->■ 0 or, dividing by 6t, 

|£(‘o)- b (£<'•>• b ) | = 0 (AO- (3) 

Since the left-hand side of Eq. (3) does not depend on At, we 
obtain by a limiting process for At-*-0 

-£(*«) = b (4r(‘.>- b ). < 4 ) 

which means that the vectors b and are collinear. Thus, the 

linear part of the Taylor formula (1) for the vector function x (t) 


y(0 


figure 3.8 Figure 3.9 

defines a parametric representation of a tangent straight line at point 
P„ (Fig. 3.8). Consider now a surface M in a three-dimensional space 
R 3 given in parametric form as a vector function x = x (u, o) of two 
independent parameters u and t>. The surface x (u, v ) is called non- 

degenerate if at each point the partial derivatives (u, u) and 
(u, o) are linearly independent as vectors in R 3 . Fix parameters 
(u 0 , v 0 ) and a plane II, x = x (u 0 , o Q ) + au 4- by, through point 
P o = x (“o, u 0 ) on the surface, the plane n is called tangent to 
the surface M at point />„ if the distance from Id to the point x (u, v) 
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is an infinitesimal quantity in comparison with the distance from 
x ( u , w) to P„. Expanding the function x (u, w) in a Taylor series 
about the point (u 0 , w 9 ) 

x(u„+Au, w 0 -f Aw) = x (u 0 , w 0 ) + -£-(u 0 . w,)Au 

+ w 0 ) Aw + 0 (Ait 2 4- Aw 2 ), (5) 

we find that the linear part in (5) defines a two-parameter repre- 
sentation of the tangent plane If to the surface M at point />„•= 
x (u„, w 0 ) (Fig. 3.9). It is natural to call any vector emerging from P„ 
and lying in the plane n a tangent vector to the surface M at point P 0 , 
It can be seen from Eq. (5) that parametric representation of a plane 
II tangent to a surface Af at a point P„ is of the form 

x(Au, Aw)=x(u 0 , w 0 )-f-|£- (u 0 . f«)Au+-^- (tt 0 , w 0 ) Aw. (6) 

Hence, any tangent vector £ can be decomposed into a linear com- 
bination of the vectors -|^- (u 0 . w 0 ) and (u 0l w„) 

^ = + "oJAw (7) 

for an appropriate choice of the parameters A a and Aw. Thus, the 
vectors ( u 0 , w„) and (Ug, w 0 ) form a basis in the tangent 
plane II, and A u and Aw are linear coordinates of the tangent vector £ 
in this basis. 

Let us draw a smooth curve x = x (f) through point P 0 on a sur- 
face M. Since the curve x = x (t) lies on the surface M, it can be re- 
presented parametrically as the composition 

x <0 «=» x (u (0. w (t)) (8) 

of functions u (t) and w (<). In other words, the functions ti (t) and 
t' (i) define parametrically a curve in a local coordinate system (it, w) 
on the surface M. Then, the condition that the curve passes through 
point P„ can be expressed as the condition for the coordinates; 
«„ = it (f,), w« = w (t„). Calculation of a tangent vector to a curve 
(or, as it is frequently called, the velocity vector of a curve) yields 

-£-« = !(* MO. w(f)))|„,. 

T:<« + ■£■(“(«• u <'o))-|-<'o) 

= "It v °) "ir W 
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Hence, a tangent vector to a curve on a surface M lies in the tan- 
gent plane. 

Definition. Let g = (u 0 , p 0 )| ! + ~ (u„. p 0 )5* be a tangent 
vector to a surface M at a point P„. Then the numbers (£', | 5 ) arc 
called coordinates of the tangent vector | to M at point P„in a local 
coordinate system (u, v) on the surface M. 

This deftnitio.n works not only for the coordinates (u, v) describing 
parametrically the surface M. but also for any coordinate system 
(it', p') in a neighbourhood of point P a . Indeed, if (it’, p') is some 
other coordinate system, the coordinates u and v are expressed as 
smooth functions of it' and o': u = u (it', v‘), v = v (it', o'), it„ = 
“ ( u 'o\ *£)• ‘•'o = v (%• l ’o)- Considering then compositions of the 
functions, we obtain a new parametric definition of a surface M 

x = x (u (it', o'), v («', i>')). (9) 

The parametric equation of a tangent plane II at point P„ for 
the new parameters (it', r') is 

x = x(u(u;. i>;). v(u 0 . 4))+^r Au'-h-^r-Ao' 

i=x(u c , v 0 ) + j^(u„. <••«) jp- An' + (u 0 . p„) An' 

+ ~ («„. v 0 ) Alt' + („„. lo ) ^ Ap' 

= .x(u a . p 0 )+ -g-K. p„) (-|£r(u;. t'i) Au’ + -%p- (I'i. Po) Ar' ) 

+ v t ) p;)Au' + -|t(u;. p,)Ap'). 

Assuming 

Au = -^-W- W) Au' + -0- K. p;)Ap'. 

<-#) A “' + (“»• p;)ap'. 

we arrive at the parametric definition of a tangent plane for the 
initial parameters (it, p) 

x = x(u 0 . p 0 )-f--|i-( U(1 . V(l )Aii + -^-(it 0 , p 0 )Ap. 

Thus, formula (9) is another parametric definition of the surface M 
with the same tangent plane n. Curve (8) can therefore be written 
in terms of the functions it' (t) and r' (/) in such a way that x (f) = 
•x (“ ("’ (0- «•' <f )>, v (ti‘ (t). r* (/))). Then, according to the def- 
inition of the coordinates of a tangent vector to a curve in a local 
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coordinate system (u\ v'), the numbers are the 
coordinates of a tangent vector to a curve. Differentiating the com- 
posite functions u and u, we obtain a relation between the coordinates 
of a tangent vector to a curve in different local coordinate systems 


du . du . . .* du' < , du , , dv' » 

IF Vd- IF <“«’ ‘’•)~dT( t o)+-3jr( u o- ».)-*-(»»). 


■arW* 


: ^7 (“i- 17“ + (“»• -7T ( , ° ) - 


( 11 ) 


Comparison of (10) and (11) shows that this relation coincides with 
that for parameter transformation in the definition of a tangent plane. 

The above definition of a tangent vector to a curve on a surface M 
is convenient in that the vector coordinates depend only on a local 
coordinate system (u, v) on M rather than on the way the surface M 
is embedded in a three-dimensiona) space R 9 . This statement can be 
formulated as the following lemma. 

Lemma 1 . Let M be a non-degenerate surface in R 9 , P„ g M, (u, v) 
a local coordinate system in a neighbourhood of point P 0 on M, and 
(u (t), u (0) a smooth curve on M. Then the tangent vector to the curve 

at P 0 has in the local coordinate system (u, v) the coordinates (t 0 ), 
(fo)) ■ // x = x (u, v) is parametric definition of M and x (t) = 
x (u (1), v (t)) is a curve, then 

■J7 (fi>) - -35- (“o. y o) "TT ^ + 17 (“<>■ “0) -77 (*o)- 


3.3.2. GENERAL DEFINITION OF A TANGENT VECTOR 

The examples considered above show that it is more con- 
venient to study the infinitesimal properties of a curve on a manifold 
using a local coordinate system. In particular, very important con- 
cepts in geometry are a tangent vector Bnd a tangent space of an 
arbitrary smooth manifold, in complete analogy with the corre- 
sponding concepts for a surface in an ordinary three-dimensional 
•space R 9 . 

Definition 1. Let M be a smooth n-dimcnsional manifold and 
P a g M an arbitrary point. A tangent vector % at point P a to the mani- 
fold M is a correspondence which associates with any local coordinate 
system (zj, .... z") a set of numbers (|J, . .... I?) satisfying the 
following relation for each pair of local coordinate systems: 

1=1 ‘ 


( 12 ) 
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The numbers (|<. . . |") are called coordinates of the tangent 

vector | in the local coordinate system (*i *T> and relation 

(12) is called a tensor law of coordinate transformation for the tangent 
vector 

Definition 1 is a generalization of the concept of the coordinates 
of a tangent vector to a curve on a surface. The law (11) of the trans- 
formation of these coordinates is a particular case of the tensor law 
(12) of the coordinate transformation for a vector tangent to a mani- 
fold. Moreover, any smooth curve on a smooth manifold is endowed 
at each point with a tangent vector in the sense of Definition 1. 
This important property can be formulated as the following prop- 
osition. 

Proposition 1. Let M be a smooth manifold and y: ( — 1, 1) Af 
a smooth mapping of the interval ( — 1. 1) into Af. Then the corre- 
spondence which associates with each local coordinate system (i 1 , . . ., x") 
in a neighbourhood of point P 0 = y (0) the set of numbers 

(V ( f ))t • • -jf (? (0)). «* a tangent vector in the sense of Def- 
inition 1. 

To prove Proposition 1, it is sufficient to verify the tensor law of 

coordinate transformation (12). Assume (y (*))|,_ 0 * w *>ere 

(xj, .... x") is a local coordinate system on Af in a neighbourhood 
of point P t . Then we obtain for two local coordinate systems 

<V(0)l-o = -£- i}(i) (7(0) (Y (0))|i*-o 


2 -j-j- (V (0) ~ *5 (7 (0) i .-o = 2 -gj- ( p .) $ ■ 




This is the tensor law (12). The proposition is proved. 

It is therefore natural to call the correspondence used in Prop- 
osition 1 a tangent vector to a curve 7 or a velocity vector of a curve 7. 
The tangent vector to a curve 7 •will be denoted by (/<,) or 7 (*<>)■ 


3. 3. 3. TANGENT SPACE T p> (Af) 

The set of all tangent vectors to a manifold Af at a fixed 
point P 0 is called a tangent space to the manifold Af at point P„. 
This set is denoted by T P , (Af). Each tangent vector \ i T P , (Af) 
is uniquely defined by its coordinates in a fixed coordinate system. 
Indeed, suppose we are given a set of numbers (q l , . q") and 

assume this set to be the coordinates of a tangent vector in question 
in a fixed local coordinate system (xj x?,), i.e. ti* = £ it . 
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In order to define a tangent vector, we have to find its coordinates 
in any local coordinate system (x), . . x"). Let ns put 


These coordinates must satisfy the tensor law of coordinate trans- 
formation (12). To verify this, we substitute and into formula 
(12) 


n 


s 

(=1 





(•*1 Vj-S * *• / 

Since -^j-(P 0 ) = 2 — r ( p o) ~~i~( p o) (the law of transformation 

ai f. Bz l >x i. 

of the Jacobi matrix under triple coordinate transformation), rela- 
tion (12) is satisfied identically. 

We have demonstrated that the set of all tangent vectors to a 
manifold M at point P t is uniquely determined by the coordinates 
of these vectors in one fixed local coordinate system. Hence, the 
entire tangent space Tp, (M) can be identified with the arithmetic 
vector space R". This means that T P , (M) can be endowed with the 
structure of a linear space. Seemingly, the structure of a linear space 
in Tp, ( M ) should depend on the local coordinate system in a neigh- 
bourhood of point P o- This is not the case, however. 

Proposition 2. Addition oj vectors and multiplication of a vector by 
a number in a tangent space Tp, ( M ) do not depend on the local coor- 
dinate system on M in a neighbourhood o/ point P 0 . 

Proof. Let |, tj be two vectors in T P ,(M) and {x\, .... *"), 
(xj-, .... x") two local coordinate systems on M in a neighbour- 
hood of P 0 . Suppose (5l, • ... I?), (’li. il") ore the coordi- 
nates of the vectors 5, i] in the system (xj, x?) and (Ij , .... 
E"), (i)J , .... tj") are the coordinates of the same vectors in the 
system (x>, .... x"). By tile tenter law (12) of coordinate trans- 
formation for tangent vectors we have the relations 

£? = 2i7-( p °>& ( 13 > 

j-i > 




( 14 ) 
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Termwise addition of these relations yields 

i-i 9x i 

which means that the set ((&'•{•*)') (i? + h")) obey the ten- 

sor law of coordinate transformation, i.e. define the same tangent 
vector without any reference to a local coordinate system. 
Similarly, multiplying (13) by a number X. we obtain X£? = 

Oxf . _ . 

2j ~T i (*>.) (*!)). i-e. the set of number (X5?) also obeys the ten- 
i_i 9l J 

sor law (12). The proposition is proved. 

This tensor law of coordinate transformation may be considered 
as a method of identifying arithmetic spaces of the coordinates of 
tangent vectors in any local coordinate system. The method lies in 
multiplying the coordinate column (£*) by the Jacobi matrix of the 
transformation from (xj, . . ., x} 1 ) to (x|, . . ., x?) 




Bz\ 

dr} 


V 

e; 


3x> 

"-= 9 - 







• 

£7 


** 7 

«*? 


57 



dx) 

dI " 



or <*i)= (-§-)<£})• 

Hence, the tangent space Tp, ( M ) is a space isomorphic to all 
arithmetic spaces of the coordinates of tangent vectors. 


3.3.4. SHEAF OF TANGENT CURVES 

In previous subsections we have introduced the formal 
algebraic definition of a tangent space to a manifold. This definition, 
however, does not reflect an obvious geometric property of a tangent 
vector— linear approach to a curve. How can we define this property 
without any reference to the position of a manifold in a linear space? 
A vector may correspond to many curves which it touches. Thus, 
we have nothing to do but choose such classes of curves which have 
a common tangent vector in linear spaces. 

Definition 2. Two curves y, and y 2 on a manifold M intersecting 
at a point P 0 are called tangent if in each local coordinate system 
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Theorem 1 gives an alternative definition of a tangent vector to 
a curve. The set of all smooth curves through a given point P„ on 
a manifold M splits into disjoint classes of pairwise tangent curves. 
Let the class of tangent curves through a point be called 

a tangent vector. We have then a one-to-one correspondence between 
tangent vectors in the sense of Definition 1 and in the sense of classes 
of tangent curves (Fig. 3.10). 

3.3.5. DIRECTIONAL DERIVATIVE OF A FUNCTION 

There is one more way of representing a tangent vector 
on a manifold M. We shall start, as usual, with a simple example. 
Let / (z, y) be a smooth function of two variables, P„ = (t», y„) 





Figure 3.11 

a point, and £ = (£‘, £ 2 ) a vector in a plane R ! . In mathematical 
analysis we often deal with the derivative of a function / with re- 
spect to a vector £, which is defined as 

fc </) “- 37 <*.• Ho) V +-g- <* 0 . V.) 6*. (16) 

The derivative with respect to the vector £ can also be defined in 
terms of a smooth curve. Let y ( t ) be a smooth curve through a point 
P o on R s . Suppose the tangent vector to y (I) at P 0 is £. We have 
then (see Fig. 3.11) 

6 (/)= 4- /<Y«)) vW-JV ( 17 > 

Indeed, if y (/) = (x (f), y(<)), then £< = ~(t 9 ), = Substi- 

tuting the coordinates of the curve y(t) into the arguments of / 
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and differentiating with respect to the parameter, we obtain 

£/<Y < 0 ) 1 . -..-£/ (*(').!/ < 0 ) 1 .-.. 

= TT<* to. V to) £ to + -JJ- «r to. V to) % to 

= -f£- <*.. Vo) S’ + -g- (*.. y.) V - 6 (/)• 

We now define differentiation of a smooth function at a point P„ 
with respect to each tangent vector 5 to a manifold M at P 0 £ M. 

Definition 3. Suppose P a € M, \ £ 7V, (A/), y (f) is a smooth curve 
through P„, y (t„) = P,, £ is its tangent vector at P„, y (to) = 6. 
and / is a smooth function on M. The derivative 

Tff(y (0)1 .-..■=*</) (18) 

is called the derivative of the function / with respect to the tangent 
vector \. Calculation of the derivative is called the differentiation of 
the function with respect to the vector 
Theorem 2. Let (z 1 , .... z”) be a local coordinate system in a neigh- 
bourhood of a point P 0 = (x'„ . . .. x" ) of a manifold M . let % = 

(I 1 I") 6e a tangent vector to M at P 0 , and letf — f (z l , .... z”) 

be a smooth function in the neighbourhood of P„ represented as a function 
of the local coordinates (**, .... z"). Then 

*</)-2^-<*i *5)6*. (19) 

i_i 

Hence, the definition (18) of the derivative does not depend on the choice 
of a curve in the class of tangent curves, and the right-hand side of (19) 
does not depend on a local coordinate system. If g is another smooth 
function in the neighbourhood of P 0 , the product of f and g obeys the 
Leibniz formula 

fc (/*)=/ <4 *?) l(g) + Uf)g (4 4) • (20) 


Proof. We represent the curve y ( t ) through P ? in the coordinate 

form: y ( t ) = (z 1 (/) x” (t)). By the definition of a tangent 

vectot to a curve, we have (/„) = S', whence 


5 (/) = i- 1 (Y (0) I *" (*)) I 

OrL-Sirt *»«*• 
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Formula (19) is proved. To prove formula (20), we use (19) and dif- 
ferentiate the product of functions to obtain 

n 

l (1e) = 2 -£r (/ (* l *")*(*' 

(-i 

n 

= 2 Xo) g (xj iS) 

1-1 


+/(xj xS)-^r(xJ *8))E‘ 



“S(/)*(xJ xS)+/(xJ xj )t(*). 

Thus, formula (20) is also proved. 

Differentiation of a smooth function / with respect to a tangent 
vector | is characterized by certain properties which do not involve 
any local coordinate system. This way of presentation is most con- 
venient to demonstrate the independence of our geometric construc- 
tions of a particular local coordinate system. There are two such 
properties: 

(a) differentiation with respect to a vector £ is linear, i.e. if / 
and g are smooth functions, and X. and p are arbitrary numbers, then 

l <W + IV) -*|(/) + pE («). (21) 

(b) differentiation with respect to a vector £ satisfies the Leibniz 
formula (20). 

We may give a general definition. 

Definition 4. The operation A which associates with any smooth 
function / of class C“ on a smooth manifold M the number A (/) 
satisfying (a) and (b) is called differentiation at points P„ 6 M. 

In the Leibniz formula (20) the values of functions are calculated 
at a single point P„, so that differentiation at distinct points P 0 
and P, need not coincide. Obviously, differentiation with respect 
to a tangent vector | is a particular case of differentiation in the 
sense of Definition 4, and there are no other differentiation opera- 
tions. This means that for each differentiation in the sense of Defini- 
tion 4 there exists a tangent vector with respect to which the func- 
tion is differentiated. 
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Theorem 3. Let M be a C°°-manifotd, P„ £ M be an arbitrary point, 
and let A denote differentiation in the sense o/ Definition 4. Then there 
exists a unique tangent vector | at P 0 such that A (/) = \ (/) for any 
smooth function f in a neighbourhood of P 0 . 

Proof. The tangent vector will be sought as a column of its coordi- 
nates in some local coordinate system ( x ' x ") in a neighbour- 

hood of P 0 . Then any smooth function will be represented as a func- 
tion of the variables (x 1 , . . i"). 

Lemma 2. Any C°°- function / (x 1 . . . x’ 1 ) can be represented in 

the form 

n 

/(x 1 *") = /(4, .... *3)+ 2 *o)(*‘-4) 

i- 1 
n 

+ S h u(^ *")(*' — (*> — a^), (22) 

l.i—t 

where h n (x l x") are O- functions. 

Proof. Write the identity 

/(*' x")^/(xj xj) 

I 

+ i 4r I (xj + 1 (x' - xj) xj + / (x" - x3» dt 

0 

and differentiate it with respect to * under the integral sign 

/(*' *") = /(*& *z> 

1 n 

+ $ 2 + x"o + t (x”-x’i))(x { -x\)dt 

0 I ml 

n 

~f(*o *o) + 2 (x‘ h, (x 1 x n ). (23) 

In the last equality the functions 

i 

M*‘ *") = $ -£r(xj + f (x'-x{) xS +Hx"-x"o))dt 

0 

are smooth of class C°°. Substitution of yields 

i 

(x 0 , . . . f x 0 ) = £ (*o» • • • > x<J) (xj, • • • , xj) . (24) 

o 
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Applying formula (23) to the functions h { (x l , . . x n ), we obtain 

(25) 


k, (*', .... x n )=h, (xj, .... xo) +j£ 4) h u (*‘> • • • • *")• 


where h t j (x l , . . x n ) are C”-functions. Substituting (25) into (23) 
and taking into account (24), we arrive at the initial representa- 
tion (22). 

Lemma 3. Let f and g be smooth functions on a manifold M such 
that f ( P 0 ) = g (P a ) = 0. Then for any differentiation A at P a the 
equality A (fg) ~ 0 is satisfied. 

The proof of Lemma 3 directly follows from the Leibniz formu- 
la (20). 

Let us now turn to the proof of Theorem 3. Represent / in the 
form of (22) and apply differentiation A to the left-hand and right- 
hand sides. Since the operation is linear, we have 


>!(/)=>/ <*o *o) A (1) + S -§L. (*{ *3) A (x<- *„') 

i-i 


+ S AUz'-x'j(x>-x!)h„{x' X')). (20) 

t.l—i 


Note that for a constant unit function we have /. (1) = A (1 -1) = 
A(l)-1 + 1 • A(l) = 2A(1) = 0. In the last sum of (26) each term 
can be represented as the product of two functions (x‘ — xj) and 

(x j — xj) hu (x 1 x"), each vanishing at P 0 f M. Thus, h> 

Lemma 3, A((x* — xJ ) ( x‘ — x{) h t j (x 1 , . . ., x")) = 0. Hence, 

n 

^(/)“S ■£■(*« xS)A(x'-xi). (27) 

i-i 


Since in formula (27) the function f is arbitrary, by putting = 
A(x‘ — xj), we obtain the vector | = (| l , .... | n ) such that 

i-i 


We now prove that the vector £ is unique. If we could find two 
distinct vectors £ and tj such that A(f) = \(f) = x\ (/), then assum- 
ing £ = § — t) 0 we would obtain £ (/) = 0 for any C“-function 
/ in a neighbourhood of P 0 £ 11. This cannot be the case, however. 
Indeed, in the local coordinate system (x 1 , . . ., x n ) the vector £ 
has the coordinates (£ l , . . ., £”) not all of which are zero. Let 
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5*^=0. Then we obtain for the function / (x 1 , . . x") e= z* 

e </) = i 3 *3)t* = S-i?-s‘=£**=o. 

(=1 (=1 

This completes the proof of Theorem 3. 

The theorem establishes a one-to-one correspondence between 
tangent vectors to a manifold M at a point P 0 £ M and differentia- 
tion of a smooth function at P„. We can therefore formulate a third 
equivalent definition of a tangent vector: a tangent vector is a diffe- 
rential operator applied to a smooth function at point P 0 of a ma- 
nifold M. 

Calculation of a partial derivative in a local coordinate system 
(x\ . . -i x n ) may serve as an example of differentiation of a smooth 

function. By Theorem 3, the operator ^ is a tangent vector with 

the coordinates (0, . . 1 0) where 1 is the /cth coordinate. 

Thus, the tangent vectors {^jj form a basis in the tangent space 
T P ( M ), and any tangent vector | = (|*, . . ., 5") can be decom- 
posed into the linear combination I = E'gp + ... -I- 5" ~ . 
This convenient representation will often be used below. 

3.3.6. TANGENT BUNDLES 

We have already seen that the set of all tangent vectors 
fp 0 (Af) to a manifold M at a point P 0 is a linear space of the same 
dimension as that of M. In geometry it is sometimes useful to study 
the whole set of tangent vectors to a manifold M. which can, ap- 
parently, be represented as the union y Tp, (M). This space (not 

yet topological) is denoted by T (M) and called a tangent bundle of 
M. The term bundle means that T (A/) consists of fibres— tangent 
spaces T Po (M) to distinct points P 0 of the manifold M. A tangent 
bundle is by no means a vector space, for it is meaningless to add 
vectors belonging to different fibres. If, for example, a manifold M 
is a two-dimensional surface in R J . then T ( M ) represents the union 
of all tangent planes to M. It should be noted that tangent planes to 
a surface usually intersect, that is, they have common points. Accord- 
ing to the definition of T (Af), however, these points in each fibre 
define different vectors, since they originate at distinct points. 

Let us consider a circle S' c: R 2 . Figure 3.12 depicts two tangents 
to the circle at points P 0 and Q 0 and two tangent vectors | and 
with common end. Therefore, in order to describe the tangent bundle 
T (S') as a topological space in a Euclidean space, we have to go 
over to a three-dimensional space R 3 and “rotate" the tangents through 
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an angle relative to the plane (x, y) in such a way that they 
do not intersect (see Fig. 3.13). The tangent bundle T (S') becomes 
then a one-sheet hyperboloid (geometric cylinder). Under such an 
operation the property of “close approach” of T P a (S') to the circle is 



lost. The situation is as if we have “torn olfMhe tangent to the circle 
and have disregarded that the fibres must be tangent to S'. We may 
slightly modify the embedding of the tangent bundle in R 3 , so 
that T p a (S') remains tangent to S' and different fibres do not inter- 



Flgure 3.14 



sect. This cannot be done on the entire circle S', but only on its 
part, an arc. Let us embed an arc in R 5 as a helix. Then tangents to 
the helix do not intersect (Fig. 3.14). 

Here are some examples from mechanics which demonstrate that 
non-trivial manifolds and tangent bundles to them are convenient 
in the description of mechanical systems. 

Example 1. Consider the motion of a plane pendulum, i.e. a rigid 
bar hinged at a point (Fig. 3.15). The position of the bar is deter- 
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mined by one parameter, the angle tp between the bar axis and the 
vertical. Thus, the set of all positions of the bar is a circle S 1 . Such 
a set is called a configurational space. 

Consider a two-link compound pendulum, i.e. two bars pivoted 
together (Fig. 3.16). The position of this pendulum is determined by 
two angles a> t and cp x , so that the set of all positions represents a two- 
dimensional torus T 1 = S' X S l . Figure 3.17 depicts another 
system whose configurational space is a torus embedded in R 3 . 

Example 2. In mechanics the motion of a mechanical system is 
usually described by the parameters characterizing the position of 



Figure 3.16 





the system and by the velocities of its parts. The set of all these 
positions and velocities is called a phase space, which can naturally 
lie identified with a tangent bundle to a configurational space. For 
instance, if a particle moves along a two-dimensional sphere at a 
constant velocity, the phase space is a subset in a tangent bundle 
consisting of tangent vectors of constant length. 

Example 3. There exist more complicated configurational and 
phase spaces. Let us consider, for instance, a three-dimensional rig- 
id body with a fixed point. Any position of this body in R 3 can be 
described as follows. Choose in the body three orthogonal unit vec- 
tors e,, e 2 , and e 3 emerging from the fixed point. Any position of 
tlie body is given then by the position of these three vectors in R 3 . 
Thus, the configurational space can be identified with a connected- 
ness component of the set of all orthogonal unit bases in R 3 . 


3.4. SUBMANIFOLDS 

We now turn to differential calculus on a smooth mani- 
fold. Many important concepts of mathematical analysis, such as the 
differential of a function, critical points, implicit functions, can 
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naturally bo extended to an arbitrary smooth manifold. Within 
the framework of a genera! theory'of smootli manifolds we can easily 
interpret many concepts of differential calculus: the differential of 
a function, the gradient of a function, the implicit function theorem, 
regular points of a function, etc. 

3.4.1. DIFFERENTIAL OF A SMOOTH MANIFOLD 


The concept of the differential of a smootli manifold can 
readily be transferred to an arbitrary smooth mapping of manifolds. 

Definition 1 . Let /: Af, A/ s be a smooth mapping of smooth mani- 
folds. The differential df Pc , of a smooth mapping I at a point P 0 g 
A/, is a linear mapping of a tangent space T Po (M x ) into a tangent 
space Too Q a = / (P 0 ), defined in local coordinate systems 

by the Jacobi matrix of /. 

Recall that in Sec. 3.1 we defined the Jacobi matrix for a system 

of functions y 1 *= /* (x 1 , . . x“), . . ., y m = ff" (x‘ x") as a 

matrix of partial derivatives 


< 11 - 


01, Of i 

dx x dx” 


if” 


[OP" 


Then, if (x‘, . . ., x") is a local coordinate system on M , in a neigh- 
bourhood of point P 0 and (y', . . y m ) is a local coordinate system 
on M t in a neighbourhood of <> 0 . the mapping / can be represented 

as a set of coordinate functions y* = /* (x 1 x"), and T P . (M,) 

and Tq (A/,) can be represented as arithmetic spaces of columns 
of length n and m, respectively. Let the tangent vector £ £ T Pll (A/,) 
have coordinates (g*. . . ., |") and the vector € T Qo (Af a ) coordi- 
nates (t\\ . . ., tj"). If = df P , (|), then 

-grlPl-grlPl 


vr- 


■(Po)- 


op” 


(P* 


V 


(1) 


dp” 

Oi' V Ox 

Seemingly, Definition (1) should depend on the choice of a local coor- 
dinate system in the neighbourhoods of P 0 £ A/, and Q 0 £ M,. This 
is not the case, however. Indeed, we ran choose another pair of 
local coordinate systems in the neighbourhoods of P„ £ A/, and 
6 A/j and verify, using the tensor law of coordinate transforma- 
tion for tangent vectors, that Definition 1 is invariant. Yet, we 
shall proceed differently. Wo have introduced three definitions of a 
tangent vector to a manifold Aft One of the definitions, namely that 
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employing differentiation of a function, does not involve local coor- 
dinates. Thus, if we reformulate Definition 1 in terms of differentia- 
tion of a smooth function, we automatically arrive at the independ- 
ence of the differential of the mapping / of local coordinate systems 
in manifolds jV/, and M t . 

Lemma f. Let f : M t — M, be a smooth mapping. / (l\) = 

I 6 Tp, (A/,) be a tangent vector to M x at point P 0 . and q ™ df P (\) 
be a tangent vector to M t at point Q „ in the sense of Definition 1. Then 
/or any smooth function g on M t the following relation is satisfied: 

1 (?) = S (g°D- (2) 

Proof. According to Definition 1, we have to choose local coordi- 
nate systems (x 1 , . . x'‘) and (y' y m ) in M, and M 7 in the 

neighbourhoods of points P, and Q a — 1 (P B ), respectively. In this 
case f is represented as a set of functions y* = /* (x 1 , . . x"), 

the function g is replaced by a smooth function g = g (y 1 , . . ., y m ), 
the vectors 5 and q acquire the coordinates (? l , . . |”) and (r)', . . . 

. . q m ), respectively. We have then 

m 

i<*>-2 SrW .)>!'. 

f-1 
n 

6<p/>- 2 
1 
n 

= 2 -£r (*(/•<*• *") /"(*' x n ))V 

- 2 2 -&-«?«> -£■<*>* 

J=1 1= t 

-2 -$■<«(£■£•«» *). 

Applying formula (1) to the last equality, we obtain 

m 

S («•/)- S -Sr (WV-ntt). 

i=i 

Lemma 1 is proved. 

Considering relation (2) as the definition of the differential of a 
mapping /, i.e. assuming 

dfp, (I) Ur) = I (*•/). (3) 


1 7 MV. 
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we can infer from Lemma 1 that the operation g dfp 0 (%) (g) is 
differentiation of a function on at p-'n’ 0„, i.e. df Pa (|) is a 
tangent vector to A/ 2 at point Q this conclusion coincides with 
Definition 1 by formula (1). Hence, Definition 1 does not depend on 
the choice of a local coordinate system. 

Let ns finally consider the last definition of a tangent vector in 
terms of a sheaf of tangent curves. 

Lemma 2. Let /: M , -*■ be a smooth mapping, Q 0 -m / (P 0 ), y 
be a smooth curve in M , through P 0 , and g be a smooth function on A/,. 
Let also | — y (l„) and rj = dfp t (%). Then 

T <*) = -£-*(/ (V «))) I (<) 

H is most convenient to prove Lemma 2 in the local coordinate 

systems (z‘, . . x ”) and (y 1 y m ) of manifolds M , and 

respectively. Suppose that all the functions and vectors have the 
same coordinate representations as in Lemma 1, and y (t) = 

<*' «> (<))• I * - «„)■ Then, 

m 

n (*) - 2 7$r (Qo) V- 
1-1 

-5T * {/ (y «))!.-.. = 2 -Jr «?.> jzr(P o)~ (f.) 

= 2 «?■>) 2 Sr <*■> 1 ‘ = s Sr »•> V = (f) • 

i-i j-i i-i 

Lemma 2 implies that if a tangent vector 5 is represented as a tan- 
gent vector of a curve y (r), y (f p ) = £ £ T P . (M), the imago ti ™ 
dfp 0 (£) is represented as a tangent vector of the curve / (y (I)) on 
manifold M t . Furthermore, if follows from Lemma 2 that if the 
curves y, (f) and y 2 (/) are tangent at point P 0 £ Af,, their images 
/ (Yi (0) and / (y, ( t )) are tangent at point Q 0 € A/,. The differential 
of the mapping / can therefore lie defined as a mapping which to a 
sheaf of tangent curves {y (l)) at point P B associates a sheaf of 
tangent curves at point Q„ of manifold M 2 , the sheaf containing all 
the curves {/ (y (t)) J. This definition is not so clear as to reveal why 
the differential dfp 0 is a linear mapping of tangent spaces- Figure 3,18 
shows the mapping / (z, y) -= (z, y-), /: R 1 R ! , and it can be seen 
that the sheaf of tangent curves at point />„ — (0, 0) does not cover 
under the mapping / the entire sheaf of tangent curves at point Q u . 

Example 1. Let usconsider a smooth function y = f (x) as a smooth 
mapping of manifolds /: R 1 -*■ R*. Then, according to Definition 1, 
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the differential is a linear mapping of T x (R‘) = R 1 into Tim (R 1 ) = 
R 1 defined by formula (1), i.e. »1 = /' ( x ) ?- In mathematical analy- 
sis by the differential of a function / (x) we mean the linear part of 
the increment in / as a function of two independent arguments: 
dy = I (x) dx. Thus, assuming dx = £ and dy = tj, we find that the 
concepts coincide. 



Example 2. Consider a smooth function / of n independent vari- 
ables ij = / (x\ . . x"). Just like in the case of one variable, we 

shall represent / as a smooth mapping of manifolds /: R" R 1 . 
Then the differential of the mapping / is a linear mapping of tangent 



spaces dfp t : 7V 0 (R n ) = R" — T Q , (R 1 ) = R‘. where P„ = W- . . . 
. . ., x”), 9o = / • • •• zj) The differential d/ Pl) in local coor- 

1 a t 

dinates is given by i] = 2 ^(P o) l h - On the other hand, the 
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differential of a function / is the linear part of the increment in / as 
a function of two groups of independent variables, (z*. . . x"> 

and (dx 1 , . . dx n ), i.e. 

n 

dy = df(x> z*) = 2 -£(x- *")<***• 

*=i 


Assuming I* — dx* and t) = dy, we again find that the concept of 
the differential of a function coincides with the concept of the differ- 
ential of a function represented as a mapping of manifolds. Further- 
more, the matrix of d/ Po is the Jacobi matrix of the mapping / and, on 
the other hand, it is the gradient of the function /, that is, grad / is 
the matrix of d/ Po in a fixed coordinate system. Obviously, if a coor- 
dinate system is modified, the components of grad / will also change. 

Example 3. Let us consider a smooth function / => / (z l , . . z") 

and let P„ = (xj zj) be an extremal point of /. Then, by a 




theorem of mathematical analysis, grad / P , = 0. In our terminology 
this means d/ Po = 0. This statement can be extended to an arbitrary 
manifold: i/ a smooth function f has a local maximum at a point 
P o € M, then df P , = 0. This circumstance finds a new interpretation 
in the theory of manifolds. In the case of a Euclidean domain there 
always exists a smooth function / such that grad / 0 at each point. 

This is not however the case for a smooth manifold. For example, 
for any smooth function / on a two-dimensional sphere S'- the differ- 
ential df vanishes at least a!t two points: at the maximum and at 
the minimum of /. In general, if M is a compact smooth manifold, the 
differential df of a smooth function vanishes at least at two points. Fig- 
ure 3.20 depicts the behaviour of the differential of the "altitude" 
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function on a two-dimensional sphere S : . and Fig. .'4.21 shows the 
“altitude" function on a torus T : . 

Example 4. Let/: R" — R m be a linear mapping which is ex- 
pressed in coordinates as the matrix Y = AX, 



Then, obviously, the Jacobi matrix of the mapping / (and hence the 
differential dfp t ) coincides with A. In other words, dfr 0 (|) = / (|). 
And it is no surprise. If we consider the differential dfp„ as the linear 
part of the increment of the mapping, just like in the case of a func- 
tion of many variables, and assume AX = 5, we obtain A Y = 
A (X 4- AX) — AX ca A AX. Hence, the increment A/ coincides 
identically with its linear part, which means that the differential of 
a linear mapping does not depend on point P„ £ R". 


3.4.2. DIFFERENTIAL AND LOCAL PROPERTIES 
OF MAPPINGS 

From mathematical analysis we know the important prop- 
erty of a smooth function: using differential properties of a func- 
tion at a point, we can deduce analogous properties in a neighbour- 
hood of the point (though the neighbourhood can be small). For 
example, if the derivative f (x 0 ) of a function / is positive, /’ (x„) > 
0, the function / increases in a small neighbourhood of x„. A question 
naturally arises: what is the analogy between the positive sign of the 
derivative f (x„) and an increase of / in a neighbourhood of point 
Xu? This analogy becomes even more obvious if the condition /' (i 0 ) >0 
is formulated as follows: the differential of a function / at a point 
x,, is an increasing (linear) function. The corresponding theorem of 
mathematical analysis then reads: i\ the differential of a function f at 
a point x a strictly increases, the function / itself also strictly increases 
in a neighbourhood of x Q . As a second example, we may consider 
the implicit function theorem: the equation / (x. y) — 0 has a solution 
y = y (*) if (-To. Ho) ¥= 0 at a point (x„. y„ ) for which /(*„, y„) = 0. 
Let us now formulate this theorem in terms of differentials. The 
differential of a function / at a point (x 0 . y 0 ) is 

d/ = -|r(i 0 . yo)dx+^(x 0 . i/o) dy. 

Replacing in the equation / (x, y) — 0 the function / by its differen- 
tial, we arrive at a new equation <//(*„,,,) = 0 which in the new vari- 
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ables ( dx , dy) ia linear and has the form 

Vo) dx +-J^( x o’ Vo) dy = 0 - ( 5 ) 

The condition (x 0 , y a )^=Q is then equivalent to the existence 
of a solution of Eq. (5). Thus, the implicit function theorem can be 
formulated as follows: if the equation in terms of differentials (5) has a 
solution, the initial equation f (x, y) = 0 also has a solution in a neigh- 
bourhood of point (x„, g„). 

This leads us to a principle which proves to be useful in an analy- 
sis of smooth manifolds and their mappings: if a property o / the 
differential of a mapping of smooth manifolds Is satisfied at some point, 
the analogous property holds true for the mapping itself in a neighbour- 
hood of the same point. 

This principle is usually called the principle of general position 
or the principle of linearization of a mapping. The first term implies 
that the property of a linear mapping is preserved under small non- 
linear distortions of the mapping. Naturally, this principle does not 
hold for each mapping, and we shall not attempt at elucidating the 
ox, ict region of its applicability. We shall concentrate here on the 
most important theorems relating the properties of a mapping and 
its differential. 

We shall start with the ‘mplicit function theorem for manifolds. 

Definition 2. Let /: A/,— M , be a smooth mapping. The point 
P 0 g A/, is called a regular point, of f if the differential of the mapping 
df Po : T Pa (A/,) — Tq, (A/,), Q 0 = f (/>„), is an epimorphism, i.e. a 
mapping onto the entire space Tq, (A/,). The point Q, 6 M, is cal- 
led a regular point of the mapping f if any point P„ of the inverse 
image /** (fy) is a regular point of /. 

This definition is, in fact, tlio implicit function theorem formulat- 
ed in terms of the differential of a mapping. Indeed, in the local 
coordinate systems (x 1 x n ) and (y l , . . ., y m ) in the neighbour- 

hoods of points P„ and respectively, the mapping j is written 
as the following system of functions p* = /* (x\ . . x " ): 


/'(*' *") = *! 

/"(*' *") = «?■ 


( 6 ) 


Since / t P„) = <?„. P 0 = (x 1 , x" 0 ), <? 0 = (p{, . . yp, the 

point P 0 is a solution of system (6). Then the implicit function 
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theorem (Theorem 2 of Sec. 3.2) gives the condition for the existence 
of a solution in the form: rank df = m. Hence, the rank of the Jacobi 
matrix of / or, what comes to the same thing, the rank of the 
matrix of the differential df Pc is equal to the dimension of the tan- 
gent space Tq „ ( M ,). This means that the linear mapping df,, t is 
an epimorphism. We come therefore to a generalization of Theo- 
rem 2 of Sec. 3.2. 

Theorem t. Let /: M , M . be a smooth mapping of smooth mani- 
folds, Q 0 6 3/ . a regular point of f. Then the inverse image M % = 
/-' (Q 0 ) is a smooth manifold, dim M, = dim M, — dim M t , and, 
moreover, some of the local coordinates in A/, can be chosen as local 
coordinates in M,. 

Proof. To prove that M, is a manifold, it suffices to apply Theo- 
rem 2 of Sec. 3.2 in a neighbourhood of each point P u £ M„. We ob- 
tain that each point P 0 £ M, admits a neighbourhood U 9 P„ 
homeomorphic to a domain in a Euclidean space R n " m , where n =» 
dim M u m = dim A/,. Furthermore, some (n — m) of the local 
coordinates (*', . . ., z n ) of in a neighbourhood of P„ can lie 
chosen as local coordinates in Ut If these are (.*'*, . . ., z'n-m), 
the remaining local coordinates (z 1 ) are expressed on M, in 

terms of smooth functions of (z 1 * z'"-™). It follows that M 3 

is a smooth manifold. Indeed, lqt ( y l , be another sys- 

tem of local coordinates on M, and let ( y form 
a local coordinate system on A/,. Then, 

y 1 * x") 


= y > >< (z* (**•, . . z*"-’"), ....i 1 "-")) 


is a smooth function. Theorem 1 is proved. 

It remains to find an analogue of another property of a linear map- 
ping, the monomorphism property. 

Definition 3. Let /: A/, -*• M, be a smooth mapping. The mapping 
/ is called an immersion if at each point P £ A/, the differential 
df P : Tp (A/j) Tpp) (Afj) is a monomorphism, i.e. a one-to-one 
mapping onto its image. If moreover / maps bijectively Afj onto 
its image / (A/,) and this image is a closed set, the mapping / is 
called an embedding. The image / (A/,) (as well as A/,) is called in 
this case a submanifold in A/,. 

Example 5. The inverse image of a regular point of /: Afj -*■ M t 
is, according to Theorem 1. a submanifold. Indeed, since some of 
the local coordinates of the ambient manifold A/, can be taken 
as a local coordinate system in A/ a , the identity mapping (p: M 3 -*■ 
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M x in the local coordinates takes the form 


x 1 => x 1 , 


^n-m _ 2 n - m 

^n-m. i __ ^n-intt ^ | ^n-m< 

x" = x"(x‘ z n - m ). 


Therefore, the Jacobi matrix dip includes an identity square matrix. 
Hence, rank tfq> = n — m, i.e. dip is a monomorphism. 

Example 6. Let us consider a mapping /: S' -+ R 2 given by 
j (<p) = { cos <p. sin 2cp }■ The velocity vector 'j- =• { — sin <p, 2 cos 2q>) 
does not vanish at any point, that is, the rank of the Jacobi matrix 



is equal to unity. Thus, / is an immersion (see Fig. 3.22). The curve in 
Fig. 3.22 is a Lissajous’ figure; it can be obtained on an oscilloscope 
if sinusoidal signals are applied to the horizontal and vertical de- 
flecting plates. 


3.4.3. SARD’S THEOREM 

We have shown in Sec. 3.4.2 how the local properties of 
a smooth manifold can be deduced from the properties of the differ- 
ential. Conversely, in certain cases we can find the properties of a 
differential from the properties of the manifold itself. For example, 
if /: M, ->■ Mt is a smooth homeomorphism, then the differential 
df: T P (M t ) Tup) ( M t ) is, by Lemma 3 of Sec. 3.1, an isomor- 

phism. Consider now a problem which is inverse, to a certain extent, 
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lo that solved in Sec. 3.4.2. Let ): A f i — Af, he a smooth mapping 
of A/, onto the entire manifold Af,', i.e. / (A/,) = A/,. Such a map- 
ping can be considered as an analogue of an epimorphism for a linear 
mapping. A question then arises: is the differential df: Tp (M t ) -*■ 
Tup i (Ms) an epimorphism? Unfortunately, the answer is no. Con- 
sider the following example. Let M, = Af 2 = R 1 , /: R 1 — R‘, 
/ (i) = i 1 , i { R’. In this case / is a smooth mapping and / (R') = R‘. 
But at point x = 0 the differential d/ equals zero and is not there- 
fore an epimorphism. At other points the differential dj = 'Ax*dx 
is an epimorphism. This example suggests the general answer to 
the question. We shall formulate it as the following statement. 

Theorem 2 (Sard’s theorem). Let f: Af, Af, be a smooth mapping 
o/ compact manifolds. Then the set G of regular points Q € M, of f is 
open and everywhere dense. 

Before proceeding with the proof of Theorem 2, we shall consider 
several examples. 

Example 7. Let /: R l -*■ R 1 , / (x) s a = const. In this case the 
differential df is not an epimorphism at any point, but the image 
f (R 1 ) consists of a single point a, i.e. by definition, any point 
y a is regular (since f~ l (y) = 0). Hence, the set of regular points 
is open and everywhere dense. 

Example 8. Let /: R 1 R 1 be a finite smooth function and F = 
{ x : /' (x) 0). The set F is closed. The image / (F) is a compact set 

and consists of all non-regular points. We shall demonstrate that 
f (F) is nowhere dense. If this is not so, we can find an interior point 
y £ / (F), i.e. y is contained in f (F) together with a neighbourhood 
y £ U cz / (F). Since / is finite, the image / (F) lies in the imago of 
the interval f (la, b)). In other words, it is sufficient to prove that the 
image f (F'), F' = F f| la. bl is nowhere dense. Let V => F' be a 
neighbourhood of the set F' , V c : (—2a, 2a). Then / (K) contains U 
and hence there exists a point iff such that f'(x) exceeds, by 
modulus, the number e = diam UI4a. Diminishing the neighbour- 
hood V, we obtain a sequence of points x„ F'. We may assume, 
without loss of generality, that x„— x 0 £F'. Then, f(x„) -u 
/' (* 0 ), i.e. | /' ( x 0 ) 1 > e, which contradicts the condition f'(x 0 ) = 0 
at point x„ € F' c F. 

It is more convenient to formulate Theorem 2 in more general 
terms: if F d A/, is a compact set consisting of non-regular points, 
then f (F) is nowhere dense. Demonstrate that it is sufficient to prove 
Theorem 2 for the case where Af, is a neighbourhood of a closed disk 
in a Euclidean space. Indeed, cover M , with a finite atlas U a and 
choose a covering V a C V, c t/, such that V a is homeomorphic to 
a disk in a Euclidean space. Let Go. cz M t be a set of regular points 
for the mapping / on V a . Then the intersection G = f)Ga consists 
of regular points of the entire mapping j. If G a are open sets which 
are everywhere dense, then G is also open and everywhere dense. 
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Choose a sufficiently fine atlas U a such that the image / (U a ) lies in a 
single chart of M t . Then Theorem 2 can be proved for regular 
points of the mapping / |„ a : U a -*• on Indeed, if G cz Wp 
is the set of regular points of / | 0a , then <?U (A/ 2 N./ (V*)) is the set 

of regular points of the mapping /: U a M, on V a . Thus, let U 
be a neighbourhood of a disk D n in R n and let /: U -*■ R m be a 
smooth mapping. We shall demonstrate that the set of points y g R m , 
for which D" H /"' (p) consists of regular points, is open and every- 
where dense. 

Lemma 3. Theorem 2 is valid for m = 1. 

Proof. Let F c D" be a set of non-regular points of a function /. 
Then / ( F ) is compact and contains all non-regular points of /. De- 
monstrate that R'N,/ (F) is everywhere dense. If this is not the 
case, there exists an interval Vc / (F). Fix k > n and consider tho 
set F k of those points for which all partial derivatives of / of order 
up to k inclusive are zero. Expanding / in a Taylor series in a neigh- 
bourhood of an arbitrary point y £ F k , we obtain \ f (y) — f (x) | < 
C \ x — y l*. where C does not depend on the choice of y 6 F k and 
x £ D n . This means that if F k is covered with cubes of side 1 IN 
(the number of these cubes does not exceed A" 1 ), the image / (F») 
will be covered with intervals, the length of each interval not exceed- 
ing 2 CIN h . Hence, the sum of the lengths of all the intervals 
does not exceed ZY r?C/N k ~ n and vanishes for A' -*■ oo, that is, 
/ (F k ) is nowhere dense. 

The remaining part of the set F, i.e. F\F», can bo represented 
as a union of a finite family of subsets, each lying on a submanifold 
defined by one of the equations 

srrnr" 0 ' 


Indeed, let F,, ( be the set of those points in F at which 

all " all 


°‘t -Q 

...tx'ji u ’ 


grad 


9'l 

dx‘ t '...9z'n 


0. 


( 6 ) 


Obviously, F\F,,= |j F, , . On the other hand, the 

i,+. " 

set F ( , ...i n lies on the submanifold Mi,..,, of those points 
where conditions (6) are satjsfied. The dimension of is 

less than n, and we may conclude, by induction, that Lemma 3 
is valid for M, t ...i n - Thus, f(F k ) does not cover the interval V. 


Hence, there exists a neighbourhood U k =3 F k such that f (£/„) 
docs not cover V . Let i, + .., + /„ = k— 1. Then F,,... , is 

a compact set on M ,, ... i n . so that f(F, t ... does not cover 

i.e. /(F»n ft,.....) does not cover V. Hence, there 
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exists a neighbourhood U, 3 F k U (J such that 

«!,+ .. .+i n «. ” 

/(£/,) doos not cover the interval V. Thus, for 
... 4 - 1 , 1 =* the sets Fj, . . . i n \£f, do not cover the remainder 
V\/(F k U U Fj . ... 1 ) under the mopping/, and there- 

•<i, +...+!„<* n 

fore / (Fi. (J U Fj ... j ) does not cover V. After a finite 

•<(■+.. .+!„<* " 

number of steps we find that / (F) does not cover V. 

We now apply Lemma 3 to prove, by induction on m, Theorem 2 
for a system of functions /: U — R m , D” cz U, / (P) =3 (/' (P), . . . 

. . ., / m (P)). Since/ 1 is a smooth function, we find by Lemma 3 that 
the set G, of regular values of /' is open and everywhere dense in 
R 1 . Lot yj £ Gi,N = (yj). By Theorem t, the set /Vis a smooth 

submanifold mapped by / into a hyperplane R" _ ‘. Then the 
point (yj, . . ., yf) is regular for the mapping / |„ if and only if 
the point (yj, . . ., y") is regular for /. By induction, the set of 
points (yj, . . .,y™> which are regular for the mapping / | w is every- 
where dense in R m ~'; hence, the set of regular points for / is also 
everywhere dense in R". In order to demonstrate that the set of reg- 
ular points is open we note that the inverse image of a regular point 
D" fl /■* (yj. • • •. yS) is a compact and the minor of the matrix 
of the differential d/ is non-zero at each point of the compact. There- 
fore, for any sufficiently close point (yj y") the inverse image 

D” fl /■' (yj. • • •• Vo) * ies in quite a small neighbourhood of £>”n 
/-'(yj, . . .,yj), that is, the same minors are non-zero. This means 
that the set of regular points of / is open. Theorem 2 is proved. 

As an application of Sard's theorem, we shall consider a smooth 
mapping /: M t for dim M, <. dim M t . Then, none of the 

points P £ /W, can be regular, and this means that the image / (A/,) is 
nowhere dense in A/,. In particular, the image of / does not cover A/,. 

Remark. Sard’s theorem can be generalized to non-compact sepa- 
rable manifolds. In this case the set of regular points need not neces- 
sarily be an open set, but it should only be the intersection of a 
countable number of open sets which are everywhere dense. Such 
sets are called Gj-sets. It is known from general topology that the 
intersection of a countable number of sets, which are open and every- 
where dense in R", is always non-empty and everywhere dense. 
Hence, in the case of non-compact manifolds the set of regular 
points is non-empty and everywhere dense. 

3.4.4. EMBEDDING 

OF MANIFOLDS IN A EUCLIDEAN SPACE 

In conclusion let us state the Whitney theorem which 
asserts that any compact manifold is a submanifold of a Euclidean 
space of a sufficiently large dimension. 
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Theorem 3. Let AI be a smooth compact manifold. Then for a proper 
dimension N there exists the embedding cp: lit — R N . 

Proof. Let {if*}*?*, be a linite atlas and (x» xS) a local 

coordinate system in the chart U a . We may assume without loss of 
generality that the U a are homeomorphic to a ball D" c ; R" of ra- 
dius 1 and the coordinates (xj, x£) perform a homeomorphism 

<p„ of U a onto the ball D". We may also assume that D" lies in R n 
and does not contain the origin (this can be achieved by a transla- 
tion in R n ). Further, let D " c£)“ be a ball of smaller radius with 
the same centre as D n , let the manifold M be covered with open 
sets U' a = ((!„' ( D ") c: U a , and let / be a smooth function in R" 
such that it is identically unity on D" and supp / c: D N . We put 
then 


yi (P)~{ 


0 

Obviously, t/£(P) = *a(P) i* PS.V-X- We 
of N = n-M smooth functions, {y£(P)}. 
mapping g of M into a Euclidean space 
We now demonstrate that the differential of g is of rank n at each 
point. Let Pg At be an arbitrary point, 0' a 3iP- and (x^, ...,x£) 
a local coordinate system. The Jacobi matrix of g at point P in 
the local coordinate system (ii, .... x£) consists of partial deriva- 


if Pgf/ a . 
if P$U a . 

have obtained a system 
This system defines the 
R", g(P)={yi(/>)}<:R N . 


lives | (P)| . In particular for p = ct. 




i.e. lhe Jacobi matrix of g contains an identity matrix of order n. 
Hence, rank dg — n. 

The mapping g is thus an immersion. In order that g be an embed- 
ding, it is necessary that distinct points P and Q be mapped into 
distinct points g (P) and g ( Q ). Construct a new mapping g (P) = 
(i/a ( P ), / (tp a (P))} 6 R JV * M - Owing to the same arguments as 
for g, this mapping is an immersion. Let P =£ Q be two points on 
a manifold. Consider a number a such that / ((f„ (P)) = 1. If 
/ (fa (9)) < 1. then g(P)^g «?); if / (<f a «?» = >• "'on yZ ( P ) = 
•fa (P), yZ «?) = xi «?). and _for a certain number k we have 
si (P) =£■ xj «?). i.e. g IP) (0). Thus, the mapping g: M -* 
r.v i s a one-lo-une immersion, i.e. an embedding. Theorem 3 is 
proved. 

Hence, any smooth compact manifold M may be considered as 
embedded (in the form of a submanifold) in a Euclidean space R- v 
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of a rather large dimension N. In practice, however, the dimension 
of R' v can be reduced significantly. For example, a sphere S " can be 
embedded in R"* 1 and a torus T' in R 2n . The projective plane RP 2 
cannot be embedded in R 3 , but it can be embedded in R 5 . Indeed, 
lot (x, : x 2 : x 3 ) be homogeneous coordinates of a point P in RP 2 . Put- 
ting 


x\ 9 | Jr| 

*!+*!+*! ’ ^ = *!+*!+*! 


xj + xl + xj 


u. till , V s = till nt — *»*■ 

** »t + *S + «! ’ ^ *? + *! + 2 5 ’ y *f + *l + *| ’ 


we obtain the mapping g: RP 2 R*, g (P) = g (x, : x, : x 3 ) = (y‘, y 2 , 
y 2 , y*, y s , y ®). It appears however that the image of g lies in the linear 
subspace R s c: R‘ defined by the equation y' -f y 2 4- y 2 = 1. Veri- 
fy that g is an immersion, i.e. the differential dg is a monomorphism 
at each point P 6 RP ! . In other words, we have to prove that in 
any local coordinate system the rank of the Jacobi matrix of g is 
equal to 2. All the coordinate functions of g are symmetric with 
respect to the permutation of homogeneous coordinates (x t :x, :x,). 
Without loss of generality we can therefore assume that x, ^ 0 in a 
neighbourhood of point- P 0 6 RP 2 , so that the remaining coordinates 
x„ x 3 (for x, = 1) can be chosen as a local coordinate system. The 
Jacobi matrix of g is 




-2x, 

2**0 +*J) 

— 2xjx, 

o -*;+*;> 

*j(l — x\ + *l) 
— 2x,x 3 


-2x, 

-2*;x 3 

2**0+*;) 

— 2x,x 3 

*2 (*+•*? — *1) 
(l + x;-x‘) 


to within a proportionality factor. If x 2 x, 0, the minor of the 
first two rows does not vanish. If x 2 = 0, x 3 = 0, the minor of the 
fourth and sixth rows is not zero, and if x 3 = 0, x 3 0, the minor 
of the first and fourth rows is also non-zero. Thus, rankdg c= 2, 
i.e. g is an immersion. Demonstrate that g is a one-to-one mapping. 
Without loss of generality we may assume that the homogeneous 
coordinates are so chosen that xj+ x\ -f x\= 1. Let P = (x, : x 8 : x :l ). 
Q = (x| : xj : x^). Then 

g (/>) = (l\. X\. Xj, X,X„ XjXj, x,x,), 

e ( Q ) = r,‘, x;*. x;x;, x t x 3 , x^;>. 

If g (P) t= g (Q), then x{= xj*. If x, 0, then x, = ±x|, and we 
can take x, = x\, since homogeneous coordinates can be multiplied 
by ±1. Since the fourth and sixth coordinates are equal, we obtain 
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x, — x'„ x , = x„ i.e. P = Q. Since all the coordinates x x , x„ and 
x 3 are equivalent, we always have,P = Q. Thus, g is an embedding of 
a projective plane RP ! in a five-dimensional Euclidean space R s . 

An analogous statement holds true for any compact manifold M. 

Theorem 4. Let M be a smooth compact manifold of dim M = n. 
Then the embedding cp: M -*■[ R |! ' 1 * 11 does exist. 

Proof. We shall use Theorem 2 and try to reduce the dimension 
of R w . Let e f R" be a non-zero vector and p t : R" -*■ R"- 1 an 
orthogonal projection along e onto a subspace orthogonal to e. Some- 

* Pt 

times, the composition M -» R^ R"-' remains an embedding. 
Analyse the conditions under which the composition p c tp is an em- 
bedding. We have to verify two conditions: (a) that the differential 
is a monomorphism and (b) that the mapping is one-to-one. 

We first consider condition (a). Let P £ M, V P — d<p P {T P M) <=. 
R N . In order that the differential of the composition d (p e ip) at a 
point P be a monomorphism, it is necessary and sufficient that the 
projection p t should map the subspace V P monomorphically into 
R w *\ which is equivalent to e f Vp. Fix a local coordinate system 
(x‘, .... x") in a neighbourhood U of point P and a basis in R". 
Construct the mapping h: U X R" -*-REA- 1 , assuming h (x\ . . . 

• • •. s n , 6* 6") = (C l : t N ). where = 

S T 1 ; 6°and(y' Jf N ) = < P (x‘, . . -.x"). The mappingh is a 

a- 1 9Z 

smooth mapping of the 2n-dimensional manifold U X R" into the 
projective space RP v -‘. Then the condition e £ V P exactly means 
that the straight line generated by e, being a point in RP W - 1 , does 
not belong to the image of A. By Sard's theorem, for 2n < N — 1 the 
set of such points is open and everywhere dense in the entire space 
RP iV - 1 . Considering a finite atlas in M, we find that for an open dense 
set G in RP*- 1 the vector e generating points in G satisfy e £ V P 
for any point P £ M. This means that the set of e such that the pro- 
jection p t embeds 'ip (M) in R N -’ is open and dense. Let us now turn 
to condition (b). The absence of bijectiveness means that e is paral- 
lel to a straight line through a pair of points P Q on <p (M). Just 
like in the case of condition (a), we shall consider the mapping h 
(M X A) RP K - 1 which to a pair of points P ^ Q associates 
a straight line through <p (P) and cp ( Q ). According to Sard's theo- 
rem, for 2n < N — 1 the set of points not contained in the image of 
h' is an open dense set G'. The vector e should therefore be so chosen 
that the straight line it generates lie in G f) G' =£ 0 ■ We have dem- 
onstrated that if 2n < N — 1, there exists a projection p such 
that the composition p e < p is an embedding. Hence, step by stepwe 
can reduce the dimension of the surrounding Euclidean space R- v 
unless the equality 2n = N — 1 is satisfied, whence N = 2n + 1. 
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This is the minimal dimension of the Euclidean space R< ln * l > which 
admits an embedding of any n-dimensional compact manifold AT. 
Theorem 4 is proved. 

Now we are able to give the general concept of a Riemannian met- 
ric on a manifold (particular cases of this concept have been consid- 
ered above). 

The Riemannian metric on a smooth manifold M is the family of 
positive definite scalar products defined in each tangent space Tp (A/' 
If a coordinate system (x 1 , . . x") is valid in a neighbourhood 6 

of a point P, a coordinate system (g‘, . . g") is also valid in 

Tp (A/). The scalar product in (g\ . . g") is defined by a point- 

dependent non-singular symmetric matrix G = (g„). In a new coor- 
dinate system (p 1 , . . y") the matrix takes the form 

rf'M- s *«></>) !>)-£>). 

Oi ^"1 

where G' = (gU (P)) is the scalar product matrix in the new coordi- 
nate system (y l , . . y"). 

Definition 4. The Riemannian metric on a smooth manifold M is 
the family of non-degonorate positive definite scalar products In 
each tangent space Tp (AT), P 6 Af. such that in a local coordinate 
system the scalar product matrix is a smooth function of the locnl 
coordinates. 

The metric can be defined as a correspondence which to every coor- 
dinate system (xk, • • .. xS) in the chart U„ associates a matrix- 
valued smooth function in the chart U a : G a (P) = (g°, (P)) such 
that: (a) the matrix G a (P) is symmetric and positive definite, and 
(b) the coefficients gfi (P) are transformed as 



for points P^U a (]U t . If g = (g*. . ...g") and ij=(t) , 1 ...,r\ n ) are 
two tangent vectors, tho scalar product g, tj is written as 

(I- n)= S i- 

i. i- 1 

Problems 

1. Prove, using Sard's theorem, that any smooth compact 
manifold M of dimension n can be embedded in R s " 41 and immersed 
in R ! \ 

Hint: consider the projections R- v R - v * 1 and choose an ap- 
propriate one. 
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2. Construct an embedding of a torus T r in R n>1 . 

Hint: represent r as a hypersurface of rotation 7" _1 about an 
axis. 

3. Construct the embedding of S x X S’ in R s . 

Hint: in R s find an open domain homeomorphic to S l X R 3 . 

ft. Prove, using Sard's and Whitney's theorems, that any smooth 
mapping /: M" R 1 "* 1 of a compact manifold M“ can be ap- 
proximated as close as possible by an embedding. 

Hint: complete / to the embedding R’ v = R>'-i ,n4l )R< a " tl > and 
consider the projection along a, subspace close to RW-t*"* 1 !. 


Chapter 4 


Smooth Manifolds (Examples) 


4.1. THE THEORY OF CURVES ON A PLANE 

AND IN A THREE-DIMENSIONAL SPACE 

4.1.1. THE THEORY OF CURVES ON A PLANE. 

FRENET FORMULAS 

We shall consider a Euclidean plane R 5 referred to Car- 
tesian coordinates (z, y). A smooth curve y (!) on R l is defined by 
two functions x ( t ) and y (t), i.e. we deal with the radius vector 
r (0 = (( x (0- y (0) a smooth curve y (0 emerging from the ori- 
gin, point 0. Recall that the velocity vector v (0 of a curve y (t) at a 

point t is the vector with the coordinates ^jp). The straight 

line defined by this vector is tangent to the curve y (!) at a point !. 
Here we assume, of course, that v (!) ^ 0. This assumption is sup- 
posed to hold throughout this section (at the points where the velocity 
vector vanishes a smooth curve may suffer a cusp; the examples have 
been given in Chapter 1). The derivative of a radius vector is some- 
times denoted by 

; (t) = v (0 = (z (l), y (0) 

and the symbol |^jp| = | v (!) | will stand for the magnitude of 
velocity vector (in the Euclidean metric). Let s denote the length of 
a curve from a fixed point to a variable point; since the length of an 
arc monotonically increases as the variable point moves along the 
curve, we may take this length as a parameter along the curve. This 
parameter is called a natural parameter, and the equation of the 
curve r (s) = (z (s), y (s)) written as a vector function of s is called 
natural parametrization of a curve. 

Lemma 1 . The magnitude of the velocity vector of a curve written 
in the natural parameter is constant and equal to unity. 

b 

Proof. We hove for the length of arc l( y)o = jj | | dt. It 

a 

follows that the identity di — dt j dT J^ | holds at each point which 
is what was required. 

Thus, the motion along a curve referred to the natural parameter 
occurs at a constant velocity (only the magnitude of the velocity 
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vector is constant, but not its direction). Corollary, at each point of 
the curve the velocity vector v (s) is non-zero. Here we have used the 
fact that the relation ^ # 0 is satisfied for the initial parameter 
t. With each point on a curve we can associate, besides the velocity 
vector, another vector smoothly dependent on a point, q (s) = 
-j~- This vector is orthogonal to the velocity vector, which is a 
direct consequence of the following lemma. 

Lemma 2. Let p (t) be a vector function such that |p(/)|sl. 
Then the vector i s orthogonal to p(f) (/or any t such that 

Proof. The condition of the lemma implies that (p, p) es 1. Differ- 
entiating this identity with respect to t, we obtain 



»)+(*•■*)-«• 



The lemma is proved. 

Thus, at each point of a smooth curve y (s) roferred to its natural 
parameter there exist two orthogonal vectors: the velocity vector 
and acceleration vector. The latter need not have the unit length. 
It is convenient to introduce the unit vector n (s) = TI\T\ 
Hence, as the parameter s changes, there arises along the curve a 
smooth coordinate frame field, i.e. the family of two-dimensional 
frames (v (s), n (s)). The vector n (s) is called a normal vector to a 
curve at point s. Each frame, after being translated to the origin, 
uniquely defines a rotation of a plane about the point 0. The frame 
field along a curve defines therefore a smooth mapping of y (s) into 
a group of orthogonal matrices, i.e. a group of rotations of a plane. 
In other words, we can say that each curve y (s) generates a smooth 
curve whose points are represented as orthogonal 2x2 matrices. 
We shall study the properties of this curve for a multi-dimensional 
case, i.e. for a smooth curve in a multi-dimensional Euclidean space 
(see below). 

Definition 1. Let a smooth curve be referred to the natural 
parameter. The curvature of a curve at a point s is the number 



Since the curvature (by definition) is the magnitude of the 
acceleration vector, wo have = k(s)n (s) . where n(s) is the 
normal vector at the point s and 


*<*)=■ ]/( 


d'r \2 , / W 

W) + [ I 
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If ej and e, are orthogonal unit vectors defining Cartesian coordi- 
nates on the plane R s (x, y), the normal vector can be written ex- 
plicitly a9 


i 



Definition 2. The curvature radius of a smooth curve at a point s 
is the number R (s) = 1/A: (s). 

Before proceeding further, we shall consider simple examples which 
underlie the choice of the terms “curvature" and “curvature radius". 
The simplest curve on a plane is a straight line defined parametrically 
as a linear vector function: x (*) = x (0) + as, y (s) = y (0) 4- fls, 
where s is the natural parameter. This impos es restr ictions on the 
numbers a and fi: obviously, the equality Vet* + 0’ = 1 must be 
satisfied, since v = (a, P) and | v (*) |al. Then the acceleration 
vector is identically zero, and the curvature of a straight line is 
also zero. Hence, the curvature radius of a straight line is equal to 
infinity. 

Let us consider a circle of radius R on a plane. The parametric 
equations of the circle are 

x(s) = x (0) + R cos (-£-) , y (*) = g (0) + fl sin (-£) . 

The parameter s varies from 0 to 2 n. The velocity vector is 
v (a) = ( sin ( ^-) , cos (-£) ) . 

Hence, 



Thus, the curvature of a circle is constant and equal to MR and the 
curvature radius is ilk = R. 

In many specific problems it appears, however, that the equations 
of a curve are referred to an arbitrary parameter t, rather than to 
the natural parameter. It would be useful therefore to have formulas 
for calculating the curvature of a curve referred to an arbitrary 
parameter. 

Theorem 1. Let a smooth curve y ( t ) be referred to an arbitrary param- 
eter t, not necessarily natural, and let the velocity vector v (f) be non- 
zero at point t. Then t'xe formula 


A(s) = 


d‘r (») _ IjV — /*' I 
** ~ [(*’)»+(/)•]»'* 


is valid, where x' , x", ... denote derivatives with respect to t. 
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Proof. Let r (i) = (x (t), y (0) be the parametric form of y (<) 
and v (t) == y'(t )) the velocity vector. If s is the natural param- 

eter, we have for an arbitrary vector function q (t) 
d _ dg (i) dt 

- 37 qW = - 5r -- 5 7- 

Take for q 

q (0 = v (0/ 1 v (<)l ** ~Jr~ • 

From the definition of curvature we obtain 


and further 


1 d 2 r 

1 1 d 

/ dr \ ' 


d / v (0 i 

[ dj> 

|=| 17 

(*r)l 

* 

dJ U v (O 1 1 

d 1 

v(0 

\ - d ‘ 

d 

1 v(<> \ 

dt ( 

1 v(i) | 

1 ~ IT 

' dl 

\ 1 v (0 1 1 ' 

Sinco ds=- 


di, 

we have 


dt 

l 

=>- 

( 


*"T 

dt (0 
dt 


1 1 ’ 


whence 


I v («) | "Z7 


1 d / v(<) \ 

" I v (0 I ■ dt \\ v («> 1 1 

l I dv (I) V<J) 

“| V (0I*'\ dt 

"rFV( r '“7T r 7''3r lr ‘i) 

= * 

ITT 1 




iT7? 


>l')- 


Since 


we have 


4|r'|^i(r', r')~2(r', r*), 


d»r (a) _ 
** ~ ' 


r'-r'- 


(r~. r-) 

I r' |» 


or in greater detail 

-X (*■-*■• Skf ) - + TrT* (»•-«■• - 


1 I z" ly') 8 — *Vv' 
: I r* |* \ <*')*+ 1/)* 


e i + 


TTi 1 


( 


y U')* -;/'*'** i 
(*')* ■+- (s/') a I 
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Hence, 


** - ((*')* + <V')*)“ •((»')* (x-y'-*V)* 


**)*)“' 


t«V —/»'>* 
((■*')* H-ty’W • 


and X = 



The theorem is proved. 


Let us return to the motion of the frame (v (s), n (s)) when the 
parameter s varies. It appears that the derivatives of the frame 
vectors satisfy simple relations, called the Frenet formulas. 
Theorem 2. If a smooth curve is referred to the natural parameter, the 

relations 


-k(s)n(s), 


-k(s)y(s), 


are satisfied. 

Proof. The first Frenet formula directly follows from the definition 
of curvature k (s). It remains to verify the second formula. Consider 
the vector function n (s). By definition, (n (s), n (s)) «= 1, and ac- 
cording to Lemma 2, 


(n(s), -^n(t))=°, i.e. 


dn (») 





where X is a smooth function of s. To find this function, we dif- 
ferentiate the identity (v, n) == 0 with respect to s to obtain 



n ) + ( v -17)= 0 - 


whence k (n, n) 4- (v, Xv) = 0, i.e. k = —X. The theorem is proved. 

The vectors v and n can be written as a column to give the fol- 
lowing form of the Frenet formulas: 


/t/v/tis\ / 
Vtfn/tfsj — V 



, where 


X 



is a skew-symmetric matrix. This relation has a clear geometric 
meaning. Let us consider a coordinate frame o> (s) = (v (s), n (s)) 
at a point s and move along the curve r (s) from s to point s + As 
(Fig. 4.1). After translating the frame to (s + As) to the point s we 
obtain two frames at s, to (s) and to (s + As), where the frame 
to (s + As) is obtained from to (s) by rotation through an infinites- 
imal angle Atp. Hence, we may assume to (s) and to (s + As) to be 
related by the orthogonal transformation to (s + As) = A (As) to (s), 
where A (As) — Expanding cos Atp and sin Atp 
in the small increment Atp and neglecting terms of the second order 
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in A<p, we get 


-4(*<P)=(J ?)+(_lp o 9 ) + -"’ 

/ 0 A(p\ 

i.e. w(s + As) = (o(»)+^_ A(p Q Joi(s)+..., 

( 0 d<r (t) \ 
=%& o r {s)i 

where (p(s) is the angle of rotation of io(s) relative to a fixed 
coordinate frame on tho plane (say, relative to o>(0)). At the same 




.r(s + .is ) 


n(s + as) 


v(* + M) 


Figure 4.1 


time, it follows from the Fronet formulas that « (t) = 

l 0 *(*)\ 

\ _ A: (*) o ) b> ^' Comparing these matrices, we see that 

k (s) = dcp (s)/ds. Thus, the curvature of a curve at a point s can be 
interpreted as the rate of the change in tho angle q> (s) at this point. 
In the case of a plane curve the function k (s) completely defines 
the curve, provided k 0 for all s. To be more exact, the following 
thcorom is valid. 

Theorem 3. Given a smooth junction k {«) not vanishing for all s 
such that a ^ s ^ 6. Then there exists a plane smooth curve r (s) unique- 
ly defined to within a translation and an orthogonal transformation 
and such that for this curve k (s) is the curvature and s is the natural 
parameter. 

Proof. Let us consider the system of differential equations 
( dy (s)/ds\ ( 0 k (s)\ ( v (s)\ 

U (s)lds) = l _ fc (,) 0 J U (s) J where k <*> is a * iven function - 

Since k (s) ^ 0, it follows from the existence and uniqueness theorem 
for differential equations that this system has a solution (unique for 
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fixed initial values) which can be continued smoothly to the entire 
interval a < s < b. Hence, we can consider the equation ^ = 
k (s) v (s). According to the arguments just mentioned, it has a unique 
solution (lor fixed initial values) which can be continued to 
the entire interval a < s < b. Since any two initial values on a 
plane are congruent relative to a translation and an orthogonal 
transformation, the unique solution is defined to within these trans- 
formations. The theorem is proved. 

Special emphasis should be given to the condition k (s) 0. Fig- 

ure 4.2 shows two curves on a plane, which are described by the 



Figure 4.2 Figure 4.3 


same smooth functions k ( s ) but cannot, apparently, be transformed 
into each other by a translation or an orthogonal transformation. 
Both curves are composed of circular arcs. Distinct behaviour of 
these curves becomes especially clear if we consider the vector func- 
tion of the normal n (s). The normal n, (s) to the curve r, (s) is 
always directed to the point 0, the centre of the circle. The curve 
r 4 (s) is smooth, the curve r, (s) is not, for the second derivative of the 
radius vector r, (s) suffers discontinuity at the point P. This is be- 
cause the curvature k (*) is non-zero and constant at all points of 
both curves. Yet, we can make two curves of the same curvature to 
be incongruent and smooth. The procedure is clear from the above 
example. Let us consider an arbitrary smooth curve whose curvature 
is a smooth function, vanishing at a point s = s 0 together with the 
derivatives of all orders. The existence of such a curve follows from 
Theorem 3 applied to a smooth function k (s) which has a zero of 
infinite order at one of the ends of the interval a ^ s ^ b. Conju- 
gating two such curves at their common end point, at which the 
curvatures vanish together with all the derivatives, we obtain two 
smooth incongruent curves with the same curvature functions 
(see Fig. 4.3). 
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4.1.2. THE THEORY OF SPATIAL CURVES. 

FRENET FORMULAS 

Let us now consider a smooth curve r (t) in a Euclidean 
space R" referred to Cartesian coordinates x l , . . ., x’\ i.e. r (f) = 
(x 1 (0, • • .i x" (t)). Just like in the planar case, with each point of 
r (s) we can uniquely associate a frame which is smoothly 
varying along the curve as the natural parameter s changes. Before 
constructing this frame, which we shall call “the Frenet frame", we 
shall prove, by analogy with the planar case, an auxiliary propositi- 
on about differentiation of a matrix-valued function. 

Consider a smooth curve in a linear matrix space, i.e. a one-param- 
eter family A (l), where t varies on the interval —a <. t < a, and 
A ( t ) is an n X n matrix whose coefficients are smooth functions of 
t. Suppose all the matrices A (<) (for all — a < t < a) are orthogonal 
and have del A (t) = ■+■ 1 and A (0) = E, where E is an identity 
matrix. 

Lemma 3. Lei X = A (t) |,., 0 denote the derivative of this one- 
parameter family of orthogonal matrices A (t) at t = 0, i.e. X is 
the matrix composed of the functions where A (1) = (a,, (t)). 

Then X is a skew-symmetric matrix. 

Proof. Each orthogonal matrix A ( l ) can be represented as a linear 
operator in an n-dimensional Euclidean space, the operator 
preserving the Euclidean scalar product. This means that for any 
two vectors x, y g R" the identity ( A ( t ) x, A (t) y) =■ (x, y) is 
valid. Since the left-hand side of the identity is a smooth function 
of f, we can calculate its derivative with respect to f at t = 0. We 
have (A (t) x. A (t) y) + (A (t) x, A (f) y)|,_ = 0. i.e. (ATx, y) + 
(x, Ay) = 0. Taking the basis vectors e, and e ; as x and y, respectiv- 
ely (e,, . . e„ is an orthogonal basis in R n ), we obtain ( Xe h ef) -f 
(ei, Xej) = 0, which means that X is skew-symmetric in (e„ . . ., c„). 
The lemma is proved. 

Remark. Since the set of orthogonal matrices is embedded as a 
subset in the linear space of all n x n matrices, A (t) can be consid- 
ered as a smooth curve in an n 9 -dimensional linear space. From this 
point of view the matrix X = A (/) |, =0 is naturally identified with 
an ordinary velocity vector of a smooth curve A (f) at t = 0. 

A matrix-valued function A (f) can be expanded at t = 0 in the 
powers of an infinitesimal increment. 

A/ :A(A 0 = £+^L-Af + .... 

The matrix X appears then as a “coefficient" of At. We now turn to 
constructing the Frenet frame. 
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Let r(s) be a smooth vector function which dofines a smooth 

trajectory v(s) in R". Suppose that for a<iss£& all vectors 4 ^ , 

08 

-$r ipr are linearly independent for each s. Then at every 

point ofr(s) there exists a coordinate frame (not orthonormal!) 
which is composed of the vectors , . . . , and smoothly 

varies from point to point. Since the derivatives of the radius 
vector are linearly independent, all are non-zero, l^k^n. 

Proposition 1 . Let i (s) be a smooth vector function in R" and 
let the kth derivative depend linearly on ~ , ^ 

at each point of the interval a^s^b. Let also ^ 0 for 
s^b and all ^ , ■ . . , be linearly independent for a^.seg.b. 
Then the curve r(s) lies entirely in the (k-\)-dlmenslonal plane 

spanned by the vectors ~ -5— ■ , and this plane does not 

change its position in R" as s varies from a to b. 

Proof. Tho hypothesis implies that there exist smooth functions 

*-! 

\,(s), — 1, such that at each point s-jjj— 2 */(«) — . 

1 * <_l d,i 

Since the vectors-^- are linearly independent, they 

can bo taken as a basis in the plane R"*' spanned by those vectors. 
In order to prove that the curve r (s) always lies in the samo k- 
dimensional plane, it is sufficient to demonstrate that the position 
of the plane R*-' (s) in R" remains unchanged as s varies. Since 
•37 1 the basis vectors in R»-'(s), it suffices to show 

that the derivative of the basis consists of the vectors whicli can 
be decomposed in the basis vectors. But this is obvious from the 
hypothesis, so the proposition is proved. 

Thus, if the vectors-^-, are linearly independent, the 

curve r (s) is notcontained in any (n— l)-dimensiona! plane R n -’ c 
R" whose position remains unchanged when s varies. We now 
construct at each point s an orthonormal basis whose vectors are 

denoted by t„ ....t,. 1 = t, and consider a two- 

dimensional plane spanned by t, and in which we choose a 
vector x s orthogonal to x,. Since, by assumption, ~ and are 



156 


4. Smooth Manifolds ( Examples ) 


linearly independent, t, has a nonzero projection on-^f. Wo shall 
choose the next vector t s in a three-dimensional space spanned by 


d 3 r 


i.e. by the vectors -0- , , 4r. and take Tor 


dt 


the vector orthogonal to the plane spanned by t, and t, (i.e. by 
44- and . Continuing the procedure, we obtain the ortlionor- 

a#* at / 

mal frame t |f Apparently, when 5 changes, the vectors 

of the frame x (s) also vary smoothly from point to point. As in the 
planar case, it can be shown that the derivatives of the frame vectors 
(Ti (s), . . ., %„ (s)) satisfy simple relations similar to the Frenet 
formulas for a plane curve. 

Theorem 4. Let a smooth curve t (s) in R" be referred to the natural 
parameter s and let the vectors be linearly independent 

at each point a < s ^ b. Then there exist functions k t (s), . . ., k„ (s) 
such that the following relations ( Frenet formulas) are satisfied: 

~ZT = M*» 


%' 


■k,x, — k, t„ 


d*n-l 

dr n 


: k n x n k„_ ( T n -i' 

-Mw 


i.e. 


dr. 


= 0 . 


SP ■* */+ »■**+* —Mi- 1 , where k t = A„ +1 . 

Proof. Since the vector tj is contained in the linear 

closure of 4-. . ils derivative 4r- , Is contained in the linear 

at . as 

closure of the vectors 

dr d'r d l * l r 

d, ' e ,\ ' *i.» ■ 

i.e. there exist functions a,,,(s), .... a, l(M (s) such that 

<+! 

-£ = 2 «.iM *><«)■ 

i - 1 

Hence, the nxn matrix X, which represents the vectors 

in terms of the coordinate frame 

<(*)=(*. *n). 
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ia of the form 


X = 


“l! “.1 

a » a .. 

a 31 

* 

“.3 

«3> 

a U 



a n-l, n -1 

0 


a n-l. n -1 a n. n -1 



a n-l. n a nn 


The matrix X is known to have some additional properties. Indeed, 
as in the two-dimensional case, the translation of the frame x (s) 
along the curve y (s) can be interpreted in terms of a family of orthog- 
onal matrices such that x (s) = A (s) -x (0). This one-parameter 
family uniquely defines the evolution of t (s) when s varies. Then, 
apparently, X will coincide with the derivative ^jil at s _ q. 
According to Lemma 3, the matrix X is skew-symmetric, i.o. 


0 — a„ 

0 — a„ 0 

a,, 0 — <*jt 


0 


°n-l, n-1 0 n 

0 


Taking the functions a tl l+1 (s) as k l( ,), we complete the proof of the 
theorem. 

We now turn to three dimensions, n = 3. Here the Frenot formu- 
las become 

~dT = fc * T »’ ^ “ k 3 X i~ 

The vector t, is a unit velocity vector of the curve r (s) and is usual- 
ly denoted by v (s). The vector x a (s) coincides with the derivative of 
v with respect to s, since v and | v (a) | = 1 = const. Here 
we have used the fact that s is the natural parameter. The vector x 3 
is orthogonal both to v and n = i.e. we may assume that it 

coincides with the vector product of v and n. The vector n is called 
a normal vector to the curve r (s) and the vector b = Iv, n] a binormal 
vector to r (s). (Here [v, n] stands for the vector product of v and n.) 
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In this notation the Frenet formulas take the form 


dv 

ds 


= Am, 


— 

ns 


xb — ftv, 


db 

ds 


— xn, 


wherB k (s) = Ac, (s) is called the curvature of a curve and 
x (s) = Ac, (s) is the torsion of a curve. (The vector n (s) is sometimes 
called a principal normal to r (s), rather than simply a normal.) 

For the sake of convenience we shall always assume that 

t, coincides with -^ 7 1 ; then *(*) coincides with the magni- 
tude of and is therefore a positive number (the correspond- 

ing derivatives of the radius vector are supposed to be non-zero). 
In the case of a plane curve the binormal vector is constant, i.e. it 
does not alter as a point moves along the curve; in particular, the 
torsion of the curve is zero. Hence, zero torsion may be considered 
as a characteristic of a plane curve in R“. We now discuss in greater 
detail the properties of a spatial curve with non-zero torsion. Consid- 
er a translation of the coordinate frame (v, n, b) along a curve and 
project b (s), n (s), and v (s) onto the plalie spanned by b (s 0 ) and 
n (s„), where s 0 is a fixed value of the parameter s and the value of s 
is assumed to be infinitely close to s„. In this case the velocity vector 
is projected as an infinitesimal vector, and we may assume, in the 
first approximation, that this vector vanishes. Then we have a mo- 
tion of the vectors b (s), n (s) projected onto the plane spanned by 
b (s„) and n (s 0 ). It follows from the Frenet formulas that this motion 

is described by the relations = xb, ^ = — xn, i.e. the motion 

as as 

is determined by the skew-symmetric matrix , which governs 

an infinitesimal rotation of the coordinate frame b, n. Hence, the 
vectors b, n are rotated about the velocity vector of a curve, the 
speed of this rotation being uniquely determined by the torsion of 
the curve (incidentally, this is the reason for the term “torsion"). 
And if a curve was initially plane, it becomes “twisted in space”. 
Thus, a spatial curve can (locally) be obtained from a plane curve 
if we move along the latter at a constant velocity and “twist" it at 
every moment by the torsion x (Fig. 4.4). 

Remark. As in the case of a plane curve, there exist invariants— 
curvature and torsion — which uniquely (to within the isometry of a 
three-dimensional space) define a smooth curve. Since we shall not 
use this assertion (which can be proved exactly in the same way as 
Theorem 3), the proof for the three-dimensional case is omitted. 

Let us consider a smooth curve in R" and let the velocity vector 
of this curve be non-zero at each point. 
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Proposition 2. A smooth curve with non-zero velocity vector is a 
smooth one-dimensional manifold smoothly embedded in R". 

Proof. That the curve is a smooth manifold is a straightforward 
consequence of the definition of a smooth manifold. Thus, it remains 
to verify that the curve is a smooth submanifold in R". To this end 



Figure 4.4 


we have to consider the differential of embedding i, i.e. the linear 
mapping di. Since this mapping is completely defined by the ve- 
locity vector, the Jacobi matrix has a maximal rank at eacli point 
of the curve, so that the curve is a submanifold. 

Remark. The plane curve shown in Fig. 4.5 is a smooth manifold, 
but it is not a smooth submanifold in a plane. Obviously, this curve 



Figure 4.5 


can be defined by a radius vector with smooth components x ( l ) 
and y (t), but at the vertices of the triangle the velocity vector must 
vanish in order that the curve may sharply change its direction. 

Apparently, any one-dimensional smooth, closed (without bound- 
ary) manifold is diffeomorphic either to a straight line (non- 
compact manifold) or to a circle (compact manifold). Thus, the 


160 


4. Smooth M anlfoldi ( Examples ) 


class of one-dimensional manifolds consists only of two manifolds 
considered to within a diffeomorphism. They are not diffeomorphic, 
for a straight line is non-compact while a circle is compact. 


Problems 

1. Prove that if the curvature of a plane curve is identi- 
cally zero, this curve is a straight line. 

2. Prove that a plane curve in a three-dimensional space is char- 
acterized by the condition x s 0. 

3. Prove that a straight line in a three-dimensional space is charac- 
terized by the conditions: ksO, xbO. 

4. Describe the class of those curves for which k = const and 

x = const. . 

5. Prove that the trajectory of the motion of a particle in a central 
hold is a plane curve. 

4.2. SURFACES. FIRST 

AND SECOND FUNDAMENTAL FORMS 

4.2.1. THE FIRST FUNDAMENTAL FORM 

Let us consider a Euclidean space R" and let V'"" 1 be a 
smooth manifold of dimension n - 1 (or of codimonsion one) embed- 
ded in R". In this section wo shall mainly concentrate on the local 
properties of this hypersurface, leaving aside its global structure. 
We may assume therefore that we deal with a smooth embedding of 
a disk D"~ l in R\ We have already discussed different ways of 
defining a manifold, including a hypersurface. For the sake of con- 
venience, we shall use the parametric definition of V"’ , 1 that is, 
we shall assume V"-> (or embedded disk D"~ l ) to be defined by a 
smooth radius vector r = r (u l u’-*) c R n where the pa- 

rameters (coordinates) u 1 , . . ., u’ 1 "* run some disk in a Euclidean 
parameter space R’ ,_l (a 1 , . . ., it"’ 1 ). Since the radius vector^is 

assumed to define a smooth submanifold, the vectors .... gjnri 
are linearly independent at each point of the domain of their defini- 
tion. Recall that these vectors are tangent to the corresponding coor- 
dinate lines through a point P on F"-‘. As was shown above, a 
smooth embedding of V n -* in R" induces on V"' 1 a Riemannian 
metric. We now remind the construction. let . . .,,x" be Carte- 
sian coordinates in R’\ then the radius vector r is given by the 
set of smooth functions x*[u l , . . ., u”- 1 ), 1 ^ i ^ n. Let ds — 

TJ (dx')‘ be the Euclidean metric in R"; then we have the follow- 
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ing form: 

^ *"-'»*= s 

<-i i-i *-i 

= 2 2 £ ■ W = 2 Bo , («) du k du>, 

i-l k. p=t k. P =i 

- i^r) • 

where < , ) stands for the scalar product in R". 

Definition, 77ie /irs/ fundamental form of a hypersurface F"-i in 

R" is the form ds*^^ 2 Bkpdu K du", where the functions 

k, y 

Khp( u '< ■■■,u n -‘) have been defined above. 

These functions depend on the radius vector of the hypersurface 
and vary, in general, on the change of the radius vector, i.e. 
upon the deformation of the hvpersurface. The first fundamental 
form is defined on the vectors tangent to V"-'; to be more exact, 
if a, beTpV"- 1 are two arbitrary tangent vectors, there is defined 

the scalar product <a, b ) i|1(vM )-ftA= 2 g k ,af‘V. Note that 

k, P™ 1 

to simplify the notation we omit the symbol 2 if summation is 
performed over the same upper and lower indices. It follows from 
the geometric meaning of g hp that the scalar product (a, b>„,, (v n- 1 , 
coincides with the ordinary scalar product of the vectors a and b 
considered as vectors of the ambient space R n . The metric tensor 
matrix @ composed of the functions g Kp (it*. . . ., a”- 1 ) is 0 f the 
form 

Bit Bit ••• ff|, n-i 


Bn-I.i Bn- 1 , j ••• ffn-l.n-l 

It should be noted that the Riemannian metric has appeared earlier 
as a convenient tool for calculating the length of a smooth curve on 
a surface. From this point of view, the length of an arc y ( t ) in F"-‘ 

is given by 1$ (y (f)) = y) dt. In terms of g„ p (u) this 

expression takes the form 

a k. p=l 
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This formula is more preferable in that it contains the functions 
g*,, (“) which are independent of the choice of a curve on V"~ l , 
and only depend on the surface F"" 1 and its parametrization. Fur- 
thermore, these functions do not vary under isometries of a surface; 
for example, when a plane is bent into a cylinder. 

We now study how the first fundamental form is expressed for 
various definitions of a hypersurface. Let F"" 1 be given as a graph x" = 
/ (x 1 , . . ., z’“ l ). We have 

n-l 

„_,=2 +(<**"<*' *”-'))* 

v 1-1 

«sW+ 2 -&&**** 

ial A. p-l 

=^2 ( { 6 » p + -& -&)- dx ‘‘ dz ’ 1 

-{Tap’ 1 ' **■*) dx * dxV - 

(The derivative will sometimes be denoted /-•> Let now 

F n_1 bo given as an implicit function, i.e. in the form 

F [x' x’‘)*j=0, where -^rr^O. Then, it follows from the 

implicit function theorem that the equation F(x', ...,x n )=0 has 

(locally) the solution x” = /(x> x n * 3 ). with d//dx* = 

— (dFldx i )l(dFldx n ). Substituting (dF/dx*)HdFldx”) for / x «, wo 
obtain ®=(g 6p ), where 

■■£?)! [4? i-) J ] + 6 ‘r- 

Let us consider a particular case; embedding of a two-dimensional 
surface in three-dimensional Euclidean space. Let F 3 be given para- 
metrically: r = r (u, y). Then the first fundamental form is usually 
written as ds 2 (F 2 ) = Edu 1 + 2 Fdudv 4- Gdv *, where E = <_r u , r„), 
F = <r„, r v ), and G = (r„, t v ) are the coefficients of the form in 
terms of the components of the radius vector r: 

E = xl + y?, + zi, F = x u x„ + y u y, -f z u z v , G = xl + yl + r\- 
The metric ds 2 (F 2 ) is called conformal-Euclidean if E = G and 
F = 0. 

Here is an example of the first fundamental form for a surface of 
rotation embedded in R 3 . Let the cylindrical coordinates (r, (p, z) 
be valid in R 3 and let a two-dimensional surface be defined para- 
metrically, (<p = u, z = v, r = r (y)). Calculation yields 
ds 3 (F 2 ) = dv 2 + r 3 (y) du 3 + (dr (y)) 2 = (1 -f (r;) 3 ) dy« + r 2 duK 
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Here F (u, t) = 0, E ( u , i») = r* (v), G (u, u)' = 1 + (/-'„)*. That 
f = 0 means that the coordinate lines u = o, = const and u = 
Uo = const are orthogonal at each point (Fig. 4.6). 


I 



Figure < 6 


Lemma 1. Let V"~‘ tr R" be a smooth submanifold and let ® be the 
first fundamental form. Then <3 is non-singular. 

Proof. By the definition of the radius vector r = r (u 1 u"" 1 ), 

all vectors r u », 1 < fe ^ n — 1, are linearly independent at the 
points P belonging to V"* 1 . Since the matrix ® is composed of the 
scalar products of r„» and r uP , i.e. ® = (<r u *, r uP >), ® is non-sin- 
gular. The lemma is proved. 

This fact is easily seen from geometric considerations. Indeed, if 
the symmetric matrix ® were singular, it would have at least one 
7.ero eigenvalue, and then the initial Euclidean metric would also 
have a zero eigenvalue, which contradicts the definition of this 
metric. 


4.2.2. THE SECOND FUNDAMENTAL FORM 

Let K"’ 1 be a hypersurface in R” given by the radius 
vector r = r (u\ . . ., n" _1 ) and let n = n (P) be a unit vector or- 
thogonal to V" -1 at a point P. We introduce the fundamental form 
Q (a, a) by defining its values for an arbitrary vector a 6 Ip 
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To this end, we consider an arbitrary smooth curve y (t) on F n_l 
through the point P such that y (0) = P, y (0) = a. Such a curve 
always exists, though it is not defined uniquely (Fig. 4.7). Since the 
radius vector r is a function of t along the curve y (<)• then a = 

■ji r (u (0) |t— o- We consider a vector function r = ^ r (u (1)) and its 
derivative with respect to t, i.e. r = r (u (i)). Let r, stand for 



the value of r at t = 0. This is the second derivative of the radius 
vector r along the direction of the vector a. 

Definition. Put Q (a, a) = (r«, n>. 

The number thus defined is the projection of r, onto the normal 
vector n at point P (see Fig. 4.8). Calculate Q (a, a) explicitly in 
terms of the coordinates of r. We have 


* 

dt r u* 


du* (0 
dl 


<n r 

dfl 


"-'-'Hr 


du» duP 


dt 


+ ' u k 


d’u » 
dl 1 


{■W 1 <•“ W>. n ) = ( V.P 

"> = °- 

>>6 TV O'-'). nj.r P (V"-'), 

n ) “ < r u*M- |r» 0 - n > ^3T Uo -IT l.-a “ 9 (a • a) ' 


It should be recalled that the vector a has the coordinates 
( *y ■ . ... - d - ” d ‘ (l> ) . that is, we finally obtain 

Q (a, a)=<n, ata*. 


I • • 
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This form uniquely defines a bilinear form #(a. b) whose value on 
a pair of arbitrary vectors a, b£ T p V n ~' is Q( a, b) = g M)l (P) a k b p 
where 


<7** (*> = <'„*,,» J,_ 0 . n>. 

Lemma 2. The expression Q (a, b) = gi tp a''b p , where a, b £ T P V"-', 
defines a bilinear form. 

Proof. We have 


9*'p' f r u *' u r' |(=o' n ^~ 


du* 


du* 


iuV / d't ( 0 ) 
Bu p ' \ du* iuP * 



OuP 

BuP’ ^ kp ' 


i.e. the functions y* p are transformed under coordinate transformation 
as the coefficients of a bilinear form, which is what was required. 

Definition. The bilinear form Q (a, b) is called the second fundamen- 
tal form of the surface V*“ l c R". 

Obviously, the form# depends on the way V is embedded in R", 
that is, Q will, in general, vary under smooth deformation of F"-'. 



Figure 4.9 

This form is not invariant under isometries of K n ~‘ in R". For in- 
stance, on folding of V -1 , i.e. under such a smooth deformation of 
R" that the first fundamental form does not vary, the form Q will, 
in general, change. Let V s be a two-dimensional plane in R s , then 
the radius vector r (u, i>) can be considered as a linear function of u 
and v. Hence, the first fundamental form is the Euclidean metric on 
a plane du 5 + di? (Fig. 4.9). We now consider an isometric transfor- 
mation of V s , folding of a plane R a into a cylinder with the axis 
parallel to the x-axis (Fig. 4.10). Apparently, the second fundamen- 
tal form of a cylinder is not zero, since the number (r 0K , n) is not 
zero. At the same time, the second fundamental form of a plane R a 
is identically zero, hence folding just mentioned (i.e. isometry) 
results in the change of this form. 

Let us consider a fixed submanifold V"" 1 c R" and let P £ V" -1 . 
A pair of forms, @ and Q (the first and second fundamental forms), 
is defined at each point P. This pair is characterized by a set of 
numerical invariants which permit the study of V" _l irrespective of 
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the coordinate system. Denote the matrices of the corresponding 
forms by ® and Q and consider the polynomial in X. det(# — Xffl). 
Since ® is non-singular (see Lemma 1), there exists a matrix @”' 
inverse to @, so that the equation det — X£) =0 is equiv- 
alent to det (Q — Xffl) = 0. Let X X„_, stand for the eigen- 

values of the matrix @-'0 i.e. for the roots of the equation 



Figure 4.10 Figure 4. It 


dot — >.®) ^ 0. Wo shall prove in the sequel that they are all 

II" 1 

real. Write the characteristic polynomial F (X) as V o*X", where 

o* are symmetric functions of X,, . . X„_j. 

Lemma 3. The functions o* (X„ . . X„_i) are invariants of the 

forms ® and Q, i.e. they are preserved under an arbitrary regular coor- 
dinate transformation in a neighbourhood of point P € 

Proof. The regular coordinate transformation x — x in the neigh- 
bourhood of point P in the tangent space T p'V n ~' induces a linear 
regular transformation through the Jacobi matrix: J: T p — T p. so 
that the matrices © and Q are mapped as follows: @ -► J T <9J — 
&' and Q -*■ J T QJ -*Q‘. Hence, 

del ((©')-'<?' - X£) => det |J~’- - X£) J | = det <«-'(?- >.E), 

which is what was required. 

Special attention will he given to the invariants 


(1) o,- S' X* -spur (8-0, 


(2) o„_, ~ n, K = del (@'’0. 


The remaining o k . 2 ^ k sj n — 2. describe more subtle properties 
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of V*" 1 , which are now beyond onr scope. Since 0 for Q 0, 

hi least one of a* is non-zero. The invariants a, and o„ are “ex- 
Ireme" invariants (Fig. 4.11). 

Definition. The function H (P) = o, (P) — o, (X, X„_,) i* 

called the mean curvature of a surface l'"' 1 c: R" at a point P £ V" 1 - 1 . 

The function K (P) = o„_, {P) — a„_, (X, X„.,) is called the 

Gaussian curvature of a surface l’""' c: R" at a point P. 

If n =» 3 and V- a. R 3 . then H (P) ~ X, -r X-; K ( P ) ~ X,. 

Theorem 1. All eigenvalues X,. . . .. X,,., of the pair of forms 
Q are real. If all X,. . . ., X„_, are pairwise distinct, all eigenvectors 

e, e„_, of the matrix &~‘Q are mutually orthogonal relative to 

hoik the ambient Euclidean metric in R" and the Hiemannian 
metric induced on V'"" 1 by the embedding -*■ R". 

Proof. According to the well-known algebraic theorem. Ihe eigen- 
values of a symmetric matrix are real and all its eigenvectors are 
mutually orthogonal for distinct eigenvalues. This theorem cannot 
he applied directly to our case, for the matrix ®-'Q is not . in gener- 
al. symmetric. It would be symmetric if ffl and Q were commutative. 
.Since the form <3 (P) is symmetric at each P, there exists, in a 
certain neighbourhood of P, a regular coordinate transformation 
x -+ x' such that &(P ) can be diagonalized at a single point P. 
That is why a linear coordinate transformation appears to be suffi- 
cient. After ® is diagonalized, itcan be reduced to an identity matrix 
through the extension along the principal axes of the form. Let A 
be a linear operator A: TpV"- 1 which turns ® into an identity ma- 
trix. then ® >= A T EA = A T A, where the matrix E defines an or- 
thogonal basis <p, <p„.i in TpV n ~‘. Thus, we obtain det ( Q — 

X®) = det \A T <(j 4 r )“'<? (a4 -*) — X£) A]. Consider the form Q- 
B T QB, where II => A"'. The initial equation det ( Q — X®) = 0 is 

written in the basis <p, <p„., as det (@ — X£) — 0, since 

det A rjb 0. We also have Q T = Q. since Q T — Q. Hence, the form 
Q and matrix @~'Q have the same eigenvalues and eigenvectors. 

Since Q is symmetric, all its eigenvalues (i.e. X, A*-,) are real, 

and if they are pairwise distinct all eigenvectors of Q are mutually 
orthogonal. This follows from the familiar algebraic theorem (the 
orthogonal basis e„ . . ., e„_, need not necessarily coincide with 
<p, <p„-,). Theorem 1 is proved. 

The proof implies that if all the eigenvalues are distinct, the 
orthogonal basis e,, . . ., e„_, in the plane T P V"~ l is defined unique- 
ly. If some of X, X„_i coincide, the relation will hold: 

e, J_ “t for Xj =^= X;. If some eigenvalue is of multiplicity k, there 
exists a fc-dimensional invariant subspace such that its vectors are 
multiplied by the same number X; in this subspace we can also choose 
(not uniquely!) a ^-dimensional orthogonal basis. 


i. 
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Definition. The vectors e,. . . e„_, (defined uniquely if X, & 

X) for i =7^ /) are called principal directions (or principal axes) of a 
liypersurface V"' 1 at a point P. 

Thus, with each point of the liypersurface V" _I we have associated 
a unique (if X t ^ X) for / j) orthogonal basis e t , . . ..e n _, smooth- 
ly dependent on P. The vectors {e t } are orthogonal both in the 



Figure 4.12 


ambient Euclidean metric and in the induced metric on V"~ <= R . 

Since ® becomes an identity matrix in the orthogonal basis 
e„ ...,e n _„ the numbers X,. ...,X„., coincide with the eigen- 
values of the form @ written in e,. ...,e n .,. 

Let us consider a particular case. Let V" -1 c: R" bo given as the 
graph x" = /(**, ...,x n -') and let at a point P^V"-' the piano 
TpV"' 1 coincide with the plane of the variables x‘, ...,x n ~ l 
(Fig. 4.12). Then the normal n(P) to V"-’ at the point P has the 
coordinates (0, ...,0, 1) and the radius vector r describing V" 1 
is of the form r = r(x‘, . . . , x"' 1 ) = (x l , ....i"' 1 ; /(*'. 

Since the hyperplanc (x 1 , .... t n ~ l ) r= T P V"“ l is tangent to V" 1 
at P, the relation d//dx‘| p = 0, l<f<n— 1. is satisfied, whence 
®(P) = £, since gu = f x if x )+$u- Consider the matrix <? = (q u ), 
where 


Qll = ( T x i x i> "> = 


a ; /(P) 

dx* dx> 


Thus. Q ~ (/ji,> (P)) coincides with the Hessian of / at the point P. 
The mean curvature H (P) is 

n - I 

H (P) = spur (@*'9) =- spur Q = V L k **! 

»•=! 

and the Gaussian curvature is 

A • (P) = del («-'<?) = del Q =■■ del (/, V (P)). 
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For a two-dimensional surface (n — 3) we obtain 
*=/(*. If). 




where A = -^ 5 - + -— r is the Laplacian on the plane R 1 ; 


da* 

K(P) 


.del 


( l*x f*u\ 

\lxy fin,) 


' fxxtyu fxij. 


4.2.3. AN ELEMENTARY THEORY 
OF SMOOTH CORVES ON A HYPERSURFACE 

Let us consider an arbitrary point P £ F"*' and let 
n (P) be a normal to the liypersnrface V" 1 - 1 in R”. Consider also an 
arbitrary two-dimensional plane R" through the point P which inter- 
sects F”- 1 along a smooth curve y (t) = R 8 f) F”*' (as previously, 
we are only interested in a small neighbourhood of P). 

Definition. The smooth curve y ( t ) = R 3 f| F n_1 is called a plane 
section of a hypersurjace F"~‘ <z R". 

Infinitely many plane sections pass through the point P. At the 
same time, not every smooth curve y <=. F" _1 is a plane section of 
F"-'. For the curve y <= F"-‘ not to be a plane section it is suf- 
ficient that v have a non-zero torsion. Let y be a plane section of 
F"' 1 (the plane R 3 containing y is fixed) and let the point 0, the 
origin of the radius vector r = r (u 1 , . . ., u""‘) describing F"' 1 , 
belong to R*. Let m (P) be a normal vector to the plane curve y = 
R 3 fl V’"' 1 contained in R 8 (Fig. 4.13). Since we consider an arbit- 
rary section, the normals n and m may not In general coincide. 

Introduce on y = R 3 f) F" _l the natural parameter s: y = y ( s ) 
(.t is the arc length). Then the curve y (s) in R 3 is given by the radius 
vector r = r (s), where r (s) = r (u 1 (s), . . ., it"- 1 (s)). According to 

the Frenet formulas for plane curves, we have k (.?) = | |, 

where k (s) is the curvature of y (s) at the point P. Recall also that 
-jjr = ”> fc (■?). where m = m (P). P £ y (s). On the other hand, 
lf a ~ r (?) is the velocity vector of the curve y (s) at P. we have 
(by the definition of the second fundamental form Q) 

(>(a, a) = • »^> — (fan, n> =.fc( m, n>~ fccos0, 

where 0 is the angle between in and n at the point P (see Fig. 4.13). 
On the other hand, 
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where / is an arbitrary smooth parameter along the curve y = 
R*nV"-«. Here = a is an arbitrary tangent vector to the curve y 
at the point P. If a™ (a', ....a’ 1 - 1 ), tlien 

fccos9 = g(n - a) 

CO a '“' 

Since the curve y. which is a plane section, can be drawn along any 
tangent vector a £ T P V H -', the following theorem is proved. 



Theorem 2. For any tangent rector a £ TpV"~ l and any plane section 
y (such that y = a) the ratio ol the second to the first fundamental form 
is k- cos 0, i.e. 


Q (a. a', _ <hia'a.i 
® (“• “» ~ ft, a'a> 


A-cosO. 


The curvature k is called the currature of a plane section. 

Among plane sections, of special interest is the class of normal 
sections. 

Definition. The plane section y = R- f| V H ~ l at a point P is called 
normal if n (P) £ R s , i.e. 0=0, n. 

Thus, every normal section y at a point P £ l 7 " -1 is uniquely de- 
fined by the tangent vector a £ TpV"-', i.e. the two-dimensional 
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plane R 4 defining this section is spanned by two vectors, the normal 
n (P) and the vector a g TpV 71 ' 1 . Rotating R ! about n (P), we obtain 
all normal sections of the hypersurface V"*’ 1 at the point P. 

For the normal section y = R 5 f) V*" 1 the formula of Theorem 2 
takes the form 

k _. <?(«•*> _ »j a<a> 

© (o, a) > 0 t a j * 

because 6=0. Since the curvature of a plane section (along the 
vector a ) making the angle 6 with the normal n (P) depends on 6. 
this function should be written as k (9. a). From the statement proved 
above we have k (6. a) cos 9 = k (0. a) where k (0, a) is the 
curvature of the normal section (along a). 

Thus, if the curvature of a normal section k (0, a) is known, the 
curvature of any plane section (along a) making an angle 6 with n 
ran he found from the relation k (0, a) = k (0, a). 

Let us recall that in the tangent plane TpV"' x there always exist 
principal directions ei (P) e„_, (P) uniquely defined if Xj 

for i /. Consider these "principal axes" and construct for each 
axis the corresponding normal plane section y, = RJ |"| k m ' 1 , where 
the plane R? is spanned by n (P) and ei (P). All the principal di- 
rections e, (/») are mutually orthogonal in the Euclidean metric oil 
T P V*-'. Let k, (P) be the curvature of a normal section y, (such a 
section is sometimes called a principal normal section). 

Theorem 3. The eigenvalues X,, ...,X W coincide in modulus 
uiilh the curvatures k, X„_, of principal normal sections. 

qi ja { ai 

Proof. From Theorem 2 we have ft. cos 0 = — -- ■ . Since for a 

tip**’ 
qi «a'a ; 

normal section 0 = 0, n we have ± — , where a is tho 

vector defining the normal section. Fix in Tpy" -1 an orthogonal 
basis e,, . then g (J = 6;/, ?i; = 6,yX;, and hence 

„-i 

X, («')’ 


"s («*)* ’ 

1-1 

If a £T P V n ~' coincides with one of the e (1 then ±A, = X ( , which 
is what was required . 

Let us consider in TpV"' 1 an arbitrary vector a and norma) 
section along a. Let q>, (l^i^n — 1) denote the angles between a 
and the principal directions e,, , e„_, (Fig. 4.14). 
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Proposition I. For the normal section along an arbitrary vector 
a£T p V"~' the following relation ( the Euler formula) is valid: 

n- 1 

fc-=/c(a)= 2 X, cos 2 a,. 

Proof. By Theorem 3 we have 

2 f 0 *)* »- 1 n-l 

= = 2 *./ /n U \ V = S Mos’-P,. 

2 («•>’ *-* y j/ 2 («•)• J *- 

whore 



and |a| stands for the length of a (it is obvious that 
COS (p, = ) . 

The Euler formula permits an analysis of the so-called "eMre- 
rual" properties of the principal curvatures?.,, ..., X„_,. Consider 
the curvature of the normal section k (a) as a function of a £ Tpl'"" 1 . 
Since X(a) = (p,a), where p=#=Oisareal number, thecurvature k(a) 
depends only on the direction cosines costp,, . . . , cos <p„_,, where 

n- I 

the angles «p„ ...,<p„., were introduced above and 2 cos 2 (p, = I.. 

Since {costp,, — 1} may be considered as the coordinates 

of the unit vector a/Ja|, by putting z‘ = cos(p,, 1, we 
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may assume that k(a) — k(x x , . ..,x n ~') = 2 (*‘) 2 is ® smooth 

i—i 

function on the sphere S"~ 2 given in T p V n ~ l by the equation 
(x') 2 + ... + (x"-') 2 = 1. From the relation A (a) = k( — o) 
we observe that the curvature A: (a) is a smooth function 
on the projective space RP n ~ 2 = 5 n_2 /Z, (RP”' 2 is a smooth 
manifold). Thus, k(a) is a (unction of (n— 2) variables 

n-l 

lx* 2 ( r< ) 2= l)- Since S"~ 2 and RP n_J are smooth 

' i-i ' 

manifolds, we can introduce local coordinates p l , ...,y"~ 2 
in a neighbourhood of each point x£S"' 2 (for instance, 

if x n_ *>0, we may assume x 1 x n " 2 to be coordinates on 

S"~ 2 ). Let us call x 0 £S"" 2 a critical point for the function 
fix) given on S "~ 2 , if -^-1 ^0, l^i^n — 2. Tho equality 

dy' !*• 

■ill-rr = — implies that if a point x 0 is critical in one coor- 

U\f l Oi /' dy x 

dinate system, say y', ...,y n ~ 2 , it will also be critical in any 
other coordinate system. Thus, the definition of the critical point 
is invariant. 

Question: What are critical points of the smooth function 

n-l 

k (a) = 2 (**)* on the sphere S n_! c TpV n ~'1 Furthermore, what 

i— i 

values does the curvature k (a) take at these critical points (i.e. 
along thedireclionsof aof corresponding to the critical pointson $"•*)? 

Theorem 4. The critical points of the curvature function k (a) on 
the sphere S’* -2 <= T P V"-',are exactly the points±e,, 1 < i < n — 1 
(i.e. the ends of the vectors ±e ( ) when X, =£ k) for l j. At these 
points k (a) has the values X|, 1 ^ i ^ n — 1. In this sense, the prin- 
cipal curvatures are the extremal values of the curvature function k (a). 
If some of the eigenvalues {X,} coincide, the theorem will read: the criti- 
cal points of the function k (a) are exactly the ends of all eigenvectors 
of the form Q. 

Proof. Let us consider an arbitrary bilinear symmetric form 
B (x, y) defined on the vectors x, ygR" -1 (this can be, for 
example, the second fundamental form Q (x, y) =q ll x , y‘). Construct 
the function / (x) = B , x£S n ' 2 , and find all its critical 
points. Obviously, /(x) = fl(x, x) if 1x1 = 1. That x„£S n_2 is a 
critical point for / (x) means that 23 0 for any vector b tan- 
gent to S”~ 2 at x 0 . where denotes the derivative of f (x) 
with respect to b, i.e . 'T >} -b', where y l are 
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local coordinates in some neighbourhood of x 0 . Using an equiva- 
lent definition of this derivative, we have I - I 

' db lx. dt |teo 

where y (f) is an arbitrary curve entirely lying on the sphere 
S n ~ 2 . and v (0) — ^o- [, 0 “h (see Fig. 4.15). It follows that 

d ' rff ~ |,-o = '77 B (T(0. Y(0)|,_ 0 . Since the scalar product (,> 



is fixed in R n_1 ^ S n_l , we can associate bijectively with the form 
fi (x, y) a symmetric operator B: R"' 1 R nM such that B (x, y) = 
<x, By), i.e. /(x) = fi(x, x) = <x, fix), where x£fi n "' is the end 
of the vector x pointing from 0 to x£S n ~ J . Hence, 

^L.-4*<v(0. t(0)|,. 0 =4<yW. b y «)> 

= (4-V(0. fiY(0>^<Y(0. B±y(t)) 

= (-JT Y (0. By (0) + (By (0. 4 y «> 

= 2 (4 (Y(0. By (<)) . 

Since ■^'Y(0|, =0 = b. we have -jg- / (*) | x = 2 <b, fix„> ■= 0, i.e. 
<.,. fix 0 ) = 0. and hence for any b £ T xt S n '- the vector Bx 0 is or- 
thogonal to r„S"-"- (Fig. 4.15). Thus, flx 0 is collinear to x$, i.e. 
X(x 0 )-x 0 — Bx„, where X (x„) 0 is a (real) eigenvalue. Hence, the 

critical points of / (x) = B (x, x) on S "~ * are only those points 
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which are the ends of the unit eigenvectors of the form B. Since an 
orthogonal basis can be chosen from the eigenvectors of B. X (r„) coin- 
cides with the eigenvalue for x 0 . The theorem is proved. 

Let n = 3 and V 3 be embedded in R 1 . Then the Euler formula 
becomes k (ct) => X, cos 5 cp, 4 - X. cos 2 ip,, where cos 3 (p, + cos 3 <p 5 = 
1; suppose X, ^ X 2 , then k (a) = (X, — X 2 ) cos 3 <p, + X,. Apparently. 
k (a) has a minimum for cos 3 <p, = 0: k (a) = X s , and a maximum 
for cos 2 <p, = 1: k (a) -= X,. If X, -= X 2 , then k (a) ;= X (~ X, = X.) 
(see Fig. 4.16). 





Geometric interpretation of the principal curvatures leads to an 
elegant geometric pattern, the so-called quadric of normal curva- 
tures: X, cos 3 <p, + . . . f X„_,cos 2 <p„_i = const. The directions cor- 
responding to the extremal (critical) values of the curvature coincide 
with the principal axes of this surface. If all principal curvatures 
Xj, . . X n _j are non-negative, the quadric is an ellipsoid with the 
principal semiaxes l/j/Xi, l^f^n — 1, i.e. the ith principal 
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semiaxis is equal to where r t is the corresponding curvature 
radius of the rth normal section -y, >= R 5 fl l'' 1 " 1 . 

Let us analyse the case of a two-dimensional surface V* e: R 3 . ft 
appears that the Gaussian curvature K (P) determines some impor- 
tant local characteristics of a two-dimensional surface. We recall 
that K (P) = X,*X 2 , and three cases are thus possible: 


(a) K> 0, (b) K <0, (c) K = 0, whence 
, . f >-.>0 
(8) ( X 


,>0 

(c) ( 


I *■.<« ... / ?u>0 f X, <0 

l X 2 <0' (b) ( X,<0 or l X 3 >0' 


X , =0 I >.,<*=0 


x 2 *=o 


x t = o 


x,-x 2 = o. 


It is sufficient to consider only cases: (a) ^ >0, X 2 >0, (b) >0, 


X, < 0, (c) X, = 0. X, 0. X, = X„ 


0. 



Figure 4.17 





Figure 4.18 

In case (a) the shape of the surface I" near the point P is (locally) 
as that in Fig. 4.17. Here V' 3 lies on the side of the tangent plane at 
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P. In case (b) the shape of V 1 near P (locally) is shown in Fig. 4.18. 
Here V 1 lies on both sides of T P V 5 . In this case the point P is called 
a saddle point (or simply a saddle), sometimes it is called a hyperbol- 



Flgure 4.19 



Figure 4.20 

1c point. In the third case (c), X t 0, X, = 0, the surface V • near 
P is (locally) as in Fig. 4.19. Since X, =?£ X a , V 5 lias at this point 
two orthogonal principal directions, et and e a . One should not believe 
that near the point P. at which X, = X a = 0, the surface V 2 has the 
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local structure of a plane (from the metric point of view). The fact 
is that if the second fundamental form Q vanishes at P (i.e. when 
X, = X, = 0) the local structure of V : near P is not quadratic. As 
an example of F 5 , we consider the graph z = / (x, y) = Re (x 4- 
iy) 3 •= x 3 — 3xy 3 (see Fig. 4.20. the so-called monkey saddle). The 
first fundamental form @ at the point (x = 0, y = 0) is g, t <= 6 lt . 



Figure 4.21 


The second fundamental form Q at the point ( 0 , 0 ) is degenerate, 
since X, = X, es 0. Here Q = (qij), where q, t = f x ‘xl- i-e. Q = 
6(_* ~ V X )' hence Q = 0 at tho point ( 0 , 0 ). The family of level 
lines of the function / (x, y) at (0, 0 ) is shown in Fig- 4.21. 


4.2.4. THE GAUSSIAN AND MEAN CURVATURES 
OF A TWO-DIMENSIONAL SURFACE 


Now we shall find an explicit form of the Gaussian and 
mean curvatures of a two-dimensional surface defined explicitly. 
Let V"- a R 3 be given as the graph z = / (x, y) where (x, y, z) are 
Cartesian coordinates in R 3 . Let /*=/„=/ (0, 0) = 0, then the 
coordinate plane (x, y) is tangent to V* at the point (0, 0). Since 

® 1(0.0) = («//) = £. 9 l(o. .)=(£* £'). 


we have K = dett ? H — spur Q = /„+/„„= X,+ X s . 
The curvatures H and K at points distinct from (0, 0) can be 

/ E F\ (L M\ 

calculated as follows. Let @ = l f q\ and <? = ( M jyJ. then 
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®-' = 



— F\ 

E j, where g=det®. Hence, 


l t GL — FM GM — FN\ 

-fl+em-fm + en)' 

II— spur («-><?) = ±(GL — 2 FM + EN), 
* = riet(®-‘Q)^ f c Z£ . 


If r — / {X, y). then ds- = (1 + 11) dr + 2 /*/„ dx dy + (1 + fl) dy*. 
Since the radius vector of V 3 given by the graph z = / (x, y ) is of 
(lie form r (x, y) = (x, y , / (x, y)), we have 


r„ ■= (0, 0, /„), 

n = 


Xu — (0> 0, f IV ), r ut — (0, 0, 

(-/». -/„, 1) 

I grad (i— /) | 


_ grad (i-/) ^ (-/*, ~lu, 0 


Ixyl 

-I, 

/i + fi + zj 


/,«■ 


. M ; ,x * ; AT = - -— - 

v^r+TJ+TT /t+zi+zi l'l+zi+zt 


ho 


wlicncc 


„ GI.-2MF + EN <«+/J)/i*-2/x/»/*i, + (l + /i)/*„ 

1 + /1+/1 “ (1+/H-/}) 3 / 1 ’ 

.. Ixxfuv — lil 

A = (t+/i+/n 3 - 

The Gaussian and mean curvatures are scalar functions defined at 
each point of a surface, and they are also invariants of tile surface, 
in particular, these curvatures do not depend on tiie choice of local 
coordinates. 

Let us calculate the Gaussian and mean curvatures of a standardly 
embedded sphere 5 3 cz R’. Since any normal section of S- at an arbit- 
rary point P is an equator, A, ■= = MR, where R is the sphere 

radius. Hence, the curvature of any normal section is \ = MR 
and therefore K = MR 3 , H = 2 IR-, in particular, the Gaussian and 
mean curvatures are constant. 

The Gaussian and mean curvatures of a two-dimensional plane are 
equal to zero. 

Definition. A two-dimensional surface V s c: R 3 is called the 
surface of constant curvature if its Gaussian curvature is constant. 

For example, a standard sphere S 3 and a Euclidean plane are 
manifolds of constant curvature. 

Definition. A two-dimensional surface V' 3 c R 3 is called the surface 
of positive, zero or negative curvature if the Gaussian curvature at all 
points of this surface is positive, zero or negative, respectively. 
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A standard two-dimensional sphere is a manifold of positive 
(constant) curvature. 

Problem. Prove that the surface PcR' given by the equation 
= l (ellipsoid) is the surface of strictly positive 

curvature, provided the semiaxes a, b, and c are not equal to 0 
and oo. Hint: the ellipsoid can be written parametrically as 


i = a cos 0 cos <p, y = b cos 0 sin <p, z=csinO. 

A Euclidean two-dimensional plane is a manifold of zero con- 
stant curvature. The graph z = x* — y 2 is an example of a mani- 
fold of negative curvature; obviously, K = — 

(T+4 (1*4- <0, 1“ example the Gaussian curvature is 

a variable function. It would be desirable, by analogy with a sur- 
face of positive or zero curvature, to construct a manifold of con- 
stant negative curvature. V s c R 3 . Now we shall give an example of 
such a surface, thereby proving the following statement: in a three- 
dimensional Euclidean space there exist ( locally ) surfaces of constant 
positive , zero or negative Gaussian curvature. 

Let us consider a smooth curve y located in the first quadrant of 
the plane (*, p) and having the following property: the length of 
the tangent from the point where it touches the curve to the point 
where it intersects the i-axis is constant and equal to a (Fig. 4.22). 



As the point A is moving along the curve y, the point B slides along the 
x-axis and the segment AB has the constant length, a. Such a curve 
can be obtained if the points A and B are connected by an inextensi- 
ble string of length a (the initial positions of the points are A 0 and 
£„, see Fig. 4.22), and B is made to move along the z-axis. Then A 
will describe the curve y which touches the p-axis at A 0 and has the 
z-axis as an asymptote. The points A and B are assumed to move 
along the plane without friction. In this case the velocity vector 


4.2. Surfaces. Ftnt and Strand Fundamental Forms 


181 


is always directed along the string connecting A and B. i.e. the 
motion of U Is uniquely defined. Let us derive a differential equation 
of the curve y. From the triangle ABx we have (see Fig. 4,22): 
tan <p = — gs. where y = y (x) is the graph of y, and a-sin cp = y, 
whence 


sin (p > 


" 77 - 


-v» 


■(»;)= 


i.e. 






= -y; 


where x*=x(y) is the graph of y. Hence, 





_ ( ±y a i-y2 dy~—0> ( in=, + ( . a 

J y J y J V 

°-4 y y a i-,. 


Thus, wo have derived the explicit expression for x = x ( y ). Let 
ns consider the surface which is obtained if the curve y is rotated 
about the x-a.\is (see Fig. 4.23). Such a surface V 1 is called the 



Beltrami .surface or pseudospkere-, the latter term will he explained 
below. To find the Gaussian curvature of the Beltrami surface, we 
have to calculate the Gaussian curvature of a surface of rotation. 
Let us solve this problem in the general form. 

Let us consider in R J (r, y, 2 ) the surface V s obtained by the rota- 
tion about the x-axis of a smooth curve x = x (y) (the generator) 
lying in the plane Oxy. A coordinate network, parallels and meridi- 
ans, is obtained on F ! , and this network is orthogonal because at 
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each point the coordinate lines intersect at right angles (see 
Fig. 4.24). 

Lemma 4. At each point of a surface of rotation the principal direc- 
tions, i.e. the directions corresponding to the principal curvatures X, 
and X 2 , may always he considered as coinciding with the directions of 
the meridian and parallel through this point. 



Figure 4.24 


Remark. The words “may be considered" have the following mean- 
ing: if X x ^ X„ the principal directions are defined uniquely and 
coincide with the directions of the meridian and parallel; if Xi = X v 
any direction is principal, including, as a particular case, the ortho- 
gonal directions of the meridian and parallel. 

Proof. As wo know, the principal directions in T P V 3 are only 
those orthogonal bases e,, e, in which the forms <3 and Q are both 
diagonal. Apparently, the first fundamental form 0 is diagonal in 
the coordinate system generated by the meridians and parallels 
(seo, for instance, the calculation of @ for a surface of rotation). 
It remains to prove therefore that the second fundamental form Q is 
also diagonal in this coordinate system. Let («, t>) be the coordinates 
on V 2 which generate a coordinate network, meridians and parallels. 
We should prove that 

M = < r uo , n> 32 0, 


where r (u, u) is the radius vector of V*. n is the normal to V s , and 
the second fundamental form. Consider cylindrical 


( L ")b 

\M N) 


coordinates (r, 9 , x) in R a and let V 2 be given by the generator 
r = r (x). Then the radius vector r (i, <p) of V 3 is of the form r (x, 
<p) = (x, r (x) cos 9 , r (i) sin cp) (see Fig. 4.25), whence r, T => 
(0, — r'sintp, r' cos tp). The normal to V 1 is given by n = 
(r', — cos 9 , — sin 9 )/Y 1 + (r') : . Obviously, (r TO , h)=jO, so 
that Q = ^ ^ j , which is what was to be proved. 
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Lemma. 5. The Gaussian curvature K (P) of a surface of rota- 
tion V* al a point P ^V 1 is of the form | K I r (1 ' where 

r-=r (x) is the equation of the generator of V 2 In cylindrical coor- 
dinates. 

Remark. In other words, A = X.X,, where — 7=4==- = A, is the 

r /l+(r')» 

curvature of the normal section along the parallel at the point P, 
and X, = k (x) is the curvature of the plane curve y = y (x) at 




a point x, i.e. the curvature of the meridian. The normal section 
along a parallel does not generally coincide with the parallel itself 
(the formula for X, will be proved below). 

Proof. According to Lemma 4, the principal directions coincide 
with the directions of the meridian and parallel through the point P 
and therefore K ( P ) = X 1 X 1 , where X, and X, are the curvatures of 
plane curves— the meridian and the normal section along the parallel, 
respectively. Since the parallel is a circle, we shall use the corre- 
sponding formula to find the curvature of the normal section. Since 
the meridian coincides with the generator r = r (x), it follows from 
the Frenet formulas for plane curves that | X, (x) | = (1 + l ( r r .|, )t/ , • We 
now find X 1 (x) for the normal section along the parallel at the point 
P = (x, r (x)). Consider the parallel as a plane section of F 2 ; then 
the curvature k (0, or) of this section (along a defined by the par- 
allel) is equal to l/r(x), since the radius of the circle (parallel) 
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is r (x). Here 9 is the angle between the normal to V* and the vec- 
tor m lying in the plane of the parallel (Fig. 4.2G). Recall that 

*( 0 . a > = -£shr*( 0 > “> 

(see above). Horo k(0, a) =-^-^- = cos0-Ar(0, a) is the curvature 
in question, X,. Thus, it remains to find cos 6, where 0 is the angle 



between the unit vectors m and n. Since in the plane xOr the vec- 
tor m has the coordinates (0. 1) and the vector n the coordi- 
nates — (— r', 1), wo have cos 0 = — 1 = and 

X, (x) =. — T - - , whence 

,V ' r Vi +(r')* 

, _ 1 I JLJ I r'l 

l& r 7i+W t* 1- ('■')*J a /* “ '0 +<«■')•)* 1 

The lemma is proved. 

Lemma 6. The Beltrami surface is a manifold of constant ( strictly ) 
negative curvature. 

Proof. Since the Beltrami surface is a surface of rotation, we can 
use the formula of Lemma 5 to calculate the Gaussian curvature. 
The function y = y (x) is the inverse of the function 

V3=F++i» (*$=5) 

obtained above. As was already calculated, 


-yV-yi 


whence x" = 


r" Y a> — r 1 


y 
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and consequently 
r, r- 

r(l + (f')T 


— ** 



Ml +(*•)*)* ~ 



The minus sign appears because the curve y = y (z) is convex down- 
ward and therefore the eigenvalues X|, X s have opposite signs relative 
to any normal n ( P ). Thus, K = — 1/a 2 , and this completes the 
proof of the lemma. 

We have constructed in R 3 . at least locally, the surfaces of constant 
positivo, zero, and negative Gaussian curvature. The manifold of 
constant positive curvature (a sphere) is compact and closed (without 
boundary); the manifold of zero curvature (a plane or a cone formed 



figure 4.27. Section of the Beltrami surface 


by straight lines emerging from a single point, finite or infinite, and 
moving along an arbitrary smooth plane curve y in R 3 ) is non-com- 
pact and open (without boundary). The manifold of constant nega- 
tive curvature just considered differs from these two examples in 
that the surface of negative curvature is not a closed manifold and 
cannot be extended to infinity. This surface (see Fig. 4.23) has a bound- 
ary. the circle of radius a with centre at the origin O, and it can be 
shown (we shall not concentrate on this point) that the surface cannot 
be extended beyond this circle in such a manner that the condition 

K ( P ) = ^ < 0 is satisfied. 

This surface is usually '‘completed’’ by adjoining a surface symmet- 
ric to the initial one about the plane yOz (Fig. 4.27). The resultant 
surface has a “cusp circle" where the surface is not a smooth sub- 
manifold in R 3 . This circle formed by singular points is not acciden- 
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tal. It seems at first sight that these singularities could have been 
avoided if the “funnel” constructed above had been extended beyond 
the circle of radius a, as in Fig. 4.28. (We recall that at the point A 0 
on the y - axis the graph of tho generator touches this axis.) Once 
such an extension has been carried out. we find that the surface of 
rotation thus obtained is not a surface of negative curvature: the 
part swept out by the arc A a C (see Fig. 4.28) has positive curvature, 
since the arc A 0 C is convex upward (unlike the arc A^A). 



Hence, it is doubtful whether the Beltrami surface can he smoothly 
extended beyond the circle described by the point A 0 around the 
a>axis such that the surface curvature remains negative. Thus, it is 
rather difficult to construct in R 3 a closed, compact or non-compact, 
but infinite in all directions manifold of constant negative curvature. 
Hero we can easily see the difterencc between a surface of constant 
positive curvature and a surface of constant negative curvature 
(surfaces of variable negative curvature extending in R 3 infinitely 
in all directions do exist: for example, the surface of hyperbolic 
paraboloid z <=* x 1 — p 3 considered above; here the Gaussian curvature 
is negative and vanishes at infinity if, for example, x* + y--*- oo). 
Indeed, a standard two-dimensional sphere has a constant positive 
curvature in the metric induced by this embedding. 

To get a deeper insight in the situation under discussion, we shall 
find the induced Riemannian metric on the Beltrami surface embed- 
ded in R 3 . Introduce in R 3 cylindrical coordinates (x, r, q>) where 
2 => x, y = r costp, 2 = rsin<p (i.e. the x-axis is the rotation 
axis). Then the metric induced on the surface of rotation with the 
generator x = x (r) is of the form 

(is 3 = (dx (r))*+ dr* + r*d <f* = (1 + (x;) 3 ) dr 3 + r* d(f*. 

In our example x' r — — V'a* — r 1 (see above), i.e. ds 1 = | 

r 3 dtp 3 . 
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Statement 1 . The Riemannlan metric induced on the Beltrami surface 
by the ambient Euclidean metric is a Lobachevskian metric. 

Proof. By virtue of the transformation u=*<p. u = l/r we have 

ds - !--- — - do 1 -f- , which, apparently, proves the state- 
ment. Thus, the Beltrami surface is isometric (locally) to a Loba- 



Figure 4.29 


chevskian plane, i.e. we have constructed an isometric embedding of 
a domain of a Lobachevskian plane in a three-dimensional Euclid- 
ean space. A question arises: which part of the Lobachevskian plane 
admits isometric embedding in R 3 (as the Beltrami surface)? Note 
first of all that the entire Beltrami surface is not isometric to any 
piece of the Lobachevskian plane. Indeed, the Beltrami surface is 



Figure 4.30 


homeomorphic to a disk with a punctured point; hence, if this 
ring were homeomorphic to a domain in the Lobachevskian plane, an 
infinitely distant point of the Beltrami surface would be mapped into 
a finite point on the Lobachevskian plane (see Fig. 4.29). This contra- 
dicts the fact that an infinitely distant point of the Beltrami surface 
is infinitely removed from the “funnel” neck. 

The real situation is, however, that the Beltrami surface cut 
along any of its generators is mapped isometrically onto a domain of 
the Lobachevskian plane (see Fig. 4.30). The corresponding domain 
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(in the Poincare model) is shown in Fig. 4.?i as (oo, A 0 , B 0 )\ it lies 
between two parallel “straight'’ iines (in the Lobachevskian sense) 
emerging from the point oo on the absolute and the arc A 0 B 9 which 



is a part, of length 2n, or the circle (in the Euclidean sense) tangent 
to the point oo on the absolute. 

Thus, the domain (oo, A$, B 0 ) is an infinite strip lying between 
two parallel straight lines and bounded from one end by the arc A 0 B„. 



Figure 4.32 


Let us consider, in the Poincarg model, two families of coordinate 
lines that form an orthogonal network (both in the Euclidean sense 
and in the sense of the Lobachevskian metric, since the two metrics 
differ only by a conformal factor). One family is the set of straight 
lines (in the Lobachevskian sense) emerging from the point oo on 
the absolute, i.e. the family of circular arcs (in the Euclidean sense) 
meeting the absolute at right angles. The other family represents 
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the set of circles tangent to the absolute at the point oo (see Fig. 4.32). 
This family of trajectories coincides with the set of level lines for 
the real and imaginary parts of the complex-analytic function / (z) =■ 

1 s, i.e. Re / (z) — y cos cp. Tm /(z) = sin tp. where z = re'*. 
The equations of these lines are of the form 

~ cos (p = const,, y sin <p = const,. 

This coordinate network is orthogonal. Whereas one of the families 
consists of straight lines in the Lohachevskian geometry, the trajec- 
tories of the second family sro not such straight lines. These trajecto- 
ries arc uniquely characterized by the property that all tho “perpen- 
diculars" drawn from points of a trajectory are parallel to one another 
and intersect at the point oo on tho absolute (recall that the absolute 
does not belong to the Lohachevskian plane) (see Fig. 4.32). It is 
a simple matter to prove (verify!) that any iwo trajectorios of the 
second family are congruent, that is, they can be transformed into 
each other by an isometry of the Lohachevskian plane (i.e. by a diffeo- 
morphism preserving the Riemannian metric). Moreover, this 
isometry can he chosen in the form of the homographic function w — 

• where a, b, c. and d are appropriate complex numbers. 
Ilut we shall not need this fact below. 

Let us consider an arbitrary trajectory of the second family 
(a circle tangent to the absolute at the point oo) and a pair of points 
on it, A 0 and B 0 , spaced at a distance of 2n (we assume that a = 1 
and the radius of the Euclidean Poincard model is also equal to 
unity). Then the strip lying between two perpendiculars (A„, oo) 
and (/?<,, oo) drawn at A 0 and B„ is isometric to the Beltrami surface 
cut along a meridian, and the orthogonal network of meridians and 
parallels on the Beltrami surface is transformed into an orthogonal 
network of trajectories of the first and second families on the Poincare 
model in the strip (oo, A 0 , B 0 ) (see Fig. 4.33). On a Lohachevskian 
plane (as well as on a Euclidean plane) there always exists reflection 
about an arbitrary straight line; in particular, reflecting the strip 
(oo, A a 'i„) about the straight line (oo, A 0 ), we obtain a new strip 
isometric to the initial one (oo, A„, B„) and realized as a cut of the 
Beltrami surface in R 3 . Reflecting then this new strip (oo, A t , A 0 ) 
about the straight line (oo, A,), we obtain the strip (oo, A a , ,4,) 
with the same properties, etc. Reflection about a straight line on 
a Lohachevskian plane is an isometry, so that a trajectory of the 
second family through the points (A„, B 0 ) is transformed into itself 
because any isometry preserving the point oo transforms trajectories 
of the second family into trajectories of the same family. All seg- 
ments (A*, A*.,), 1 ^ k < oo, have the same length, 2rc. Exactly 
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llie same procedure leads to I lie strips (co, B„ B k . t ), 1 oo, 

having analogous properties. Thus, the entire disk D ! bounded by 
a trajectory of the second family (a circle) is decomposed into infi- 



Flgure 4.33 


nitely many strips converging at the point oo on the absolute. We 
can now construct the mapping of the entire disk D 3 onto a Beltra- 
mi funnel (without a cut) in R 3 such that each strip of the type 
(oo, >1*.,), (oo, A 0 , B 0 ), and (oo, B k , /?*_,), 1 < k< oo, is mapped 



isometricail.v onto the Beltrami surface, the disk D- being wound 
infinitely many times onto the Beltrami surface (see Fig. 4.34). 

Question: Can the entire Lobarhevskian plane, and not only the 
strip (oo, A 0 , li a ) (or any other strip isometric to the former), be 
realized in R 3 as a two-dimensional surface of constant negative cur- 
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valure? As was shown by Hilbert, the answer is no. The following 
question also arises: Can we construct in R 3 a complete two-dimen- 
sional surface of negative (variable, in general) curvature from zero 
b.v a negative number? It turns out that such a surface does not 
exist cither. The proof of this fact is not trivial and belongs to 
.V V. Efimov. 

This is one of the fundamental distinctions between the metrics 
of positive and negative curvature. Note that the induced metric 
on the Beltrami surface coincides with the Lobachevskian metric. 
In this case, the Lobachevskian metric can be defined “abstractly", 
irrespective of the embedding in a Euclidean space, and because 
of the above coincidence this metric has a Gaussian curvature. 
Although the initial definition of the Gaussian curvature relied 
upon the embedding V"-'-* R" and, hence, the Gaussian curvature 
depended on the first and second fundamental forms, it appears now 
that this curvature seems to be independent of the second form, 
i.e. it is only a function of the Riemannian metric in particular, 
the curvature K remains unchanged under an isometry of ^ ,n - , 
in R”. This assertion, which permits the Gaussian curvature to be 
expressed only in terms of the Riemannian metric, will be proved 
below. 

Let us now consider the mean curvature of a surface V’cr R s . 
As was already noted, the mean curvature is determined by the 
way V 2 is embedded in R 3 , i.e. by both the first and the second 
fundamental forms. While studying the properties of the Gaussian 
curvature, we have found, in particular, two-dimensional surfaces of 
a given constant curvature. It was a rather simple matter to give sev- 
eral examples of surfaces of constant positive, zero, and negative 
curvature. Furthermore, it is easy enough to describe all surfaces V 1 
of constant curvature, but we shsll not prove this statement here. 
For example, a two-dimensional smooth, compact, closed Riemanni- 
an manifold of constant positive curvature is homeomorphic either 
to a sphere or to a projective plane. The description of surfaces of 
constant mean curvature is a much more complicated problem than 
in the case of the Gaussian curvature. Let us consider a surface 
of the mean zero curvature, the so-called minimal surface. Incidental- 
ly, such a surface is characterized by the property that its area is, 
locally, minimal in comparison with the area of other hypersurfaces 
that differ from the initial one only inside (any) ball of a rather 
small radius (see Fig. 4.35). The physical model for a minimal 
surface V s c R 3 is a “soap film" formed on a wire loop when it is 
taken out of a vessel filled with soap water. Generally, the same loop 
can support several minimal films. Let us consider V 2 c R 3 and 
derive an equation for a two-dimensional minimal surface. Since 

N = E ~ i the equation H = 0 lakes the form CL — 
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2MF -f EN = 0. If the surface is given by the graph z 
then 


/ (*, y). 


L = 
and hence 


ds * = (1 + fi) + 2 /,/„ dx dy + (1 + /;) dy\ 

— M txl AT _ tl/U 

K1+/S+/J’ Vt+n+n' Yi+n+ii' 


U+fi) fxx ~ 2 fryUy +(1 + /J) /„„ = 0. 

The very form of this partial differential equation (whose solutions 
are minimal surfaces) shows that these solutions are rather complicat- 
ed. (Example: a Euclidean plane R*c= R 3 is a minimal surface, 
since @ S3 0 (verifyl).) 



Figure 4.35. Volume of V"- 1 > volume of V"-'. 


Here is a more complicated example of a non-compact, minimal 
surface. Let us consider in R 3 two orthogonal straight lines l 2 and l, 
intersecting at point 0. Fix the line f, and let the line l 2 move along 
i, at a constant velocity a and simultaneously rotate about i, at a con- 
stant angular speed to (helical motion). The straight line l, sweeps out 
a two-dimensional smooth submanifold V ! <= R 3 called a right helicoid 
(see Fig. 4.36). 

Exercise: prove that a right helicoid is a minimal surface. To 
•simplify calculations, we introduce on the helicoid the coordinates 
induced by the cylindrical coordinates in R 3 with the axis 1, = Oz. 

Note that any minimal surface V 2 c R 3 has a non-positive 
•Gaussian curvature, since X, -f- X, = 0. 

Another example deals with a contour T c: R 3 , where by T we 
mean a smooth embedding of a set of non-intersecting circles in R 3 . 
Consider a non-compact minimal surface formed by the rotation 

•of a smooth curve y (0, given by y = a cosh — , about the x-axis. As 

a 
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is known from mathematical analysis, this curve describes the shape 
of a freely sagging heavy chain fixed at two points A and U (Fig. 4.37). 



Here we assume that the chain is lixed so that the curve y (x) does 
not intersect the x-axis. The gravity points downwards along the 




0 -axis. The corresponding surface of rotation is calleda catenoid 
(Fig. 4.38). Let us calculate H. It follows from Lemma 5 that 

W=X, + X,= \ t't+(»r ~ fl+fvW'* 

=> | o cosh 1 ( 1 +sinh J -j-j 

_ 3 

-4 cosl, 7( 1+s i ,,h *T) 2=0 - 

Thus, a catenoid is a minimal surface. The part of the catenoid 
which is bounded by the circles formed by the rotation of the points 
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A and B around the i-aiis represents a minimal surface spanned 
by the contour T consisting of the two boundary circles. This exam- 
ple shows that the problem of finding a minimal surface with a given 
boundary contour docs not have a unique solution. Indeed, besides 
the solution mentioned above (Fig. 4.38), there exists another mini- 
ma! film with the same boundary contour, namely, two disks spanned 
by the boundary circles (Fig. 4.39). Whereas this minimal film exists 


B 



for any two arbitrary points A and B, a catenoid cannot nlways be 
spanned by the boundary circles. Apparently, if the distance be- 
tween tho points A and B is large enough, no catenoid can be construct- 
ed (Fig. 4.40). This becomes especially clear when we begin to 
draw the boundary circles apart, thereby extending the catenoid 
constructed for sufficiently close points A and B. The procedure is 
shown in Fig. 4.41. Upon extension the soap film breaks. 


A' - A B B . 



Another example of the contour that admits two solutions of tho 
equation H = 0 is shown in Fig. 4.42. Here the two minimal films 
are homeomorphic to each other. The shape of the minimal films 
changes, depending on the way the circle S' is embedded in R 3 . For 
the standard embedding of S' in the plane (*. t/) there is only one 
minimal lilm spanned by this contour, and this film coincides with 
the disk i s + 1. If S' makes two revolutions about the i-axis, 

the solution of the equation H = 0 represents a Mobius band (see 
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Fig. 4.43). In the case of three revolutions, the solution is a “triple 
Mobius band" (Fig. 4.44). It can be obtained by moving a "trefoil", 
composed of three segments of equal length intersecting at the same 
angle 2 n/3, along a circle standardly embedded in a plane in such 
a way that after a complete revolution along the circle the trefoil 


First solution Second solution 



Figure 4.42 


turns into itself with a rotation through 2n/3 (see Fig. 4.44). The 
construction of such a surface is similar, in certain senses, to the 
construction of a right helicoid. A “triple Mobius band" is homeo- 
morphic to the surface with self-intersections shown in Fig. 4.45. 

Unlike tho examples considered above, the minimal film shown 
in Fig. 4.44 has many singular points, i.e. the points any open neigh- 



Flgure 4.43 


hourhood of which is not homeomorphic to a disk. The neighbour- 
hood of each such point has the structure shown in Fig. 4.4C, i.e, three 
half-disks glued along the common diameter. It is a simple matter 
to understand that any singular point of a two-dimensional minimal 
Film, which is a non-compact surface without boundary, has the 
structure shown in Fig, 4.46. Indeed, if two half-disks converge at 
tt singular point, then the neighbourhood of the point is homeomor- 
phic to a disk. In the case of four half-disks convergent at a singular 
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point (see Fig. 4.47), there exists an area-reducing deformation of 
the neighbourhood. The total length of the segments AB, AC, AD, 



Figure 4.44. (j * ? ). 


and AR exceeds the total length of A'R. A'R, A' A", A’C , and A"D 
(the decomposition of a four-fold singularity into three-fold singu- 



Flgure 4.45 

larities), For a minimal film with boundary this statement becomes 
invalid. An example is given in Fig. 4.48 where four-fold singular 
points fill the segment AB. Interestingly, the same contour T, but 
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made of a wire of a finite thickness, can span another soap film with 
three-fold singular points located along ATi (see Fig. 4.49). 



Figure 4.46 



Figure 4.47 


Decomposition of 

Section singularities A - A ' u a • 




Figure 4.48 


The so-called harmonic surfaces K a cr R 3 are closely related to 
minimal surfaces. Let F 2 be given as r = r (u, u), where u and v 
are curvilinear coordinates on F 2 . 

Definition. Tho radius vector r (u. v) is called harmonic with 

respect to the coordinates u, v if 4- = 0. i.e. Ar = 0. where A 

is the Laplacian in the coordinates u. v. 
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The radius vector r (u, c) which is harmonic in the coordinates 
(u. i») need not l>e necessarily harmonic in other coordinates u', t''. 

Definition. The surface V'-tr R 3 is called harmonic if it can be 
defined by a harmonic radius vector r (u, I') in curvilinear coordi- 
nates u, I/. 

The radius vector r (u, c) is said to l>c minimal if its mean curva- 
ture is identically zero. The function H ■= X, + X. 2 is a scalar and. in 



particular, remains unchanged under a regular coordinate transforma- 
tion on a plane, so that if a radius vector is minimal relative to 
a coordinate system, it will also he minimal relative to any other 
regular coordinate system. Thus, the concept of a minimal film does 
not depend on the coordinates valid on this film. This is not however 
the case for a harmonic surface, and one usually speaks about a har- 
monic mapping r: D (u, v)-r R 3 (*, y, z). where D (u, t>) is a domain 
on the plane (u, t.-) and r (u, v) is the mapping defining the surface 
It 3 . The mapping r, which is harmonic in some coordinates, 
will not generally he harmonic in other coordinates (give an exam- 
ple!). Here is an example of a harmonic surface: let r (r. y) lie defined 
by the formula r (x, y) - (r. y, x 1 — y s ), where x, y, and z are Car- 
tesian coordinates in It 3 , i.e. the surface V : is given by the graph 
z = x 2 ~ y* referred to a Cartesian coordinate system. Apparently, 
(■gjr -r -jpj ) r 0, i.e. the surface z ■=» a 1 — y 1 is harmonic but it 
is not minima! because. // = 0 only at the point (0, 0). while at other 
points H 0. 

We recall that curvilinear coordinates (u, v) on a plane K 3 cr R* 
are called conformal if in these coordinates the metric Edu‘ — 
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IFdudv 4- Gdv ■ induced on V- by the ambient Euclidean metric is 
diagonal, i.e. E = G and F = 0. 

Remark. Let ns consider a two-dimensional smooth Itiemanninn 
manifold supplied with the Riemannian metric dir with real-analytic 
coefficients E, F, and G which are considered as functions of I ho 
local curvilinear coordinates u, u (this metric is not necessarily 
induced by the embedding of M 1 in R 3 ). Then for any point P £ M‘ 
there exists a neighbourhood U *= U (P) such that in U we can 
introduce coordinates p. g (they are real-valued analytic functions of 
the initial coordinates) in which ds 1 is of the form a. (p. g) ( dp'- -f dg 1 ), 
i.e. the coordinates p. g are conformal. The proof is not difficult, 
but requires the use of the theorem on the existence of a solution 
to a special partial differential equation tihe Beltrami-Laplaco 
equation), and this theorem is beyond the scope of our course. 

What is a relationship between a harmonic and a minimal vector 
in R 3 ? The example of a harmonic vector which is not minima) 
has already been given. Is the converse statement valid, i.e. is any 
minimal vector a harmonic one? The answor is no (give an example!). 
Yet, the following statement holds true. 

Statement 2. A minimal vector written in conformal coordinates is 
a harmonic one. 

Proof. Lot (u, v ) be conformal coordinates and lot r (». r) be the 
vector describing a minimal film. We recall that E — G = <r„, 
r,.> =* <r„, r„), F = <r u , r„>. We need to prove that r„„ -f r,,. — (I. 
Put a = r uu + r„„. Since H = 0, we have CL — 2MF EN — t), 
i.e. L + N = 0, whence <a, n) <= (r uu , n> + <r rr , n> = L - 4 - A' = 0, 
where n is a normal to 1". It remains to prove that (a. r (1 > = 
(a. r„> = 0, since in this case the scalar products of a and the 
orthogonal vectors r„. r„ will vanish, i.e. n is a zero vector. Differen- 
tiating the identities E = G and F =0, we obtain <r„„. r„> 
( r nv r ol« ( r ut’i r «) = ( r ci* Cy ), (r uu , r c ) — (r,,, r B( ), (r t .„, 

r„> = — (r„, r„„ ), whence (a, r„> = (r Bt , r t > — (r tu , r,> = 0. 
Similarly, (a, r„) = 0. The statement is proved. 

Remark. We have asserted above (without proof) that conformal 
coordinates can be introduced in a neighbourhood of any point on 
a two-dimensional real-valued analytic surface. It can be proved 
that any minimal film can bo defined by a real-valued analytic vec- 
tor and. therefore, conformal coordinates can always be introduced 
in a neighbourhood of any point on a minimal surface (this fact is 
not trivial). 

Problems 

1 . Prove that if the Gaussian and mean curvatures of 
a surface in R 3 are identically zero, the surface is a plane. 

2. Let the surface S be formed by tangent straight lines to a curve. 
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Express the Gaussian and mean curvatures of 5 in terms of the 
curvature and torsion of the curve. 

3. Demonstrate in the preceding problem that the metric on the 
surface depends only on the curvature of the curve. 

4.3. TRANSFORMATION GROUPS 

4.3.1. SIMPLE EXAMPLES OF TRANSFORMATION GROUPS 

In this section we shall discuss the basic examples of the 
transformation groups of metrics, i.e. such transformations of a mani- 
fold that preserve the metric. Consider a Riemannian manifold M" 
with the metric g/y. 

Definition. The diffeomorphisnv / of a manifold Al" onto itsolf is 
a length-preserving mapping or an isometry'll this mapping sends the 
Riemannian metric gij into itself, i.e. the following identity holds 
true: 

where y l y n are local coordinates in a neighbourhood of 

a point y g M", x i" are local coordinates in a neighbourhood 

of a point i g M n , and x 1 = x 1 (y 1 y"), 1 < / < n, are the 

functions defining (locally) the mapping /, with x = / (y). 

This is the “coordinate" definition of an isometry. It is sometimes 
convenient to use an invariant definition without any reference to 
local coordinates which cannot be chosen uniquely. Under a map- 
ping /, the differential df sends T y A1" onto T X M’, the latter mapping 
being a linear isomorphism since / is a difleomorphism. In each of 
the tangent spaces T „Af" and T xM" one can define scalar products 
<.)» and (,> x , respectively, induced by the Riemannian metric, 
i.e. in the local coordinates y l , . . y n , we have <a, b) B = 
gil (y) a'b 1 , where a, b g T y M n . 

Definition. The -difleomorphism / of a manifold M" onto itself is 
called an isometry if <a. b>„ = (df (a), df (b)) * for any a, b g 
T y M n ; x = / (y). 

Lemma 1. The coordinate and invariant definitions o/ an isometry 
are equivalent. 

Proof. Let a g T„M" . a = (a 1 a") in the local coordinates 

y', . . ., y". Hence, df (a) g T x M n is of the form 

since df: T y .W n -+ T X AI“ is given by the Jacobi matrix. Thus, 
(df (a) , df (b) x -= g u (x (j ,)) oV' -= g k ya“, 

which proves the lemma. 
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Lemma 2. The set of all isometries of a Riemannian manifold M" 
forms a group (in the algebraic sense). 

Proof. That the composition of isometries is an isometry follows 
from the rule of differentiation of a composite function and from the 
law of transformation of gtj under coordinate substitution. Also, 
that f~ l is an isometry stems from the fact that the Jacobi matrix 
of f~ l is the inverse of the Jacobi matrix J (/). An identity transfor- 
mation should be chosen as the unit element of the group. The lemma 
is proved. 

The isometry group of a Riemannian manifold M" is usually en- 
dowed with a topology in the mapping space and is dencted by Iso ( M ") 
Let us consider simple examples. 

1. As M' we shall take the real axis (a non-compact one-dimension- 
al manifold) with the Euclidean metric ds* = dx 2 , where x is the 
coordinate on the axis. Let / be the diffeomorphism of R 1 onto itself 
defined by a strictly increasing (or decreasing) function x = / (y); 

I lie condition that / is an isometry implies that ds 1 = (f' u ) 2 dy~ ■= 
dif, i.e. (/J) 2 =» 1, so that / is either / (y) = y + a or / (y) =* 
— y -(- b. where a and b are arbitrary constants. Thus, the iso- 
metry group of a real axis is homeomorphic to a pair of real axes 
(proper isometries, which preserve the axis orientation, and im- 
proper isometries). 

This example is virtually the unique one to find a complete isomet- 
ry group of a manifold on an elementary level. The fact is that it is 
rather difficult to prove the completeness of a given subgroup in the 
isometry group. We succeeded in doing so only because the smooth 
function with a constant derivative is linear. Later we shall introduce 
the concept of a geodesic for a Riemannian metric and shall be 
able to prove the completeness of some subgroups in the isometry 
group. 

2. Let us consider a Euclidean two-dimensional plane and find the 
isometry group that preserves point 0. the origin. Wo shall seek the 
isometries among linear transformations of the plane (it can be 
demonstrated that any isometry of a plane is linear, but here we 
shall not concentrate on this topic). The condition that the metric 
dx 1 + dy 2 , gii = 6ij, is invariant can be written as the matrix 
equation E = AA T , where A: R 2 -*- R 2 is a linear transformation. 
This is the definition of the orthogonal group, the group O (2) in 

, , , . . , . . . ( cos® sin q>\ , 

our case, which consists of the matrices ( I (proper 

\ — sin <p cos if/ 

rotations) and ( C0S ^ S ' n M (improper rotations or reflections). 

Vsin <p — cos if/ 

Proper rotations form a subgroup in O (2) denoted by SO (2); improp- 
er rotations do not form a subgroup. The subgroup SO (2) is an 
invariant subgroup in 0 (2); hence, there is valid the factor group 
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O (2)'i'0 (2) isomorphic to Z, (the second-order cyclic group). The 
group O (2) is a subgroup in the isometry group of a circle endowed 
with the standard Riemannian metric ds- — dtp 1 . Since O (2) consists 
of matrices, this group becomes a topological space if the angle (p 
is associated with each matrix (for proper rotations). Thus, the set 
of the matrices that form O (2) is homeomorphic to two copies of 
a circle; in other words, O (2) can be provided with the structure of 
a smooth one-dimensional closed (disconnected) manifold (Fig. 4.50). 

SO, ( 0°)- SO(2) 



0 ( 2 ) 

Figure 4.50 


Prove that O (2) coincides with the isometriy group of a circle 
with the metric ds 1 = dtp*. Hint: use the procedure similar to that 
for the group Iso (R l ). 

3. The motion of a Euclidean plane can be written as y = Ax + 
b, where A 6 O (2) and the vector b delines a translation on the 
plane. Apparently, all such transformations preserve the Euclidean 
metric (verify!). As is shown below, there are no isometries of a plane 
other than these transformations. This group can be represented 
in the matrix form 



(Prove that the coorrospondence (y = Ax + b) T is an isomor- 
phism of groups.) Hence, just as in the preceding example, the group 
Iso (R 2 ) can bo transformed into a topological space liomcomorphic 
to the direct product of a pair of circles and a Euclidean plane, and 
therefore this set can have the structure of a smooth three-dimension- 
al manifold (this manifold is non-compact and disconnected and 
consists of two connected components). 

4. Lot us consider indefinite metrics. Define on R 2 an indefinite 
metric —dr 2 -f <fy 2 which transforms a two-dimensional space into 
a pseudo-Euclidean plane R;. The matrix of the first fundamental 

form B is constant: B = ( * ® V Hence, in order to find all linear 

\ 0 i) 
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homogeneous transformations preserving this matrix, we have to 
solve the equation B = ABA T where A : RJ Rj is a linear map- 
ping. Representing this mapping in the form A = ^ j , we arrive 


at the system of equations for a, b, c and d: a* — b* = 1 , ac = bd, 
d 1 — e 2 = i. This system has the solution: 

( ± cosh if ± sinh if\ 
ifcsinhif ± cosh if/’ 


, , l , P 

y rqp * 

p t 


where — = p, p -- tnnh if-. 


and the following sign combinations are possible: 

c :)<«, (: c C :)«• 


This is a complete set of combinations. For example, ^ ^ 

belongs to ®,, since substitution of — >|: for if transforms 
^ into ^ (wo recall that sinh(— if)= — sinliif, 


cosh (— x|>) = cosh if). Thus, ® = ®, (.1 ® 2 (J ® 3 U ®4 (verify!) 
and @j (I®; = 0, provided i 9 <*j. Indeed, suppose, for example, 
that ®, D ®s ¥= 0 i then cosh q> = — cosh if and sinh <p = 
—sinh if, which is impossible since cosh q> > 0 for any ip. It can 
he shown in a similar way that f| ®/ = 0 . 

Since @ is the group of homogeneous isometries of RJ, transforma- 
tions of this group map the set { — x 2 -+• y 2 4=3 1 }U {-** + g 2 = 
— 1 ), l.e. a pair of pseudo-circles of a real and an imaginary 
radius, into itself. In the case of a Euclidean plane R 2 each rotation 
was described by the angle <p of the rotation of an orthogonal frame; 
an analogous parameter can bo introduced for a pseudo-Euclidean 
plane RJ. Let us consider an orthogonal frame e, = (1, 0), e, = 
(0, 1 ). Then the isometry A transforms this frame as is shown in 
Fig. 4.51. Also, instead of an ordinary Euclidean rotation angle <p 
we shall introduce the angle of hyperbolic rotation if by setting 
P = tanh if (see above); in this case ® becomes a group of hyper- 
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bolic rotations. Recall that the group of orthogonal transformations 
of a Euclidean piano consists of two connected components. The 
group of hyperbolic rotations has a more complicated structure: it 
consists of four connected components, namely the sets ®„ @ 2 , 
@ 3 , and i.e. 


(C :)•(: :)■(: =)•(: 



— oo oo. Since we have realized @ as a group of matri- 

ces, the group ® can be embedded as a subset in a four-dimen- 
sional real Euclidean space of all matrices of the form ^ 

(a, b, e, d£R) and therefore @ inherits the topology which turns 



Figure 4.51 


V,, 1 JIU 

n|>,\ /coship 2 sinh ip, \ 

> •I’i / an< * \sinhip 2 coship 2 J 


we can choose a contin- 
i the set namely. 


® into a topological space. Each of the subsets ®„ is 

pathwise connected relative to this topology. Indeed, consider, for 
example, matrices of the type of ®,. Then for any two matrices 
( cosh ip, sinh ip, 

Vsinh ip, cosh 

uous path y (0 which connects them 
/cosh t sinh t \ 

Vsinht cosh t ^ ip,^t^^> 2 . The pathwise connectedness of 
the remaining subsets @ 2 . ® 3 , @ 4 can be proved exactly in the 
same manner. Among these four connected components only ® 1( 

( cosh if sinh ip 
sinh ip cosh ip 

components is a subgroup. For example, the product of two matrices 


i.e. 


p\ 

pj , is a subgroup (verify!). None of the remaining 
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oftheform^_ gives i.e. if a, Pfj®a> then 

a-P£®i and 0 'P$® 8 . The identity matrix belongs to®,. The group 
@ is a subset in the four-dimensional space of the matrices 

(c d) ' 8n< * eaC *' ®'' ‘ s homeomorphic to the real axis. 

This homeomorphisra (say, for ®,) is realized by associating with 



Figure 4.52. g,: 


e = 



* fi= 






It a 


c; !). 

( cosh ti sinh 

sinh iJj cosh <|ij the an8: 6 V' l " B correspondence 
being one-to-one and continuous (see Fig. 4.52). The group @ maps 
the pseudo-circle of imaginary radius — ** + y 1 = — 1 into itself. 
Figure 4.53 illustrates four transformations involving ®„ 

® 3 , and ® t . The group @ transforms a pseudo-circle of real radius 
in a similar way. 

The group ® is commutative (verify!). In this respect it resembles 
the group 0 (2), which is also commutative. The subgroup ®! is an 
invariant subgroup in since g-'qg, where q 6 @„ g 6 is, as 
before, transformation of type 1, for it is obtained from transforma- 
tion of type 1 by hyperbolic rotation. Thus, the factor group ®/®, is 
valid and its order is equal to the number of connected components 
in i.e. 4. Since ® is commutative, ®/@, is also commutative. 
There exist only two commutative groups of the fourth order: name- 
ly, Z 2 © Z, and Z 4 . A question arises: to which group among these 
two is ®/@i isomorphic? Let us compile the table for the multipli- 
cation of g„ g 2 , g„ and gt which are representatives in their con- 



206 


4. Smooth Manifolds {Examples) 


nected components (see above). Calculation yields 



n 

D 


m 

s 

i 

2 

3 

m 

2 

2 

i 

D 


3 

3 

4 

i 

2 

m 

D 

3 

2 

m 


Thus, @/3, is isomorphic to Z, © Z,. This is a distinction be- 
tween the rotation group for a pseudo-circle and the rotation group 
for an ordinary circle. 

5. Let us consider the isometry group of a two-dimensional sphere 
defined as a Riemannian manifold with the metric induced by a stan- 
dard embedding in R*. We first turn to the case of R" and find the 
group of linear homogeneous transformations A preserving the 

n 

Euclidean metric ds 2 = £ (dx 1 ) 2 . Since the matrix (g,j) is of the form 

°\ 

E “■ ^ ' i)' We ^ 8Ve E=AA t \ the solutions of this equation are 

represented by orthogonal matrices which form the group 0 (n). This 
group contains the subgroup 50 (n) consisting of proper rotations (with 
the determinant equal to + 1); the remaining (improper) rotations 
do not form a subgroup. The subgroup SO(n) is an invariant subgroup 
in 0 (n) and the factor group O ( n)/SO ( n ) is isomorphic to Z,. Let 
n = 3, then 0 (3) preserves the Euclidean metric in R 3 and therefore 
maps the sphere 5 s , x 2 -4- y 2 -f z ! = R 2 = const, into itself. Hence, 
O (3) is a subgroup in Iso (S’). Furthermore we shall demonstrate 
that 0 (3) ■= Iso (5*). Consider 50 (3) c 0(3). Since 50(3) is 
realized as a subset in the space of all 3 X 3 matrices with real co- 
efficients, identified with R 8 , this subgroup is provided with an in- 
duced topology and becomes a topological space. 

Lemma 3. The group SO (3), as a topological space, is homeomorphic 
to a three-dimensional projective space RP 3 . 



















4.3. Transformation Croups 


207 



figure 4.53. (a) «,:=<= ( J, identity mapping; (b) g, -» | q 

n-IH-clioii ri'lativo tf> the origin; (c) /, = reflection relative 

X-axis; (d) g, = ^ 0 jj, reflection relative to the y-axis. 



to the 


Proof. Lot A be an element of SO (3); then there exists in R 3 
a fixed axis l (A ). inch that the action of A in R 3 is rotation about l (A) 
through an angle <p (A). If A E, then l ( A ) is defined uniquely. 
Consider a plane TI ( A ) through the origin O perpendicular to the 
axis l (/l); choose in H {A) an arbitrary vector e, and let e 2 ho the 
vector obtained from e, by the rotation through the angle <p [A) 
(see Fig. 4.54). Complete e,, e s to a coordinate frame (e,, e,, e,). so 
that its orientation coincides with the orientation of a fixed frame 
(a,, a 2 , a 3 ) in R 3 . Then 1(A) becomes a real axis if we can define on 
it direction with the aid of e 3 and reckon the value of (p (A). Thus, 
wo have uniquely associated with each element A £ SO (3) a point 
in R 3 ; denote this point by P (l, <p). Apparently, P ( l , n) P ( l , — n) 

since rotations about l (A) through n and — n coincide. If | ip ( A ) | ■< 
n, P ( l , ip) corresponds only to the rotation of A. By continuously 
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varying 1 A, we continuously change P (l, <p), the converse is also 
true. Thus, we have realized a one-to-one continuous correspondence 
between orthogonal transformation of A and points of a three- 
dimensional ball of radius n whose antipodal points P (l, n) and 



P (1. — «) am glued on the boundary (i.e. on the sphere of radius n). 
it remains to prove that this ball glued on boundaries is homeo- 
movphic to RP 3 . According to one of the definitions of RP 3 , this 
space is a sheaf of straight lines in R‘ through the origin 0; such 



Figure 4.55 


a model is equivalent to the one in which we choose S 3 and identify 
its antipodal points. To this end, we take a hemisphere S 3 and 
identify the antipodal points on its boundary, i.e. on the equator 
(Fig. 4.55). A hemisphere is diffeomorphic to a three-dimensional 
disk, and the diffeomorphism can be obtained by orthogonally pro- 
jecting SI onto D 3 (see Fig. 4.55). Thus, RP 3 is homeomorphic to D 3 
with identified antipodal boundary points. The lemma is proved. 

Since RP 3 is pathwise connected, O (3) consists of two path com- 
ponents. 
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6. Let us consider the isometry group of a Lobachevskian plane 
with a standard Riemannian metric. The Lobachevskian plane is 
assumed to be defined on the upper half-plane with the metric 

~ il - . The isometry group of this metric will be sought among 
(«—*)• 

homographic transformations of the complex plane . a, b, c, 

dgC. Let us study how the Euclidean metric dzdz behaves un- 
der the transformation w — . Since dw= ■ • dz (veri- 
er-!-® (m-M) 1 

fy!), we have 

dw dw — ■ - I ' dz dz. 

I ez+d |* 

Thus, the metric is multiplied by a scalar variable factor, that is, 
homographic transformations are conformal; they preserve the cosi- 
nes of the angles between intersecting curves. It remains to prove 



that' the oriented angles are also preserved. Calculating the Jaco- 
bian J[ (u> = ) . wo find that it is positive. Let *£R 2 , 

«€»», »— iSr* *w = Hz)dz, M z)~-g=2fr, r,R*~R‘; 
7’„R i = R J (see Fig. 4.56). Hence, the operation df of Ilf* mapping 
f: z -*■ w is written as df(z) = h-z, where kgC. Let k = u + iu, 

/ u v\ 

u, t>£R, then the Jacobi matrix in the tool form is I 1 , 

i.c. the Jacobian is equal to n* + i*>0. Out of all homographic 
transformations we choose those that map the upper half-plane 
into itself. 

Lemma 4. The transformation w maps the upper half- 

plane into itself if and only if (a, b, c, d) — p (a', b', c' , d'), where 
a', b', c', d‘ 6 R> p 6 C, p^O; i.e. all the coefficients la, b, c, d) 
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are proportional to the quadruple of real numbers (o', b' , c ' , d‘) and 
ad — be 0. 

Proof. Let the quadruple of the coefficients be proportional to the 
real quadruple (denoted by a, b, c, d). Apparently, the real axis is 
mapped into itself. We now demonstrate that if the point z belongs 

to the upper half-plane, its image w *= also belongs to this 

half-plane, i.e. 1m >0. Indeed, 


... _ (a» + fr) lci + d) _ <te (it)-f bd adi + bce 

_ ‘ 1 " | ci + d ’ 

ImU, = |« + ^|» lm * >0 - 

since ad — be > 0; Im z > 0. Conversely, let w = mB P the 

upper half-plane into itself. We have to prove that there exists 
a common factor p such that (a, b, c. d) arc proportional to the real 
quadruple (a', 6', c', d'). If z = z, then tn= w, and for an arbitrary 
x € R we obtain 

ax + b ai + b 

cx + <t “ ex + d ’ 

For x am 0, =i -j- = J., X £ R. For x — ► oo, 

-^- = 4-apgR, b=Xd, a=*pc, 

for x = 1 , 

£±j-=4±|- = peR. pe+Xd = pc + pd, (p — p)c = (p— X)d. 


In the case of general position, i.e. when p — p^=0, p — X 0 
we obtain c = £ g R. Thus, all four complex numbers a, b, c, 

and d lie on a single straight line (Fig. 4.57). Multiplying these 
numbers by a complex factor, we can rotate this straight line so 
that it coincides with the real axis. The lemma is proved. 

Lemma 5. Anu transformation w = ' J . such that a, b, c, d f; K 

cz “ 7 * a 

and ad — be > 0 Is an isometry of the Lobachevskian plane. 

Proof. We have 


dw 


ad— be 

(cH d)> 


dZy 


which is what was required. 


dw dw di dz 

“ (s— 
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Since ad — be > 0, we may take ad — be = i. 

Proposition 1. The isometry group oj the Lobachevskian plane 
Iso (L 2 ) contains a subgroup isomorphic to the group SL (2, R)/Z., 
i.e. to thejactor group SL (2, R) of 2 X 2 matrices with real coefficients 



and determinant +1 with respect to the subgroup Z a consisting of the 
transformations E and —E. 

Proof. Let us consider u; = , where a. b, c, d £ R and 

ad — be & f. According to Lemma 5, these transformations are 
isometries. The set of these isometries forms a group. Indeed, 

( a -(JE+* ) + *')/ l c ‘ (_g±» ) + .M- (‘‘■°+cb-)z+(a' b+d v ) 

\ t ct + d I II V V e« + d I {c'a + cd') i-f (c'p-l-dd') 

is again a transformation with real coefficients and determinant 
+ 1- Since ad — bc^O. there exists an inverse transformation of 
the same type. Consider the matrix group SL (2. R), i.e. the group 

(c d) ’ where e ' and ad—bc= 1 , and construct the 

mapping <p: SL (2. R) where ®, is the group of transfor- 
mations w ~‘lz+7' a ' b ' c ' ad—bc^i. Put = 

■ Obviously, (p is a homomorphism (verify!) and, further- 
more, cp is an epimorphism. Find ker<p. Clearly, (p (g) = <p ( _g), 
so that ker <p =3 Z a = (E . — E). Prove that ker <j>=Z 5 . Letq>(g) = 
*<*>• t e. — rf=~ , - +d . , whence 



0 — 1 _ „ aH-6 a'-t-6' 

a' c‘ **’ r+d e'+d' 


b = \b\ d~kd\ 


a — pa', c- pc', pa’d' -j- Xb'c' = pc'6' + id' a', 
(p— >■) {a'd' — b'c') =0, p = a‘d'—b'c'=i. 


b d 
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Thus, -p- = -y- = -£-=-£-=X, i.e. g' = Kg, X = ± 1, g' = ±g, which 
is what was required. 

Problem. Prove that SL (2, R)/Z, is a connected topological 
space. 

One should not believe that only transformations SL (2, R)/Z, 
are contained in the group Iso ( L ,). Indeed, the transformation 
g 0 : i — s maps the upper half-plane into itself and preserves the 



Lobachevskian metric (reflection about the g-axis). At the samo 
timo, g, is not of tho form °*^ . Indeed, are conformal 

(see above), i.e. they preserve oriented angles, while the transforma- 
tion g 0 : z -*■ — i is not conformal (see Fig. 4.58). 

Thus we should also consider transformations g(z) of the form 


■*(*)■ 


where a. b, c, d£R, ad— 6c=l. In other 


at 4- 6 

c*4-d 

words, w= ' w )i ere Qi f) t e% rfcR, ad — be = — 1. Let 

et + d 

denoto the set of all such transformations. The sets ®, and @ a 
are homeomorphic, since any gf®, is of the form g = gj, where 
/€®i, and since g 0 and / are isometries, g 0 / is an isometry as 
well. The hoir.eomorphism is established by multiplying the set ®, 

by g 0 6®j- Also 8,n®i=0. since 

at + b ..j gt+P 


g» + P 
yt+6 


Indeed, 


j - preserves oriented angles, while __ ‘ £ does not. 

Lemma 6. The set ® = ®, U ®, = {/} (J {go/} is a group in which 
®i is a subgroup and <3, is not a subgroup. 
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Proof. Consider the set of all real-valued 2x2 matrices with 
the determinant ±1. Apparently, this is a group; we denote it 

by Z(2, R), i.e. , ad — be = ± 1 J . This group, as a topo- 

logical space, is disconnected, for it has two connected compo- 
nents: L { 2, R)=L, U /,„ where 

i).®*-*- 1 ). ^.=ic ^ od~.be — i}. 

The subgroup L, was denoted above by SL (1, R). Let us construct 
rp: L-*-@. It 

A= {? c d)* L " " ien vM) “/€«.- /w— S$r. 

ad— be = + 1 , 

if 

*-(“ d) then <p(fl) = g€«„ g(,)-4±L , 
ad — be = —1. 

Clearly, ip is a homomorphism (vorifyl). Furthermore, the mapping rp 
is an epimorphisra, it is not one-to-one and has a kernel. To find the 
kernel, it is sufficient to find the inverse image of the identity ele- 
ment of the group ®. As in Proposition 1, it is a simple matter to 
prove that ker (<p) = Z,, where Z, = (+ JT, — E); this subgroup 
is the centre in L (2, R). The lemma is proved. This means that we 
have also proved the following statement. 

Lemma 7. The group ® = ®, U ®a = {/} U {?} i* isomorphic 
to L (2, R)/Z„ where 

L(2, R) = {(‘ *), <Mf-6c=±l|, Z , = (£,-£). 

Thus, in the isometry group of the Lobachevskian plane we 
have found a subgroup consisting of two path components, namely, 

® e; L (2, R)/Z,. How many parameters are needed to describe the 

elements of this group? Since L(2, R)=|^ *J , ad—bc = lj , 

the element is determined by three independent parameters. 

Lemma 8. The group SL (2, R), as a topological space, Is homeo- 
morphic to the direct product of a circle and a Euclidean plane and can, 
therefore, be provided with the structure of a smooth three-dimensional 
( non-compact ) manifold. Correspondingly, L (2, R) is homeomorphic 
to the direct product of two copies of a circle and a Euclidean plane. 

Proof. It is known from algebra that any linear homogeneous trans- 
formation of a Euclidean plane with the determinant +1 can 
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uniquely be represented as the composition of the proper rotation 
and triangular transformation (the basis orthogonalization theorem). 
Thus, any matrix g g SL (2, R) admits uniquely a representation 

/ cos 9 sin tp\ ( a P\ 

as the matrix product g = l „ 1 1. Since the 

V, — sin 9 cos 9 / \0 — J 

( cos 9 sin 9 \ 

. form a circle and the matrices 

— si n 9 cos 9 ) 

( a P\ 

_1_ J form a Euclidean plane, the lemma is proved. 

The topological structure of L (2, R)/Z, is more complicated. As 
is shown below, the subgroup L (2, R)/Z, is, in fact, the whole group 
Iso (£,). Note also that the isometry groups of a sphere and a Loba- 
chevskian plane have the same dimension and can be endowed with 
the structure-of a smooth three-dimensional manifold. 

Remark on the isometry group of a pseudo-Euclidean space RJ. 
VVe recall that the isometry group of a two-dimensional sphere coin- 
cides with the isometry group of R a that preserves the point 0 fixed, 



Figure 4.59. (a) gt~e, identity transformation; (b) g t , reflection 
in the plane us; (c) g„ reflection at the point 0; (d) g t , reflec- 
tion in the pfane yx. 


i.e. with the group O (3). Similarly, a Lobachevskian plane can be 
realized in RJ as one of the sheets of a two-sheet hyperboloid 
(a pseudosphere of imaginary radius), and any motion of the Loba- 
chevskian plane will be induced by an isometry of RJ. Since a pseu- 
dosphere of imaginary radius consists of two connected components, 
Iso L, is not the whole group Iso (RJ) 0 , where Iso(RJ)„ denotes all 
isometries of RJ that leave the point O fixed; reflection-induced trans- 
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formations, which represent two sheets of a hyperboloid, should also 
be included. Thus, the group Iso (RJ)„ consists of four connected 
components. Figure 4.59 shows four transformations, g u g„ 
and g t , which preserve the pseudosphere L , and belong to 

different connected components of the group Iso (RJ) 0 . 

7. Let us consider again the group of motions of a Euclidean plane. 
The transformations y = Ax + b. A 6 O (2), b 6 R z , found above 
can be written in the complex form w = az -+- 6, where b 6 C, 
a 6 C, | a 1 = 1, i.e. w = e'v-z + b. This transformation group is 

isomorphic to the matrix group consisting of matrices ( a t> '\ , 

\0 i) 

where a — «••. That the Euclidean metric is preserved directly 
follows from the identity dw = adz\ dwdw = \ a | ! dzdz. 

Just like in the case of a plane, it is a simple matter to verify 
that the group Iso (R n ) of linear isometries of a Euclidean space R" 
can be represented as the transformation group y = Ax 4- b, where 
the matrix A belongs to the orthogonal group 0 (n) and the vector b 
delines a translation. The group Iso (R") is isomorphic to the matrix 
group consisting of matrices of the form 


A 

b 

0 0 

1 


Thus, the group Iso (R n ), as a topological space, is homcomorphic 
to the direct product O (n) X R n , where 0 ( n ) and R” are considered 
as topological spaces. This decomposition is not, however, a group one. 


4.3.2. MATRIX TRANSFORMATION GROUPS 

We have seen that all the examples of groups considered 
above are topological spaces on which the structure of a smooth 
manifold can be introduced in a natural way. We have used the 
topology which arises on a transformation group after it is embedded 
in a matrix group whose topology is defined in a usual manner; 
matrices are assumed to be close if their elements are close. Thus, we 
arrive at a class of smooth manifolds such that points on them can 
be “multiplied”, this multiplication satisfying all axioms of an 
algebraic group. Let us give the following definition. 
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Definition. A He group is a smooth manifold M " endowed with 
two smooth mappings /: M " x M* M n (multiplication) and 
v: (construction of the inverse element), usually denoted 

as / (*> y) = x -y, v (r) == *-*, and having a marked point e g M n 
which satisfies together with / and v the relations: (1) x -(y • z ) = 
(x-y)-z, (2) e -x = x -e = x, x -x-‘ = *-* -x = e. 

The operations / and v are usually required to be continuous, but in 
all examples considered below the group operations are smooth, 
that is why smooth mappings / and v have been used in the definition 
of the Lie group. 

Definition. The set of elements g of a Lie group ® that can be 
connected by a continuous path with the unit element of ® is called 
the connected component of the unit element of the group @ and is 
denoted by ® 0 . 

Statement 1. The set <3 0 is a subgroup in ®. Furthermore, ® 0 is 
an invariant subgroup in ffl, so there exists the factor group @/® 0 . 

Proof. Let g„ g 2 g ®„; we need to prove that g, -g, g @ 0 . Accord- 
ing to the definition of ® 0 , there exist continuous paths y, (t) 
and y, (£) such that y, (0) = e, y, (1) = g, and y, (0) = e, y, (1) ■= 
g-. Consider the path y: / where y (t) = y, (£) -y, (£). Since 

multiplication is continuous in @, the path y (t) is continuous and 
therefore g, • g, g ® 0 because y (0) = y, (0) • y, (0) = e\ y (1) = 
Vi (*) ' Y» (1) = gi • gf Demonstrate that for any g 0 g ® 0 and any 
g g ® the element gg^g-' belongs to © 0 . Since g 0 g ® 0 , there 
exists a continuous path y (£) such that y (0) *= e, y (1) = g 0 . Con- 
sider another path q> (t) = gy (t) g->, it is continuous because the 
multiplication operation is continuous. At the same time, if (0) = 
e, <f (1) = ggog- 1 , i.e. gg 0 g-> g @ 0 . The statement is proved. 

We have already got acquainted with the examples of Lie groups. 
For instance, the group of orthogonal matrices is a Lie group (veri- 
fy!). Let us consider the most typical examples of matrix groups. 
All these groups are Lie groups; we shall not, however, prove this 
fact, confining ourselves to certain particular cases. 

1. Full linear groups ®L (n, R) and (3L (n, C). Let us consider 
a Euclidean space R" and the set of all non-degenerate linear homo- 
geneous transformations of R n into itself, i.e. the set of all non- 
singular n X n matrices with real coefficients. This sst is denoted by 
® L (n, R). The set «L (n, C) is defined in a similar way. 

Lemma 9. The sets @L (n, R) and @L (n, C) are Lie groups. 

Proof. Let us consider, for certainty, the set <SL (n, R). That 
®L (n, R) forms a group (in the algebraic sense) is obvious. It 
remains to prove that <8L (n, R) can be provided with the structure 
of a smooth manifold such that all group operations ere smooth. 
Clearly, ®L (n, R) = R n ’ \{det g = 0), where the Euclidean 
space R'” is identified with the space of all matrices of order n (over 
the field R). Since the equation det g = 0 is polynomial, the 
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set R"'\ {dot g = 0} is open in R n \ i.e. this set is a domain in R"* 
and, therefore, a smooth manifold of dimension n‘. Multiplication 
of matrices is a smooth operation because each element of the mat- 
rix AB is a second-order polynomial in the elements of the matrices A 
and B. Each element of the inverse matrix A *' is a rational function 
of the elements of the marix A (the denominator of the function is 
non-zero since A is non-singular). The matrix E is the unity element 
of the. group ®L (n, R). In a similar fashion we can demonstrate that 
@L (n, C) is a Lie group. The lemma is proved. 

2. Special linear groups SL (n, R) and SL (n, C). The group 
SL (n, R) is defined as a subset in ®L (n, R) given by the equation 
det g = 1 . Clearly, this set is a group and a topologial space. The 
group SL (n, R) is, in fact, a smooth manifold, but we shall not 
prove here this assertion. The group SL ( n , C) is defined as a sub- 
group in <SL (n, C) which satisfies det g = 1. The dimension of 
SL ( n , R) is n J — 1 and that of SL (n, C) is 2n l — 2. 

3. Orthogonal groups O (n, R) and O (n, C). Let us consider R" 

n 

with the bilinear form (a, b> = £ aV which defines a Euclid- 

i—i 

eon scalar product. The group O (n, R) is defined as the group of 
real matrices A of order n that preserve this scalar product, i.e. 
satisfy the relation (da, ,4b) = (a, b> for any a, b 6 R n - The 
group 0 (n, R) is usually denoted as O ( n ). The group O (n, C) is 
defined in a similar way. The group O ( n ) contains a subgroup 
denoted by SO (n) and called special orthogonal group: g £ SO (n) if 
det g <= 1. 

Lemma 10. The group SO (n) is pathwise connected and coincides 
with the unity component of O (n). The factor group O ( n)ISO (n) is 
isomorphic to Z„ i.e. 0 (n) consists of two connected components. 

Proof. It is known from algebra that for any element g 0 £ SO (n) 
there exists an orthogonal transformation g € 0 (n) such that 
0 = Mot! ’* is matrix of the form 
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(provided n = 2k) and of the form 


cos<p, sintpi 
—sin 9, cos <pi 


cos 9* sin 9 a 
- sin 9 a cos 9 a 


(provided n =j 2k + 1). As a continuous path y (t) connecting g„ 
■with the identity matrix E we may consider the following family of 
matrices: 


«(<>■ 


cos9,« sin 9,1 
— sin 9,1 cos 9,1 

0 

0 



, where t(i) = r' a ( l )e 


Thus, SO (n) = ( 0 (n)) 0 . The fact that the set of orthogonal ma- 
trices with the determinant —1 is homeoraorphic to SO (n) completes 
the proof of the lemma. 

Sometimes, it is convenient to represent O (n) as a subset in R"' 
defined by the system of equations AA r = E, where R n ‘ is identi- 
fied with the linear space of matrices A of order n. 

Consider in R"' the form (A, B) = spur AB t . Clearly, this sca- 
lar product is Euclidean in the basis formed by the vectors e,; (each 
vector in R n ‘ is identified with a matrix of order n, and all elements 
of the matrix are zero except for the element equal to unity and 
located at the intersection of the ith row and /th column, 1 ^ i, 
)<n). If 

A = 2 a i e i/ B= S b{ei;, 

« 7 J f. i 

then (A, B) = spur AB r = ®W> 

i7 1 

which, obviously, coincides with the scalar Euclidean product in the 
orthogonal basis {e,/}. Identifying each matrix A £ R n ' with the vec- 
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tor A = 2 “iCiy. we can associate to this matrix the Euclidean 

length of the vector A, where || A ||* = spur AA T . As was already 
noted, O (n) is realized as a subset in R"' satisfying the equation 
AA r = E. Hence, for A £0 (n) wo have || A || = j/n, i.e. 0 ( n ) 
is located in a standard sphere S "’- 1 c: R n ' of radius V n(Fig. 4.60). 

4. Unitary group U (n) and special unitary group SU («). Let us 
consider a complex space C" referred to the coordinates z', . . . z’ 1 
and provide it with the Hermitian scalar product (a, b) = 

Re 'Z a'b 1 associated with the bilinear complex-valued form 

M 

T. Let U ( n ) stand for the group of all linear operators 

in C" that proserve this scalar product, i.e. the group of all com- 
plex-valued matrices A of order n such that <a, b) as (Aa, Ab> for 



Figure 4.60 

any a, b 6 C n . This condition is equivalent to the matrix equation 
AA r = E, where the bar denotes a complex conjugate quantity. 
Thus, if g £ U (n), then det g = e’>. Define SU (n) as a subgroup 
in U ( n ) such that det g = 1. 

Lemma 11. The groups U (n) and SU ( n ) are palhwise connected, 
i.e. coincide with their unit components. 

Proof. It is known from algebra that for any g 0 £ SU (n) there 
exists a unitary transformation g £ U (n) such that a = gg 0 g- 1 is 
a diagonal matrix of the form 

j, +<p„ = 2ta, fgZ 
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(here e'®*, are the eigenvalues of the operator g 0 ). As 

regards the continuous path y ( t ) connecting g 0 and E, it is sufficient 
to consider the continuous family of matrices y (t) = g~'a(t) g, 
where 

\ 

0 

n-l 

<( 2 ln-l 2 ®n) 

A-l 

Apparently, y (0) = £ and y (1) = g 0 . That U (n) is connected can 
bo proved in a similar way, and for y (t) we may take the path 
V (f) = g m 'a (0 g, where 

r\ 

a( 'H 0 


The lemma is proved. 

Problem. Demonstrate that U (n) (as a topological space) is iso- 
morphic to the direct product of SU (n) and SK 

Problem. Let ® be a connected Lie group and let H be its discroto 
normal subgroup. (The subgroup H is discrete if the unit element 
of ® has an open neighbourhood U such that it contains only one 
element of H, the unit clement.) Prove that any discrete normal 
subgroup H lies at the centre of @, i.e. commutes with the whole 
group @. 

It is sometimes convenient to represent U (n) as a subset in It 2 " 1 
defined by the system of equations AA T = E, where R Jn ‘ at C n * 
is identified with ‘the linear space of all complex-valued matrices A 
of order n. Consider in C"’ the scalar product (A, B) = Re spur AA T 
end c onsid er in R 2 " 1 the basis consisting of matrices 
J * | , | *|i where all the elements arc zero except for one lo- 
cated in the *th column and / th row, j^n. If A, BeC"’, 

n 

then (A, B) = Re spur AB r = V a{b{, which coincides with the 

t.J-t 

Hermitian scalar product in C n ‘ identified with R . Assuming 
each matrix A to be a vector, we can associate with it the Euclidean 
length of the vector A: || A ||* = Re spur AA T . Hence, U (n) lies 
inside the sphere S ,n '~‘ of radius Y n. 



a (0 = 




0 
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Now that we have demonstrated pathwise connectedness of SO (rt) 
and SU (n), we can prove the following statement. 

Lenuna 12. The group @L (n, R) consists of two path components. 
The group <3L (n, C) Is pathwise connected. 

Proof. The group <3L (n, R) splits into the union of two subsets, 
®„ = {g: det g > 0} and ®, = {g: det g<0). These subsets 
are disjoint since the determinant of the matrix is a smooth function 
of its coefficients, i.e. of the coordinates in R"'. Also, is homeo- 
rnorphic to the homeomorphisin being realized by the mapping 


g -f ag, where a 



prove that ffl 0 is 


connected. Since each element g 6 ©„ can be interpreted as a basis in R", 
application of the familiar procedure of basis orthogonalization 
shows that g can be represented asg = a ■ <p, where a £ SO (n) and ip 
is a top-triangular matrix. The matrix g can now be deformed contin- 
uously into the matrix a; to this end, it is sufficient to consider the 
continuous path y (t) = a-(p (t), where 


»(<)■ 


rtp,< + (l— t) 

V .<+( 1 - 1 ) 

0 

*.* + ( 1-0 


9il‘ 


Connectedness of SO ( n ) proves the lemma for <BL (n, R). Let us 
consider (n, C) and construct a smooth mapping f ; (n, C) -v 

S' setting / (g) = det g. The image of (n, C) is a circle, 
and the inverse image of the unit element on S 1 is a subset of matri- 
ces in ®L (n, C) such that det (g) = 1, i.e. /-* (1)=-5A (/», C). Since 
a circle is pathwise connected, it suffices to prove pathwise connec- 
tedness of the group SL (n, C). Applying the orthogonalization, 
which transforms an arbitrary unimodular complex basis into a 
Hermitian one, we pass, as before, from the connectedness of SL 
(n, C) to the connectedness of SU (n); the latter group is con- 
nected by Lemma 11. Thus, Lemma 12 is proved. 

Remark. Connectedness of <SL (n, C) and disconnectedness of 
(n, R) can be explained (not quite rigorously) as follows: the 
group <SL ( n , R) is obtained from R"' by removing the hypersurface 
det (g) = 0 which “subdivides" R"' into two domains, one of them 
being precisely the connectedness component of the unit element 
of <3L ( n , R). In the complex case, (SL (n, C) is obtained from 
C n * as R s "’ by removing the subset det g = 0 of codimension two 
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(from the real point of view), since the comnlex equation det g = 0 
is equivalent to two real equations, Re (det g) =0 and Im (det g ) =0. 
It is clear intuitively that a surface of “codimension two” does 
not subdivide R 2n ‘ into two parts. 

We have defined U (n) as a group of matrices which preserve the 

n __ 

real-valued scalar product (a, b) = Re S a k b k . However, 

a-i 

besides this scalar product, there exists in C" an associated bilinear 

n 

complex-valued form (a, b) = 2 which, naturally, 

*=i 

lends to the group of matrices U (n)' that preserve this form, i.e. sat- 
isfy the identity (B a, B b) = (a, b) for any a, b 6 C”. A question 
arises: do U (n) and U (a)' coincide? 

Lemma 13. The group U (n) and the group U (n)' coincide. 

Proof. Since U (n)‘ preserves (a, b), it also preserves (separately) 
the real and imaginary parts of (a, b), and since <a, b> = Re (a, b), 
preservation of the form (a, b) implies preservation of (a, b). Thus, 
U (n)‘ <= U (n). Conversely, let A £ U (n), i.e. (Aa, Ab> = (a, b> 
for any a, b £ C". Since this equality holds true for any a, b £ C" it 
is also valid fora pair of vectors ia and b, i.e. Re(ia, b)=Re(A(ia), Ab). 
Since the operator A is complex, A (ia) = iAa and hence 
Im (a, b) = Im (Aa, Ab), that is, the imaginary part of the form 
(a, b) is preserved. Thus, A preserves (a, b), i.e. U (n) a U (n)' . 
The lemma is proved. 

In what follows we will not distinguish between these two invari- 
ance groups. 

We now discuss the operation of "making real" which permits the 
identification of C" with R*\ Let e„ . . e„ be a Hermitian basis 
in C", this means that any vector z £ C" admits a unique decomposi- 
tion z = z'e, + ...•+■ z”e n , where z k = x K -f ty k , x", y n £ R. 
Consider the set of orthogonal (with respect to (a, b» vectors ei, . . . 

. . ., e„, ie„ . . ., ie n . Then for any z £ C" there exists the decora- 

n • n 

position z = 2 -f- 5 ^(ie*), where x k , y K £ R. This 

enables identification of C n with R 2 ". The mapping <p: C" R 2 " 
defined by the formula q> (z) = (z 1 , . . x n , y l , . . ., y") will he 
called the operator of “making C" real". What does it happen to the 
Hermitian form (a, b) under <p? Clearly, 


(a, b)= £ oV— S (z-' + iy*) (c"-id k ) 

*1=1 Ao=l 

= 2 (*V + yM*)-|-t 2 (y h c k —x k d k ), 
*«=1 *=1 
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<a, b) = Re (a, b) 




In other words, the Hermitian scalar product in C" becomes the 
Euclidean scalar product in R*". 

What do wo mean by saying: “define in R 1 '* a complex structure”? 
Consider the operation <p: C"-*R ! ", then an orthogonal basis 
{e*. ie k ). n, arises in R* n , and R>" w R” © iR" = C". 

Thus, in R !n there arises a linear operator A such that A (x) = ix. 
Clearly, A 1 = — E and A (ie*) = — e*. i.e. in the orthogonal basis 

(e„ . . e», fe, Ie») the matrix A is of the form A = (° ~ E \ „ 

\E 0/ 

where E is the identity matrix of order n. This operator has 2neigen- 
values X t = + I, = . . . = X,„ = -1 (verify!) 

and A is also orthogonal: A g SO (2 n). 

Definition. We say that an orthogonal operator A £ SO (2 n) in R»\ 
such that A a = — E, defines a complex structure in R ,n . 

This definition will be justified if we can identify R ,n with C" 
via A. Since the operator A is orthogonal, it can be transformed, by 
an orthogonal rotation of the basis, into 



cosipi simp, 
— einif! cosipi 

0 

A = 





0 

cos <p„ sin <p„ 



— cos <p n 

Since A* = — E, it follows 

that 



= + l h £Z. 


Under another basis transformation (permutations), we can repre- 
sent A in the form A = ^ ^ . Thus, we have obtained an ortho- 
gonal basis e„ . . e„, t,, . . t„ such that .4 (e*) = t», A (t*) = 

— e*. Spanning the space R"{e»} by e„ . . e„, we obtain the 

decomposition R J " = R n {e* ) © R"{tj,} such that A: H"{e*)-*- 
R" {tx}. A: R n {t*} R n {e/,}- Hence, any af R 1 ” admits the 
unique writing a = x + .dy, where x, y g R"{ej,}. Since A J = — E, 
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■we obtain C" by considering alt linear combinations of the vec- 
tors {e»}. 

How many complex structures can be defined in R ,n ? In other 
words, how can we describe all A £ SO (2n) such that A 1 = -—£? 
Since A — — A “« and A ' 1 = 4 r , then A T = —A, i.e. A is a com- 
plex structure if and only if this operatior is skew-symmetric. 

Lot us consider the transformation 9: C" -► R ,n and let II* c: R an 
be an arbitrary two-dimensional real plane. When is II s a complex 
straight line, i.e. the image of a complex straight line under 9? 
Apparently fl l is a complex straight line if and only if it is an 
invariant plane for the operator A: R , ' 1 -»-R ,n . The proof is left 
to the reader. 

What does it happen to a unitary group under the transformation 9: 
C n -^R >n ? Let A € U (n); since this operator preserves the Hermi- 
tian form, 9 transforms A into the operator <pA which acts in R s " 
and preserves the Euclidean form because the Hermitian form is 
transformed into the Euclidean one. Since 9A preserves the Euclid- 
ean form, it is an element of the group O (2 n). What is the explicit 
form of the embedding 9: U (n) -*-0 (2n)? 

Proposition 2. The mortomorphism 9: U (n) -► SO (2 n) that arises 
under the operation 9: C" -► R 8 ' 1 can be written as 


C + iB -7( C B ~?)eS0(2n). 


where C and B are real. Furthermore, 9 U (n) = SO (2 n) f) <p®L (n, C). 

Proof. Let e„ . . ., e„ be a basis in C", then 9: C B R ,n transforms 
this basis into e., . . ., e„, ie lt . . ., ie„, whence (C + iB)e* = 

^ ^ . Straightforward calculation shows that det (9A) = 

JdetA I’, i.e. det (9A) > 0. We now prove that 9(7 (n) = 
SO (2 n) fl C). Let 9 A g 9 U (n), then, on the one hand, 

<pA 6 SO (2 n) (see above), and on the other hand, 9A is obtained 
when the transformation is applied to a complex-valued non-degener- 
ate operator, i.e. 9A g 9SZ. (n, C), whence 9 U (n) c: SO (2n) f| 
9®Z. (n, C). Conversely, let g g SO (2 n) and g 6 9SL (n, C). 

This means that g is of the form ^ ^c) ' i-e ‘ 8 ^ ^ W- The 

proposition is proved. 

There oxists another obvious embedding U (n) id SO (n) as a sub- 
group of real matrices. 

If A £ If (n) is the operator of multiplication by i, i.e. A z = It, 
the transformation 9 sends this operator into ^ ^ . We have 
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demonstrated above that the set of complex structures in R 8 " coin- 
cides with the set of all orthogonal skew-symmetric matrices. If A 6 
SO (2 n) is a complex structure, there exists a matrix C £ SO (2 n) 
such that A = CT a C~', where 


0 1 
— t 0 

0 

0 


0 t 
—1 11 


The converse statement is also valid: any operator of the form 
CT 0 C-‘ is a complex structure. Thus, the set of ell complex struc- 
tures in II 8 " can be identified with the set of matrices of the form 
CT„C - l , where C £ SO (2 n). 

It can be proved (the proof is omitted) that all the matrix groups 
considered above are Lie groups. 

5. Symplectic group Sp (n) is defined in terms of the algebra of 

quaternions Q. Recall the definition of Q. Consider R J referred to 

an orthogonal basis whose vectors are denoted by 1, f, /. k, so that 
any q 6 R 1 is written as q *=a 0 -i -f a'-i -•- a 8 -/ -I- a 3 -k, where 

a°, a 1 , a 8 , a 8 € R- Multiplication in R* is defined on the basis 1, 

i, /, k and is extended then to all vectors in R*. Tho table is of the 
form 



1 

l 

1 

k 

1 

1 

l 

1 

* 

I 

l 

-t 

k 

— / 

1 

1 

—k 

—1 

1 

k 

k 

i 


-1 


Thus, we obtain a four-dimensional algebra over R which is associ- 
ative but not commutative. This algebra is called the algebra of 
quaternions Q. There exists in Q the operation of conjugation: 
q-*- q — a°-l — a'-l — a 8 -/ — a 3 -k and the operation of finding 
the inverse element (for a non-zero element): q~' = q!\ q | ! , where 
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_ 3 

I q | ! = g-g = 2 (<t*) ! . The algebra Q admits the scalar real- 

1=0 

valued product < q ,, q s ) = Re (g,-g,), where (g, -q,) denotes the 
product in Q. The elements q £ Q are called quaternions; the quater- 
nions with n° = 0 are called imaginary. The coordinate a“ in the 
decomposition q = aM + a'-i + a l -j + a 3 -k is denoted by a° = 
lie (g); thus, q = Re (?) + Im (q). 

We now consider an n-dimensiona! quaternion space Q" with the 
basis e„ . . e„; any vector of this space a g Q" admits a unique 

>1 

representation in the form a = V, g*e A , where g* £ Q. 

Cl 

Definition. A symplectlc group Sp (n) is the set of all linear quater- 
nion transformations of Q" preserving the point 0 and leaving 
invariant the following scalar poduct in Q": 

<a, b) = Re<2 o*b*), 

»-! 

i.e. Sp(n)~{i4: Q n — Q", (a, b) = (/la, Ab>, a, bgQ"). 

The number n is called the quaternion dimension of Q". The space Q" 
can be identified canonically with C 5, ‘. Take n — 1; then Q 1 — Q. 
Let g =» aM + a'-i + a--j -t- a 3 -k-, using the multiplication table, 
we can write q in the form q = (a 0 + a'i) + j (a 3 — a 3 i) — z 1 + /i* 
where z' = a 0 + a'i, z s = a 2 -f- a 3 i are complex numbers. Performing 
this operation along each quaternion coordinate in Q", we obtain 
the identification Q" s s C 2 ". As in the complex case, there exisis, 
along with Sp (n), the invariance group of the quaternion-valued form 


(a, b)= 2 a*b* t o*. b*eQ. 

The following statement is valid: the invariance group of (a, b) coin- 
cides with the group Sp (n). The proof is left to the reader as a useful 
exercise. 

Let us consider the operation of “making complex", i.e. identifica- 
tion of Q n with C 2 " (not to be confused with complexificationl). 
How does this operation change a quaternion-valued form (a, b)? 
Put n = 1, then 


a-b (p + j'gj (c + jd) = (p + jq) ■ (c — dj) = (pc - iq dj) 
— (P dj iqc) = (pc + qd) + ( — pd-\ gc) /, 
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where a -*-_P 4- jq. b— c -- jd (s ee a hove). Wo have used the rela- 
tions jq^qf. /” — — 1. and a-b -= 6-a (verify!). For an arbitrary n 
the form (a. b) becomes 

S (/^ + 9*d*) + i (flV -#>»*)/, 

k = l k — 1 

where 

a “ («‘ “") -*■ (/>' + /'9‘ />" + jq n ). 

b™ (b 1 , . . .,b n ) -*• (c‘ + /<P, . . .,c"+Jd n ). 

n 

Apparently, the form (a, ^Hcrm 3 -’ ^ (/>*?* -f <y* d K ) coincides with 

«C=»I 

n 

the Hcrmitian form in C 2 ”, and the form (a. b), k „ — £ (q h c h — p''d h ) 

is skew-symmetric, i.o. (a. b) tkJ - — (b. a) xkB , If the operator A: 
Q" — Q" preserves (a, b)„ u „. it will preserve, after the identification 
of Q“ with C 2 ", two forms: (a, b)„,. rm and (a. b) xkx . That the 
operator preserves (a. b) H trm means that it becomes a unitary 
operator. Wo have proved that Sp (n) can he embedded in 
U (2 n) as a subgroup of those elements that preserve in C a " the 

n 

skew-symmetric form (a, b) xks ^ £ (jV — p k d 1 '). Here C 5 " is 

assiimoil to lie represented in the form C" © C". i.o. the coordina- 

les in C ! " arc divided into two groups: a — (/>' p". q ' q") m 

Problem. Find the explicit formula for the embedding Sp (nl — 
U <2n). 

Proposition 3. The groups <&L (n. R), <3L (n. C), SL ( n , R). and 
SL (n. C) are non-compact . and the groups U (n), SU (n), O (n), 
SO ( n ), and Sp (n) are compact (as topological spaces). 

Proof. That &L (n. R) and @L (n, C) are non-compact follows 
from the fact that these groups are unbounded Euclidean domains. 
Compactness of U (n). SU (n), O (n), and SO ( n ) is a direct conse- 
quence of the fact that these groups have been realized as bounded 
subsets in the sphere. Compactness of Sp ( n ) is a consequence of the 
fact that this group is realized as a closed subset in U (2n). The pro- 
position is proved. 

6. The list of the Lie groups considered above is far from being 
complete. There also exist both compact and non-compact Lie groups. 
For example, among non-compact Lie groups of great importance 
are the groups 0 ( n , k) and SO (n, k). 0 {n, k) is the form invariance 

group (in R n ): (a, b) = — 2 a‘b ‘ - £ a‘b>. SO (n, k) is the 

.=i ;=*+! 

subgroup of unimodular matrices in O (n, k). 
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Let us consider some Lie groups of low dimension. We have seen 
that SO (2) is liomeomorphic to a circle; SO (3) is homeomorphic 
to RP 3 . Clearly. U (1) a S'. Let us study Sp (1) and SU (2). 

Proposition 4. The groups SO (2) and Sp (1) are isomorphic (in 
the algebraic sense) and are both homeomorphic to a sphere S 3 . The 
group SO (3) it a j actor group of SU (2) with respect to the subgroup Z, 
consisting of the elements (E. —E). 

Proof. The group Sp (1) acts in Q' Q as multiplication by 
a "scalar", a quaternion, i.e. each A: Q-*- Q, A £ Sp (1) is of the form 
Aq = qa, where q g Q and a g Q is a fixed quaternion. Since 
<?|> ?s)qu«t = <h-q* is preserved under A, wehave (?,, ? 2 ) q „»t = 
iMu ^?i)quat. i-e. q,q t = q,aaq, •= | a | *»,•»„ i.e. | a |* = 1, 
I a | = 1. Since | a ]■ | b | = | a-b | (verify!), Sp (1) is isomorphic 
(in the algebraic sense) to the group of all quaternions a £ Q such 
that | a | — 1. Such quaternions form a sphere 5 s because | a | J = 
(a 0 ) 2 + (a 1 ) 5 + (a 2 ) 5 4- (a 3 ) 5 - The unity element of the group S 3 
is i =(1,0, 0, 0). We now demonstrate that Sp (1) is isomorphic 
to SU (2). Consider the embedding Sp (n)-= U (2 n) (see above). 

Since n = 1, this embedding is of the form [ 0. ij, i.e. the set 

V — 9 PI 

of such matrices form SP (1) in U (2), and furthermore pp + qq = 1. 
Indeed^ the mapping A: q-+q-a results in q-+ qa = (a 4 - jP) X 
(p + N) = («P — P?) 4- (ct? 4- p p) f, i.e. the operator matrix in 
the basis e, == (a = 1, p = 0) and e 2 ■=> (a = 0, p = 1) is of the 

form [ p which is what was required (after the substitution 

\1_ PI 

q -*■ —q). Since each A £ Sp (1) is an isometry of R 1 , it preserves the 

four-dimensional volume, i.e. del ^ — = 1 and therefore | p |*+ 

I q l 2 = 1, which is what we need. 

Thus Sp (1) is isomorphic to the unimodular subgroup in U (2), 
and the dimension of this subgroup is 3. Since the dimension of 
SU (2) in U (2) is also 3, Sp (1) and SU (2) are isomorphic. We 
have also proved that the elements of SU (2) can be written as 

( - !), Ip |’4- l?l* = l. 

\—q pi 

We now prove that there exists a homomorphism /: SU (2)-*- 
SO (3) such that it is an epimorphism and has a kernel isomorphic 
to Z 2 . Realize SU (2) as a group of unit quaternions in Q and put 
/ (a) = aqa. where a £ 5 s . | a j = 1, q £ Q, and Re q — 0, i.e. q are 
imaginary quaternions that form R 3 cz R 4 orthogonal to 1 £ Q- Then / 
is a homomorphism because / (a,-a 2 ) = a,a„qa t a , = / (a,)-/ (a 2 ). 
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The mapping / (a) transforms R s (imaginary quaternions) into itself 
and is an isometry, since Re ( aq l aaq,a ) --- He Uiq^q-a) — Re (o.o,). 
Thus, / (fl) € SO (3) (the image / (S’) lies in SO (3) since S 3 is con- 
nected). Find the kernel of /. If aqa = q for any q £ R :| (Re q — I »), 
then aq -- go, | a \ = 1. i.e. fl -- ± 1. since commutation of a with 
all imaginary quaternions means that the imaginary part of a is 
zero. Since ker / Z, — (E, —A'), wo have dim (S 3 Z.) - 3, and 
dim SO (3) = 3 implies that / is an epiniorphism. The "proposition 
is proved. 

That SO (3) a SV Z 4 , corresponds to (he represent at inn or RP :l as 
Iho quotient SVZ,, where Z 3 acts on S 3 as multiplication of a vec- 
tor hy —1. 


Problems 

1. Prove that O (2) coincides with the isometry group of 
a circle (with the metric ds- -- dqp). 

2. Prove that the group SI, (2, RJ.'Z, is palliwise connected. 

3. Prove that the group U (n), as a topological space, is hornco- 
morphic to the direct product of SU ( n ) and a circle S'. 

4. Let® he a connected Lie group and let If lie a discrete invariant 
subgroup. Provo that H lies at Iho centre of 

5. Find an explicit form of the embedding Sp (n)cz U (2n), by 
analogy with the embedding U (n)c: SO (2n). 


4.4. DYNAMICAL SYSTEMS 

Wo first recall the simplest properties of iho gradient of 
a smooth function. Wo aro already familiar with iho vector field 

v (x) = grad / (x), where / (x) is a smooth function on R". In curvi- 
linear coordinates, howevor, the gradient is not a vector field, for it 
is not transformed as a voclor, and therefore the gradient can be 
interpreted as a field if only there exists a Riemannian metric. 

The gradient of a function, grad/, is related to the derivative 

of 1 in the direction of a vector a£R" by grad/), where 

is the directional derivative, (,> is the Euclidean product. Let 

/ bo valid on R", then this function defines a level hypersurface (we 
shall speak about a level surface for n = 3 and about a level line for 
n = 2). A level hypersurface is described by n — 1 parameters 
(n parameters in R” are related by one condition: namely, the equat- 
ion / (x) = c = const), that is why the dimension of the hypersur- 
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face {/ = c} is equal ton — 1, provided {/ — c) is a smooth mani- 
fold. 

Definition. The point x 0 € {/ = c} is called a critical point of the 

function / if grad f (x 0 ) = 0; otherwise, x 0 is called a non-singular 
( nun-critical ) point. 

Example. Let the function s = x- — p* be defined on R*; the level 
line 2 = 0 is of the form x = ± y and consists of two straight lines. 
The point 0 is the only critical point of this function. 

Let x 0 g {/ = c} he a non-singular point. The vector a applied at 
the point x 0 is called tangent to the hypersurface {/ = c) if there 
exists a smooth curve y ( t ) entirely belonging to {/ = c} and such 
that v ( 0 ) = x 0 and y (0) = a. 

Lemma 1 . Let / ( 2 ) be a smooth function on R" and let x 0 £ {/ = c) 

be a non-singular point. Then the vector grad / (x 0 ) is orthogonal to the 

hypersurface {/ =3 c) at the point x Q , l.e. grad / (x 0 ) is orthogonal to any 
vector a tangent to {/ = cj at the point x„. 

Proof. Since (a, grad , it is sufficient to calculate the 

derivative of / with respect to a, i.e. -jj-/(y( 0) li-o- Since 

/ (7 (0) = c = const and v(!)c{/°c), we have -^- = 0. The lemma 
is proved. 

If *0 € {/ = c} is a critical point, then grad / (x 0 ) -= 0. and we may 

assume, formally of course, that grad / ( 2 ) is orthogonal to {/ = c} 
at any point of this hypersurface. 

Because the direction and magnitude of grad / (z) show the direc- 
tion and rate of the increase of /, the function / always grows at 
a maximal rate a.long the normal to a level hypersurface. 

We recall that a smooth vector field v (P) is said to be defined on 
a smooth manifold M", if at each point P g M" there exists a vector 
v ( P ) £ T p AT' smoothly dependent on P. 

In a local coordinate system x\ . . ., / a vector field v (P) can be 
given by the set of smooth functions v 1 (x\ . . ., x"), 1^ i< n. 
Continuous fields are defined in a similar way. 

Definition. The point P n £M" is called singular for a vector 
field v (P) if v (P„) = 0. The singular point P„ f; M n of the field 
v (P) is called isolated if it has an open neighbourhood U in which 
the field v { P ) does not have singularities other than the point P 0 . 

Of great importance in physics, however, are discontinuous fields, 
which are smooth everywhere except at several isolated discontinui- 
ty points on AT'. The examples are given below. 
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Let v ( P ) be a smooth field on M". We recall that the trajectory 
•y (<) is called an integral curve of the field v ( P ) if y ( t ) = v (y (/)), 
i.e. if the tangent velocity vectors to y (t) coincide with the field 
vectors v. 



Figure 4.61 Figure 4.62 


Consider several examples. Let / (P) be a function on R 5 and 
v ( P ) = grad / (P). 

(a) / (P) = x s + y-. grad / = (2x, 2 y). The integral curves are 
rays emerging from the point 0 (Fig. 4.01). 

(b) / ( P ) = — x 1 —y*, grad / = (— 2z, — 2y). Tlio integral 

curves aro rays converging to the point 0 (Fig. 4.02). 

• (c) / ( P ) = — x* + y". grad / = ( — 2x, 2p). The integral curves 
are hyperbolas (Fig. 4.63). 

y 



Figure 4.63 


For all the fields (a), (b), and (c) the point 0 is singular. The func- 
tion / has at 0 a minimum (case (a)), a maximum (case (b)), and 
a saddle point (case (c)). 
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A vector Held v on M" is frequently meant as the flow of liquid 
through the manifold and it is assumed that each particle of liquid 
has a velocity represented by a vector. The singular points of the 
liquid flow are thus singular points of the hold; for example, the 
singular point in Fig. 4.01 is a source (the liquid "flows out” from the 
point O). and the singular point in Fig. 4.62 is a sink. The integral 
curves of the held v are sometimes called streamlines of a liquid whose 
flow is described by this velocity held. Not every real liquid How 
generates a held in the sense we mean. The fact is that the coordinates 
of our fields do not depend on lime; in other words, liquid flows 
corresponding to such holds arc sleady. Time-dependent flows are 
unsteady. They con ho modelled by a family of fields v (P. t) which 
smoothly depend on the parameter t. 

Ilow can wc find explicitly the integral curves of a held? The rele- 
vant apparatus has been developed in the theory of ordinary differ- 
ential equations. Kach held v (id (P), . . ., id* (P)) can he iden- 

tilicil willi a system of ordinary differential equations 
c' 1 (i\ . . .. a' 1 ), 1^ n. Wo recall that a systom is said to he 
autonomous if its right-hand side does not contain the parameter t 
explicitly. Steady liquid flows are described by autonomous systems. 

W iis consider a particular case where the behaviour of an inte- 
gral curve con he described in rather simple terms. 

Definition. Let, on M n , he given a system of differential equations 
describing a held v (P). A smooth function / (P) on M”, which is 
constant along all integral curves of the flow, is called an integral 
o/ the system. 

Let / be an integral of the system. The hypersurfaces {/ = c} 
foliate Af* as c varies. Consider a fixed hypersurface / (P) = e 0 . 
It follows from the definition just given that if an integral curve 
has a common point with {/ = c„}, the trajectory lies entirely in 
{/ = Co}- This implies that the field v ( P ) is tangent to the surface 
{ 1 = 1 (/’)} at each point P (see Fig. 4.64), that is, each surface 
{/ = c} is foliated into integral curves of the flow v. Thus, the order 
of the initial system of equations can be reduced by one if the field v 
is restricted to the surface (/ = c}. We recall that in a neighbourhood 
of any point, which is non-singular for grad /, the surface {/ = cj 
is a smooth manifold of dimension it — 1. If we have two function- 
ally independent integrals, / and g (i.e. almost in all points of M n 
grad / and grad g are linearly independent), the order of the system 
is reduced by two units (see Fig. 4.65), etc. if we have a set of n — 1 
functionally independent integrals, the flow can he integrated com- 
pletely, i.e. all integral curves can he described as y ( l ) — {/, = c,)f) 

• ■ ■ n {/n -i = c„.,}, where y (0) ■= P. /* (P) = c A , 1 < 
n — 1. 

Definition. Let fields ▼„ . . v* be given on M n . These fields are 
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called linearly independent if the vectors v, (P) v h ( P ) are lin- 

early independent at each point P £ M n . 

If some held v a vanishes at a point, the entire system v,, . . \ h 
is no longer independent. 

Proposition f . Let M" — <3 be a Lie group. Then there always exist 
on ® n linearly independent smooth rector fields v,. . . v„. 

Proof. Suppose ® is a matrix group and consider on ® the loft 
translation L a : g -*• ag. Clearly, L a is a diffeomorphism of ®. 



Figure 4.64. The integral curve shown Figure 4.65 
cannot exist. 


Consider the unit element e £ ®. Define n linearly independent 
vectors e t , . . . . e n in T,® and consider the differential dl,„: 7",,®-+. 
7*„®. Put v* (a) ■* dL 0 (e t ). Since L a is a diffeomorphism, dL„ is 
non-degenerate, i.e. the vectors v* (a), 1 < n, are linearly 

independent. 

Below we shall give examples of such M " on which any smooth 
held does have singular points (zeros). An interesting example of three 
independent fields can be constructed on 5 s . Since S 3 is liomeomor- 
phic to SCI (2), there exist three independent fields on S 3 , according 
to Proposition 1. Let us find their explicit form. Let S 3 = {? £ Q, 

I ? | => 1}. Put v, (?) = iq. v, (?) = /?, and v 3 (?) = kq. These 
fields are tangent to S 3 at the point ?. Indeed, calculating the scalar 
product, say < iq , ?), we obtain <i?, ?) = Re (i?-?) = Re (f | ? | J ) = 

| ? I 3 - Re l = 0. 

Problem. Find the integral curves of the above fields on a sphere S 1 
in explicit form. 

Among smooth fields on M" of special interest is the class of the 
so-called gradient or potential fields. Discuss the concept of gradient 
on M" in greater detail. Let M" lie provided with a Riemannian met- 
ric and let / be a smooth function on M". Then, grad / — {j~i} *s an 
element of the space dual to T P M ", To obtain a vector, we consider 
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(in a local coordinate system) the field v (P): u* (x) = (x) 

Calculation shows that the set v l , .... o'* is transformed exactly 
in the same way as the coordinates of a vector; this set will be de- 
noted by grad f. 

Definition. The field of the form v (P) = grad / (P), where / is 
a smooth function on M", is called a potential field on M n . 

Lemma 2. A potential field does not admit closed integral curves 
without singular points. 

Proof. Suppose there exists a closed integral curve (such trajectori- 
es are sometimes called periodic solutions of a system). Then x (l) = 
v (x), where x (t) is a solution. If / is the potential, then 

— ~(x, v (x)) = g, ; x V (x) => g„ v* (x) o'(x)= | grad / j J > 0. 
dx 

This inequality shows that / is a strictly monotonic function which 
grows in the direction of increasing t. But since the trajectory Y (0 
is closed, the point y (t) will return to the initial position, which 
contradicts the continuity of /. The lemma is proved. 

For exatnplo, the field shown in Fig. 4.66 is not potential (the liq- 
uid rotates round the origin). 



Figure 4.66 Figure 4.67 


Let us consider flows on a two-dimensional manifold. For simplic- 
ity, we shall study flows locally; in this case we may consider a flow 
on a Euclidean plane. Let us treat the flow as a motion of liquid of 
constant density (equal to 1). We shall study how the mass of 
liquid at each point changes with time. As is known from the theory 
of ordinary differential equations, each flow is invariantly asso- 
ciated with a one-parameter group of diffeomorphisms, i.e. shifts 
along the integral curves of the field. The singular points of a flow are 
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fixed points of the action of this group. Let the field v have the coor- 
dinates ( P (x, y), Q (x, y)). Let us consider the change of the mass in 
an infinitesimal rectangle with sides dx and dy (see Fig. 4.67) (here (x, y) 
are Cartesian coordinates). If dm is the mass of liquid in the rectangle 
(dx, dy), then dm. = dx-dy. Let v (0 = v (y (t)) be a system corre- 
sponding to v. If v (/) is a solution, t is defined along y (t) to within 
a shift; we may assume that y (0) = P. where P is a point. Set 
(P) .= y (t 0 ), where y (0) = P. The mapping /,, is a diffeomor- 
phism. Let us consider P = (x. y) and apply to the rectangle (dx, dy) 
the inverse mapping where y (<) = P. The image of (dx, dy) 

under /(-an is an infinitesimal parallelogram T. Applying / 4( , we 
transform 1' into (dx, dy) (see Fig. 4.68). The point P = y (t) corre- 



Figuro 4.68 


sponds to the value t, and the inverse image of P under f At corre- 
sponds to t — At. As t varies, the mass dm (t) = dx (t)-dy (l) also 
varies. 

Lemma 3. The change o/ mass in an infinitesimal rectangle (dx, dy) 
can be expressed as 

- 3T(dm (‘ »= (4t + tJ -)dxdy. 

Proof. We shall assume that /*, defines a new coordinate system 
in (dx, dy) (transformation by a small dilfeomorphism). In the 
initial coordinate system, dm (t) = dx (t)'dy (t), and in the new 
coordinate system we have 

dx(t + At)-dy (t + At) 

’=d(x(t) + At-x t )-d(y(l)+Al-y' l ) 

= (dx (t) + Atd (x\)) ■ (dy (t) +Atd (y',)) 

= (dx (/) 4- A tdP (x, y)) • (dy (t) + A tdQ (x, y)) 

= (dx(t) + Ar(-§fdx + -i^ 

x(i»<o+ *(■£<** +■£«**)). 
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Since in the first factor dP ( x , y) is calculated with respect to the 
increment along the x-axis, the increment Ay in this factor vanishes 

and only the term dx (t) +- At dx remains. Similarly, in tho 
second factor the increment along the y- axis, i.e. Ax, vanishes, and 

a/i 

only the term dy (f) 4- A t ^ dy remains. Thus, 

( dx (O+Af-^-dz) (dg (f) + At -jj-dy) 

= dx{t).dy(i) + M.dx(t)dy(t) (-£- + -g-) 

(small quantities of higher orders are neglected). Hence, 

A dm (i) is A/- + dxdy, 

±(dm(t)).,{^.,^ r )dxdy. 

The lemma is proved. 

Difmilion. The function div v =» dP {*' — 4- - Q-*'— -- is called 

ox oy 

the divergence of a ilow v. The Dow is incompressible if div (v) = 0. 

Lemma 3 implies that the change in mass is zero if and only if the 
flow is incompressible. Let us consider an analogue of the expression, 
obtained in Lemma 3, for a finite domain. Let D lit a bounded 
domain with a piece-smooth boundary and let D (<) he a domain 
obtained from D as a result of the shift by time t along the integral 
curves of v via one-parameter group. Let the area of D (I) be equal to 
V (t) (if the density of liquid is unity, V (() is the mass contained 
in D (t)). 

Proposition 2. For any bounded domain D (I) 

$5 div vd*dy. 

« I) 

Proof. It is sufficient to subdivide D (t) into infinitesimal rectangles 
and apply Lemma 3. 

Definition. The flow v = (P. Q) is called irrotational if P„ = Q x . 
This condition can be modified. Let us consider an arbitrary smooth 
contour C on a plane (a circle without self-intersections), C = 
y (t); at each point of the contour there arises the number <v (y ( t )), 
y (1)) (see Fig. 4.69). The rotor of the Dow v along C is the number 

$ <y (v «), 7 (0 > dt. 

Lemma 4. The flow v = (P, Q) is irrotational if and only if its rotor 
along any smooth contour vanishes. 


4.4. Dynamical Sy items 

Proof. Let D be a domain bounded by C. It follows that 
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5 < v (Y(O)i YU)) 

TtO 


dt 


j P(y(t))dx(t) + Q(y(t))dy(l) 
v<*> 



7(0) = y(2n). 


Here we have used the Stokes formula (see Chapter 6). The lemma 
is proved. 

Proposition 3. An irrotational flow v on a plane is potential, 
i.e. there exists a smooth function a (*, y) such that v = grad a (x. y). 
The form Pdx + Qdy is the exact differential of the function a (x, y) 
defined uniquely to within an additive constant. 



Proof, It is sufficient to integrate the system of equations 
P=~-, under the condition Integrating the 

X 

first equation with respect to x, we obtain a(x, y)= ^ P{x,y)dx+ 

o 

g(y). Differentiation with respect to y yields 


da (*. y) 


6y 
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whence 

<?<*. 

o 

or <? (-C, y) = Q(x , if)-9(0, y)+— ^ which gives g' (p) = 

V 

9 (0, i/), i.e. g (y) = J 9 (0, y) dy+ C, where C=* const. Thus, 
o 

“(*. F) = j F>(x, j) 9(0, y)dy+C. 

0 0 

If we started integration with tho equation Q «*> , we would 

obtain a(x, y) = ^ Q(x, y)dy + jj P(x, 0 )dx + C. The function 
o o 

a (x, y) is the flow potential. Lot us describe a (x, y) in geometric 
terms. 



Consider two piecewise smooth paths v = Vi U V* and y' = y[ U Vs 
(Fig. 4.70). Clearly, 


i(*. y) — j P(x. y) dx -f f 9(0. y)dy=\ i ( Pdx+Qdy ), 

0 0 y 

“(*. y)= ] Q(x, y) dy+ J P(x, 0) dx = (j {Pdx+Qdy), 


i.e. a (x, y) can be found by integrating the differential form o> 
Pdx + Qdy along either y or y' leading from point (0, 0) to 
point (x, y). 



4.4. Dynamical Systems 
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Proposition 4. Let v h, an irrotational flow. Then it is potential and 
the potential is of the form 

a (x, y) = P dz + Q dy = ^ o>, 
v v 

where y is an arbitrary piecewise smooth path from point (0, 0) 
to point ( x , y). The integral o> does not depend on the path. 

Proof. We first prove that \ ( Pdx + Qdy ) does not depend on 

V 

the path (provided the initial and terminal points of the path 



are fixed). Let y' be another path from (0, 0) to (x, y); consider 
a=i w _ jj [ 0 = jj a), where — y' * s tlie path y' oriented in 
v V vu-v 

the opposite direction (see Fig. 4.71). Then, J (Pdx+Q dy)=z 

vll-V 

j (Pdx+Qdy)=0, because C = y U — y' is a closed contour and 

the flow is irrotational (corollary of the Stokes formula). Thus, 
a = 0 and ^ <o = \ to. Since we have proved independence of f to 

Y V* p V 

of the path, it is sufficient to choose one of the paths of Fig. 4,70 
to evaluate ^ to numerically. The proposition is proved, 
v 

If we choose another initial point of the integration path, a (x, y) 
changes by an additive constant. Let v be an irrotational, incompres- 
sible flow. Then its coordinates, P and Q, satisfy 

dP _ dQ_ BP _ BQ p _aa „ 

dz By ’ By dz * dz ' v 


da 

dy ’ 
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whence -jp' + ‘§“r = 0- The linear differential operator of the second 
order A =-^-^4--— {written in Cartesian coordinates) is called 

the Laplacian. The function /(*, y), such that A/ = 0, is called 
harmonic. 

We have proved that the potential of an irrotational, incompres- 
sible flow is a harmonic function. The potential a(x , y) is usually 
considered together with another potential, b(x, y), called a con- 
jugate potential or the potential of a conjugate flow. To define 
this potential, we consider the system — — Q, -|£-=/\ The func- 
tion b (x, y), which is a solution of this system, is called a con- 
jugate potential. Let us prove the existence of a conjugate poten- 
tial. Pul -<?, Q=P. Then, -£■ = P , -|i = Q , provided^- = 

d P q p 

— o7 ’ ~dx'~~dy ~ ' * s t * lc s y stem that was integrated above 
to find a (x, y). Thus, b ( x , y) does exist and plays the role of a ( x , y) 
for the flow v = (P, Q) — (— Q. P). The flow v = (P. Q) is called 
conjugate to the flow v = ( P , Q). The converse is also true: the poten- 
tial a (x, y) is conjugate to 6(x, y), i.e. the potential double-conjug- 
ate to a (x, y) coincides with a (x, y). The flows v and v arc ortho- 
gonal: <o, v) = — PQ + QP = 0. 

Lot us consider the plane (x, y) as a plane of complex variable z = 
x + ty and consider also a complex-valued function / (x, y) = 
f (*. y) + ib (x, y), where a and b are the potential and the con- 
jugate potential of the incompressible flow v = (P, @). Instead 

of %' If we wil1 sira P'y write *i- Since a x = P, a„ = <?, b x = 
= — Q< and b v = P, we have a x = 6„, a„ = —b x . The function 
/ (x, y) = a 4- ib is called complex-analytic, and the equations 
for a and b are called the Cauchy-Riemann equations (conditions). 
The functions a and b are called the real and imaginary parts of /, 
respectively: a = Re /, 6 = 1m /. Let us recall some properties of 
a complex-analytic function. 

Let z=x + iy, z = x — iy, then x = -|-(z-fz), y = -^p-(z — zj. 
Thus, any function g (x, y) = u (x, y) 4- io (x, y), which can be 
expanded in a convergent series of x and y, can be written as g (x, 
y) = g (z, z). By the rule of differentiation of a composite function, 

dz dz dz ' di dy 2 \ 3z l dy) 
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Similarly, (-gj 4- 1 . Among the set of functions 

g(z, z) we will choose those that depend only on z. Analytically, 
this is written as -4-g(z, z)*«0. Such functions are called com- 

OX 

plex- analytic, they can only be expanded in a convergent power 
series of one variable, z. Since |5-=>0, Sx + ‘Ru «■ 0, *-6- u x + lv x + 

i (u„ + <i>y) ■=■ 0, and the condition ^4- =0 is equivalent to the 

dz 

Cauchy-Riemann equations, u x = v v , u v ——v x . 

Thus, we have proved 

Theorem 1. Any irrotational, incompressible flow v — (P, Q) can 
be represented in the form v = grad a (z, y) and the conjugate flow 
v =3 (P. Q) is represented in the form v = grad b (z, y), where f (x, y) — 
a (z, y) + ib (z, y) is a complex-analytic function uniquely defined lo 
within an additive constant. The converse is also true : if / (z) Is a com- 
plex-analytic function, the flows v = grad Re / (z) and v = grad 1 m / (z) 
are irrotational and incompressible, and they are conjugate lo each 
other. 

The integral curves of v and v are orthogonal. The function / = 
a + ib is called the complex potential of a how. We now turn to 
studying singular points of a vector field on a plane. 

Let v be an irrotational, incompressible flow. How can we find 
zeros of v and v? From the Cauchy-Riemann equations we have 

ft (*) = -j- (/* — lf v ) <=a x — ia„ z=.b„ + ib x . 

Lemma 5. The points at which fi (z) vanishes coincide with zeros of 
the flow v (the same points are zeros of v). 

The proof directly follows from f\ (z) = a x — ia„ = + ib x . 

Thus, to find zeros of the (lows v, v, it suffices to solve the equation ' 
I' (z) =0. Until now, we have considered only smooth fields. All 
the considerations can, nevertheless, be repeated for a how with 
isolated discontinuity points which are not, of course, solutions of 
the equation f ( z ) = 0. 

Here is a question of practical importance: let v be an incompres- 
sible, irrotational flow, i.e. v = grad Re / (z), where / (z) is an 
analytic function, how can we find integral curves of this field? There 
is no need to solve explicitly the corresponding system of differential 
equations. 

Proposition 5. Let f — a + ib be a complex analytic function, 
v — grad a, v = grad b. Then b is an integral for the field v, and a is 



Figure 4.74. The potential Figure 4.75 
ip (*, y) is a many-valued func- 
tion. 


anti b r.re constant along the corresponding integral curves. The 
proposition is proved. 

Examples. Let / (z) — z*. A- > 2, /' = Az*‘ l . Clearly, /' (z) = 0 
only at the point 0 , / = r* (cos Atp — i sin Axp), i.e. a = r* cos A-tp, 
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a logarithmic singularity. Let us consider the Joukowski transforma- 
tion, / (z) = 2 1/z. The integral curves (for one flow) are presented 

in Fig. 4.75. Problem: Construct trajectories of the conjugate flow. 



Figure 4.79 


Let f (z) = ~ (In (z + aj — In (z — a)). a is real. The pattern of 

a flow is shown in Fig. 4.76 (construct the pattern of the conjugate 
flow). This case is an illustration of the confluence of singularities. 



For a # 0 the flow pattern (see Fig. 4.76) coincides with that for 
a dipole (two charges at singular points). As a-»- 0, / (z)-*-/J (z) = 
1/z and the dipole field becomes the field of a flow with a first- 
order pole (see Fig. 4.77). 

Let us consider a polynomial P » (z) =11 (z — a f ) with simple 

real roots. The corresponding llow is shown in Fig. 4.78. Let all the 

roots ct| vanish (the polynomial is transformed into P i (z) = z* 
with only one zero of order Ac). Deformation of the flow is illustrated 
in Fig. 4.79. 





4.4. Dynamical Systems 
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Problem. Construct the deformation of the function z~ k to the 

k . 

fiction (IJ (z— «/))■' and draw the pattern of flow deform 


Figure 4.81 

Thus far, we have considered flows on a plane. These examples can 
ho transferred to a sphere 5 s . The stereographic projection defines 
n correspondence between the points of S t and the points of an 


Figure 4.82 


extended complex plane (i.e. the complex plane with the adjoined 
infinitely distant point). 

The flow v = grad Re z on R ! has only one singular point, infinity, 
this is a first-order pole (when considered on S 2 ) (see Fig. 4.80). 
Figure 4.81 shows the qualitative behaviour of grad Re (z -r 1/z), 
grad Re In z, and grad Im In z. 
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Problem. Construct the pattern of the trajectories for the fol- 
lowing flows: 

(a-HP).ln(ii±l) , -f + lnx, i»+lnr. 

The attempts at constructing on S ! a smooth field without singular- 
ities have failed; in particular, the flows considered above do have 
singularities on S *. This is no accident. Let us explain intuitively 
why any smooth field on S 1 has a singularity. Suppose a field without 
singularities is constructed on S ! . Represent S- as the union of two 
disks: S 1 = D, (JO,, where D, is the disk of small radius e with 
centre at the north pole N, and D, is the complement to D, (see 



Fig. 4.82). Since the field is smooth, we may assume that it is con- 
stant in Dy and its vectors at points A, B, C, D have directions as is 
shown in the figure. Introduce on D, and D t Cartesian coordinates 
(**, y l ) and (z J , y ! ), respectively. Then in D t the field v (in these coor- 
dinates) has the pattern shown in Fig. 4.83. Such a pattern can be 
explained as follows. Stretch Z>, along the meridians so that it occu- 
pies almost the entire sphere except for D 5 of small radius. Then we 
obtain the pattern of Fig. 4.83. Since the radius of D t is small, it is 
clear intuitively that this domain should contain a singularity, 
otherwise, the trajectory pattern would coincide with that in D x . 


4.5. CLASSIFICATION 
OF TWO-DIMENSIONAL SURFACES 

This section deals with the structure of two-dimensional 
manifolds. We shall start with general definitions, then consider 
particular examples, and in conclusion give the formal proof of 
the classification theorem. 


4.5. Classification of Two-Dlmtnilonal Surla;tt 
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4.5.1. MANIFOLDS WITH BOUNDARY 

Let us extend the concept of a smooth manifold by in- 
cluding into it subsets in R" defined by systems of equations and 
inequalities. Let R; c: R” stand for the half-space given by x"^ 2 > 0, 
(x\ . . ., x") 6 R n and let R£~ l denote the boundary x n = 0 of R;. 
If /: R" -*■ R l is a continuous function, then at all points, including 
the boundary ones, we shall define differentiability of /. If x 0 £ R; 
is an. interior point, i.e. x n > 0, the definition is customary. If 
x 0 6 R? -1 . i.e. x" = 0 , we say that / is differentiable at the point x„ 
if the following expansion is valid: 

/(*)-/(*.)+£ «,(**— x<H- 0 (x — x 0 ), 

where lim n |S r ~4i~ = ° for Then a i — ( x o) for 

i = l ,2 ...,n — 1 anda„= Rm af". x 0 " + A)-/(x J, 

.... xji)). The latter limit may be called the partial derivative 
of the function / at the point x 0 . Smooth functions of class 
C', r= 1, 2, .... oo, are defined in a similar way. 

Definition. A metric space M is called a smooth manifold with boun- 
dary if there exists an atlas {U a ) and coordinate homeomorphisms 
9a : u a ~* V a <= R?, where V a is an open set in R", such that the 
functions of coordinate transformation 

<P»9« : *'aS = 9«(tfa fl Ufi) -► V ta = <p 0 (U a fl U t ) 

are smooth functions of class C r , r = 1, 2, .... oo. The linear 
coordinates (x 1 , . ., x") in RJ induce local coordinates in the chart 

*a (P) = -r* (9aP)- In any local coordinate system we have 
then Xa (P) > 0. A point P £ M is called an interior point if x£ (P) > 0 
and it is called a boundary point, if xj (P) = 0. 

If P is an interior point, then i" (P) > 0 in any local coordinate 

system (x‘ x"), and if P is a boundary point, then in any local 

coordinate system (x l , . . ., x") x n (P) = 0. Indeed, suppose that 
for a point P there exist two coordinate systems (x 1 , . . ., x n ) and 
(y\ . • .. y n ) such that x” (P) > 0 , y" (P) = 0. The coordinates 
(x l , . . ., x”) define a homeomorphism of some neighbourhood U c: M 
into the domain fc R", and tho coordinates (y l , ... y n ) map 
homeomorphically the same neighbourhood U into the domain 
V'c - R?. Consider the transition function as a smooth homeo- 
morphism 9 : V-r V\ p* = 9 *(x 1 , . . ., x n ) satisfying the conditions: 

(a) p" = q) n (x l , . . .. x")> 0 and (b) p" = 9 " (xj xj) = 0 

for a point x„ = (x 0 , .... xj) £ V. These conditions mean that at 
the point x 0 the function q> n reaches a minimum. Since x 0 is an inte- 
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rior point for the domain V c: R", the gradient of <p n vanisiies at 
x 0 , i.e. 

i ?)=o, f=i «• 

Hence, the determinant of the Jacobi matrix || |j at the point 

x„ is zero, which contradicts the condition that the transition func- 
tion from one local coordinate system to another is smooth. Thus, 
for a manifold with boundary there exists an atlas {U a } with local 
coordinates (i' a , . . xS) such that in any chart we have the strict 
inequality xj > 0 at the interior points and the equality x£ = 0 
at the boundary points. If the chart £f ? does not contain boundary 
points, the condition x£ > 0 may be rejected without loss of general- 
ity. The set dM of boundary points is a smooth manifold of dimen- 
sion n — 1. Indeed, the intersection W a = dM f| Ua can he chosen 
as a chart and xi, . . xj' 1 6 U a as coordinates. The coordinate 
homeomorphisms (p a (see above) map W a homeomorphically onto 
K a fl R"' 1 , and the transition functions remain smooth, for they 
are restrictions of the functions of coordinate transformation to 
the manifold M. 

If dM = 0, we arrive at the earlier concept of a manifold, hence- 
forth, this manifold will be called closed. 

Examples. 1. Consider a ball D" defined in R" by the inequal- 

T> 

ity2 (x*) a ^ 1 , the space D " is a manifold with the boun- 

i-i 

dary S n ~ 

2. In general, let /: R n — R* be a vector function satisfying the 
conditions of the implicit function theorem, i.e. at all points P 6 
M = U (P) = 0) the differential df has the maximal rank. Con- 
sider the system of equalities and inequalities: / (x 1 , .... x") = 

0 /‘■- 1 (x\ . . ., x”) = 0, and /* (x l x")> 0 and let M’ 

be the set of solutions of this system. If at each point P g M' the 
rank of |j J|, 1 < i < k — 1 , s < n, is equal to k — 1 , then 

AT is a manifold with the boundary dM' = M. Indeed, by the 
implicit function theorem for the system /■ = 0, . . ., f~ x = 0 
there exists an atlas at points P 6 M' N. M. Consider a point P 6 M. 
Let N' be the set of solutions of the system P = 0, . . ., p~ x == 0 
in some neighbourhood of P. Then /* may be considered as a function 
on N'. Clearly, the differential of /* on N' does not vanish. Hence, 
according to Theorem 1 of Chapter 3 (Sec. 3.5), N\ is difleomorphic 
to the direct product of the interval (— e, e) and the manifold N 
which is the intersection of M and the neighbourhood of the point P, 
i.e. N' ■= N x (— e, e). Thus, the inequality /"Js 0 defines the 
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chart A'j X 10, e) in which the set (x‘, . . ., x""*) on the manifold N 
and the function /*> 0 can be chosen as coordinates. 

3. In the preceding example one can see that the Cartesian product 
of the manifold M with the boundary dM and the closed manifold N 
is the manifold M x N with the boundary dM X N. 


4.5.2. ORIENTABLE MANIFOLDS 

Definition. A manifold (with boundary) M is called 
orientable if there exists an atlas {£/„} such that the Jacobian of the 
transformation from one local coordinate system to another is positive. 
We also say that the atlas {£/„} for which all Jacobians of the transi- 
tion functions are positive defines an orientation on M\ such an 
atlas is called oriented. Two atlases {£/„} and {Up} define the same 
orientation if their union {l/ a } U {ffj} is an oriented atlas. 

Any atlas on an orientable manifold can be made oriented by the 
transformation of local coordinates in each chart. Indeed, let 
{U*A x a. • ■ .,£«)) be an arbitrary atlas consisting of connected charts. 
Since the manifold M is orientable, there exists on M an oriented 
atlas {I'd, (y'p y|)}. Let us consider an arbitrary point P £ U % 

and let P 6 Vp. If ‘ ' ' " (P) > 0, wo retain in U a the 

coordinates ( x' a xj). If. on the contrary, ^ < 0, 

we shall take (—x'a, xi, . . ., xj) as new local coordinates. Thus, we 

have made the Jacobian of the transition from (xi xj) to 

(yfr, • . •, y'b) positive at least at one point P of each chart U a . Since 
U a are connected, the Jacobians aro positive at any point of U a . 

It is convenient to say that an individual chart defines a local 
orientation on a manifold M; also, if the Jacobian of the transition 
from the coordinates in one chart to the coordinates in the other 
chart is positive, the two local orientations on M are said to be 
consistent. If an orientation is defined on M by an oriented atlas, the 
local orientation of another connected chart can be consistent or 
inconsistent with the orientation of M. In the former case we say 
that the local orientation coincides with the orientation of M , and 
in the lattor case we say that the local orientation is opposite to the 
orientation of M. 

Proposition 1 .On a connected oriented manifold there exist exactly two 
distinct orientations , any chart defining a local orientation that coincides 
with one of the orientations of M. 

Proof. Let (f/ a , xi, . . ., xS} and IVg, yp, . . ., yg} be two oriented 
atlases. If the local orientation of one chart, Vs- coincides with the 
orientation of the atlas {£/ a }, then both atlases define the same orien- 
tation on M. Indeed, it is sufficient to determine the sign of the 
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»(*i 


T S> 


at any point P € £/„ H IV Let p t> € 


Jacobian M r T . ucl 

^a. (1 Vq be an arbitrary point. Connect P and P 0 by a conti- 
nuous curve 9: [0, 1 ] — Af. 9 (0) = P 0 , 9(1) = P. Consider the 
mfimum *„ of those numbers t £ !0, 1] for which the sign of the 
Jacobian at the point 9 (t) is negative for a certain choice of the 
charts containing 9 (f). Then, on the one hand, i 0 =£ 0, i.e. 9 ( t 0 ) ^ 
P„. On the other hand, the point 9 (f„) and the point 9 (t), at 
which the Jacobian is negative, lie in the same chart. The choice of 
the charts U a 9 9 (t„), 9 (<), and hp 3 9 (t 0 ), 9 (t), is insignificant, 
since the Jacobian is negative at the point 9 ( t ) for any two charts U a 
and that contain 9 (t). Since the Jacobian is a continuous, non- 
zero function, its sign is negative at the point 9 (f„) as well as at the 
point 9 (t') for t' < t„. Hence, t„ is not the infimum. The contradic- 
tion shows that both atlases define the same orientation on M. In 
a similar way one can verify that all charts with a local orientation 
opposite to that of the atlas {£/„} form an oriented atlas. The prop- 
osition is proved. 

There is another concept of orientation of M. We say that the 
basis (ei, . . e„) 6 R" defines the orientation of a Euclidean space. 

Two bases are assumed to have the same orientation if the determi- 
nant of the transition matrix is positive. Then R" acquires exactly 
two distinct orientations. To feline the orientation of M means to 
define the orientation of the tangent space T P M at each point P 6 M. 
Let 9: 10, 11-*- M be an arbitrary path. For any basis we can con- 
struct at the initial point (e, e„) € 7* 0 > M a continuous 

family of bases (e, (l) o B (<)) € 7’*ui M which begins with 

(?n • • •• e„). All the more, any two families define the same orienta- 
tion in M. If M is orientable, the orientation at the terminal 
point 9 (f) does not depend on the choice of the path 9. Thus, to define 
an orientation on M means to define the orientation of the tangent 
spaces T p M in such a way that tho orientations are consistent along 
any continuous path connecting the initial and terminal points. 

Theorem 1 . If a manifold with boundary M Is orientable, the boun- 
dary dM is also an orientable manifold. 

Proof. Let {U a { x' a , . . zj)} he an atlas on M . The last coordinate 
x'a in any chart U a is a non-negative function. M is orientable 
by hypothesis, then by replacing, if necessary, in each chart U a 
the coordinate x' a by — x' a , we may assume that the transformation 
Jacobian is positive at each intersection £/ a S = U a f] Up- As 
charts on dM we take, as before, the intersections W a = U a f) dM, 
and as local coordinates we take the first (n — 1) coordinates. Let 

3yt || n 

us demonstrate that det j-f-j > 0 at an arbitrary point 
p 6 0 W'b- Indeed, in the ambient manifold M the Jacobi 
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matrix of the coordinate transformation at the point P is of the form 



Ora 

Or'a' 

Qx 2 


Oxfl 

OXf, 

'H 

«<*•> = 

Ora 

OrZ-' 

OxS 

»(*p) 

«*r " 

• 4 " 

ox'r 



0x8- 

0x8 


l dXf, 

Oxfi 

0x8 


Since -xg=0 in the intersection W a f| W , ’n, we have 


ilia 


OXu 


iO, 


so that del = dot — — i- > 0. Hence, 

"<V "'V 

x/h o. Since x<" > 0 in the intersection U a f| U n , we liave 

-jpr (P) > 0. Thus, det > 0. The theorem is proved. 

Definition. Let M he an oriented manifold with boundary and let 
Wa (*a. ■ • •. *2)}. *2 3* 0, be an atlas defining the orientation 
on M. The orientation on 0M defined by the atlas W a = U „ f| 9M, 

{y'a y2 _I ) = (z‘a, . . ., xj- 1 ), is called an orientation consistent 

with the orientation on M. 


Examples 

4. Consider again a ball/> 2 cR 2 . To define an orienta- 
tion on D 2 , it is sufficient to fix at a point P a basis of the tangent 
space. If P is chosen on dD x = S', the basis can be so chosen that 
the first vector ei is tangent to the boundary and the second vector e a 
points to the centre of the ball (seeFig. 4.84). Then the orientation of 
the boundary defined by e, is consistent with the orientation of D 3 . 
The figure shows another direction of the orientation of a two- 
dimensional manifold as the direction of the rotation of the tangent 
plane along the smaller arc from e, to e 2 . 

5. Consider a three-dimensional hall D 3 and its boundary S 2 . 
Figure 4.85 shows how the orientations of D 3 and S* can be made 
consistent using the basis (e, , ej, e 3 ) and the right-hand screw rule. 

0. This is an example of a non-orientable manifold. Consider 
a Mobius band in the form of a square with two parallel sides identi- 
fied in opposite directions (Fig. 4.86). Fix a basis (e„ e,) at the 
point A and construct a continuous family of bases along the curve 
ABA. At the end of the curve the basis changes the orientation, 
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i.e. the Mobius band is non-orientable. The boundary is, however, an 
orientablo manifold. 

Let us now turn to the description of two-dimensional manilolus. 
The simplest one is S*. which is diffeomorphic to CP 1 . We have 



Figure 4.84 


already considered the torus T‘ = S‘ X S l which also admits the fol- 
lowing representation. Let @ = Z (a) © Z (6) be an Abelian group 
whose generators a and 6 are defined on R ! by the shifts a (*, y) — 
(i+l, y) and b (x, y) = (x, y + 1). Considering the factor 



space R’/Z © Z, we obtain T *. The square 0^ 1, 0^ ysj 1 is 

called the fundamental domain which acts as an elementary "brick”: 
applying the elements of ® to this domain, we can “pave” the entire 
plane (see Fig. 4.87). The functions / (x, y) on R ! (x, y) which are 
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invariant relative to the transformations Z (a) © Z (6) are smooth 
functions on T*. 

Let us consider on R 5 (z, y ) a class of smooth functions / which 
are invariant relative to another group @ (a, 6) whose generators 
are defined on R* by b (z, y) = (z, y -f- 1), a (z, y) = (1 — z, y -+- 1). 




(Find relations between a and 6!) The fundamental domain is shown 
in Fig. 4.88. Arrows indicate identification of the sides in accordance 
with the action of the group. The surface which arises after factor- 
ization is shown in Fig. 4.88; it is called a Klein bottle. A torus and 
a Klein bottle are smooth manifolds; a torus is an orientable mani- 
fold and a Klein bottle is a non-orientable manifold (verify!). 



Figure 4.87 


These two examples suggest a simple way of constructing other 
two-dimensional manifolds. Consider gluing on the boundary of 
a square shown in Fig. 4.89. Since a square is homeomorphic to 
a disk, we obtain a projective plane. Let us depict this plane in R 3 
making appropriate gluings. Figure 4.90 illustrates the process of 
gluing leading to a model of HP'' in R 3 . We obtain an object which 
is not an immersed submanifold, two singular points, A and /?, 
being an obstacle. The figure also shows sections of the model by the 
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planes orthogonal to the singular segment. Although we have failed 
to immerse RP‘ in R 3 by this method, an immersion does exist 
(this topic is discussed below). 



Figure 4.88 


Lemma 1 . RP* is homeomorphic to gluing along the common boundary 
o/ a disk and a MSbius band. 

Figure 4.91 illustrates the proof of the lemma. 



An equivalent formulation of Lemma 1 is as follows: elimination 
of a disk from RP 3 gives a Mdbius band. The situation is shown in 
Fig. 4.92 where the remaining Mobius band occupied such a posi- 
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(ion in R 3 that its boundary circle lies in a two-dimensional plana 
(but at the expense of two singular points, A and H)\ such a posi- 
tion of the Mobius band p, in R 3 is called a cross cap. 



Figure 4.00. Evolution .if the sections. 


Let us consider T* and RP- from another point of view. Apply to 
these manifolds a homeomorphism shown in Pig. 4.93. We may assu- 
me (hat a torus is obtained from S ! by eliminating two disks and 
gluing instead of them a handle (see Pig. 4.93) homeomorphic to 
i -1 X D‘. To obtain an RP 3 , one should eliminate from S’ one disk 
ami glue a Mobius band (see Fig. 4.93). Such an operation is called 
"gluing a Mobius film". To model this operation in R a , it is conve- 
nient to use a cross cap (see above). Let us apply the above opera- 
tions, gluing a handle and a Mobius film, two times. What surfaces 
do we obtain in this case? Consider an octagon (Fig. 4.94) whose 
sides are marked with letters a. b, c, and d in such a tvay that moving 
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clockwise round the octagon, we obtain the word IV ~ 
aba-'b-'cdc-'d-'. Perform gluings, as shown in the figure. The two- 
dimensional manifold thus obtained is called a pretzel; it is liomeo- 



Figure 4.91 


morphic to a sphere with two handles: S’ -t- 2r (r conventionally 
denotes a handle). 

Lemma 2. A Klein bottle is homeomorphic to a sphere glued with 
two Mdbius films. 


A 



Figure 4.92 


The prooj is illustrated in Fig. 4.95. Gluing two Mdbius bands 
along their common boundary is equivalent to gluing these bands 
into a sphere with two holes (gluing a cylinder with two Mobitis 
films). 
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Let us find an immersion of RP 2 in R 3 . Consider the immersion of 
a Mobius band in R 3 as a half of a Klein bottle (sea Fig. 4.96). The 
fact is that cutting the bottle, as is shown in the figure, we obtain 
two Mobius bands (see Lemma 2). According to Lemma 1, in order 
to obtain RP ! , it is sufficient to glue the Mobius band with a disk. 
Let us try to realize this gluing in R 3 so as to obtain the immersion 



(O' Is a segment) 

Figure 4.93 


RP 2 R 3 . Place the boundary of the Mobius band in the plane of 
the figure (see Fig. 4.97) and move this plane parallel towards the 
reader (as indicated by arrows). Simultaneously, we carry out in 
this plane a smooth deformation of the boundary curve of the Mobius 
band, completing the initial immersion of the Mobius band with the 
plane swept out by the deformed circle. At the last moment, the 
circle becomes standardly embedded, and we glue it with a disk to 
obtain the immersion RP 2 R' J in question. Figure 4.97 illus- 
trates the structure of the set of self-intersection points. 

We have obtained two ways of constructing two-dimensional man- 
ifolds (Fig. 4.98): 

(1) k handles should be glued to S 2 . 

(2) s Mobius films should be glued to S 2 . 
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Thus, we get two series of manifolds: = S 2 + kr and 

M* v „ = 5 s + sp a where M\ are orientable and .WJ, are non-orienta- 
ble. On there always exist smooth paths lyingon the Mobius film, 
i.e. modifying the orientation of the frames moving along these paths 
(see above). A priori, there al30 may exist manifolds of “mixed type", 
i.e. manifolds obtained from S 1 by gluing fc handles and s Mobius 
films. This operation does not however lead to new manifolds. Let us 



Figure 4.94 


consider S 2 + r 4- p. Fix one base of handle r and begin to move the 
second base towards the Mobius film, then move the base along the 
axis of the Mobius film and leave the film, coming back to the ini- 
tial position. The handle will find itself in a new position (see Fig. 
4.99); this position is called "handle turned inside out” and differs 
from the ordinary position by the way the bases are glued to 5 2 . 
But (see Fig. 4.100) a sphere with a “handle turned inside out” is 
homeomorphic to a Klein bottle, i.e. (see Lemma 2) to a sphere with 
two Mobius films. This means that in the presence of a Mobius film 
a handle turns into two Mobius films; in particular, S 2 + r ■+■ p ss 
S 2 -r 3p, whence S 2 -f kr -f sp st S 2 -I- (2A + s) p, i.e. mani- 
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folds of “mixed type”'are homeomorphic to manifolds of the "non- 
orientable series". 

As was shown, all M\ can be embedded smoothly in R 3 . We now 
prove that manifolds of the non-orientable series can be immersed 



Figure 4.95 


.smoothly in R 3 . This statement has already been proved for RP a = 
S 2 -r p. Represent A/1 as in Fig. 4. KM. Clearly, A/J is liio gluing 
of several copies of RP ! . Immersing each copy independently in R 3 , 
we obtain the immersion of M J, in R 3 . 



Figure 4.96 


It appears that the two series mentioned above include all com- 
pact, smooth, closed two-dimensional manifolds. 

Theorem 2 (classification theorem). Any smooth, compact, connec- 
ted, closed two-dimensional manifold is homeomorphic either to a sphere 
S 2 with k handles or to a sphere S 2 with s Mobius films. 
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It is convenient to prove the theorem in several stages. We say 
that M 2 (of the type stated in Theorem 2) is provided with a trian- 
gnlation (or is triangulated) if on this manifold there are fixed li- 



Figuro 4.97 


nitely many points P u . . ., P s connected (in some order) by finitely 
many segments of. smooth curves y 0 in such a way that: 

(1) each segment y, starts at a vertex P a and terminates at a ver- 
tex Pp, P a sjt Pp, and this segment contains no P. other than 
P a and Pp, 

(2) the set of all these segments subdivides M 1 into finitely many- 
closed triangles with their vertices at points belonging to {P a }, 

(3) any two triangles A, and Aj due to this subdivision either do 
not intersect, or intersect at one common vertex, or intersect along 
one common side (i.e. along one of the segments y,). 

These conditions forbid situations shown, for instance, in Fig. 4.102. 
An example of a triangulation is presented in Fig. 4.103; this is 
the triangulation of RP 2 consisting of 24 triangles and 13 vertices. 

Problem. Construct triangulations of a torus and a Klein bottle. 

The same .l/ 1 admits infinitely many triangulations. 
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Lemma 3. Any two-dimensional smooth, compact, connected , 
closed manifold M 2 admits a finite triangulation. 

This lemma will be proved in Chapter 5. 

Let us consider the triangulation of M * (of the type stated in Lem- 
ma 3). Mark each side of each triangle with a letter and assume that 



different distinct sides are marked with different letters- Provide 
each side with an arrow indicating the orientation of this side. Di- 
rections of the arrows may be chosen arbitrarily. Cut M 2 along all 
(he segments (sides of the triangles). Then M ! splits into a finite set 
of (riangles each side of which is marked with a letter and provided 
with an arrow. We assume that while cutting M l along any segment, 
we assign to both borders of the cut the letter that marks the seg- 
ment (see Fig. 4.104). 

Our aim is to glue again all these triangles so as to obtain a poly- 
gon. We begin the procedure with choosing a triangle (it is denoted 
by A,). Consider any side of this triangle; it is endowed with a letter 
and an orientation. Since each letter appears in the entire set of the 
sides exactly two times (because M 1 is closed, i.e. it does not have a 
boundary and each cut has two borders), there can be found another 
triangle (we denote it by A,) such that one of its sides is marked 
with the same letter. This triangle is distinct from A,, otherwise the 
subdivision would not be a triangulation (i.e. one of the cases of 
Fig. 4.102 would be realized). The triangles A, and A, can be glued 
along this common side in such a way that the arrows point in the 
same direction. We thus obtain a plane figure whose boundary sides 
are marked with letters and arrows. Then we choose another letter; 
again, there can be found a triangle A 3 such that one of its sides is 
marked with the same letter. Glue A„ and so on and so forth. The 
procedure ends when all the triangles are glued. We do use all the 
i riangles, because if at a certain stage none of the bounadry letters 









Figure 4.101 


the polygon via certain operations appropriate to certain homeomor- 
phisms of the initial M 2 (tiicse operations will not preserve the tri- 
angulation, triangulalion ceases to be effective as soon as we associ- 
ate with M 1 its code, the word W). If all the necessary gluings on 
0W are made, we obtain the initial manifold. 

Lemma 4. The word IV can be reconstructed (by a homeomorphism 
o/ A/ 2 ) so that all the vertices o/ the polygon W are glued into a single 
point. 

Proof. Letuis divide the vertices of W into the classes of equivalent 
verices. Two vertices are assumed to be equivalent if they are glued 
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into a single point under identifications on dW. If IV has only one 
class of equivalent vertices, the lemma is proved. Let W contain at 
least two classes of equivalent vertices, (F) and We may as- 

sume that there exists a side a, such that its beginning belongs to 



Figure 4.103 


lex, and {^} has gained one vertex. Choosing another vertex in 
U‘) we can also eliminate it by a certain class (not necessarily by 
(@)). Thus, repealing the procedure, we can reduce the number of 
vertices in { P } until it contains only one vertex. The last stage: 
sin;e {/*} has only one vertex, the adjacent sides are of the form 
a and a- 1 (see Fig. 4.107). The lemma is proved. 
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Lemma 5. Let W — Abaa-'cB. Then there exists a komeomorphism. 
oj M* which transforms W into the word W — AbcB. 



Figure 4.104 


Proof. Elimination of aa~' is performed exactly in the same way 
as the elimination of the last vertex in Lemma 4. The lemma is 



proved. Here A and B denote those parts of W that remain unchan- 
ged under the reconstruction. 

Lemma 6. If W = BaAaC, there exists a homeomorphism of M 2 
such that W turns into W' = BA -'aaC. 

The proof of the lemma is illustrated in Fig. 4.108. 

Lemma 7. If W = AaRbPa-'Qb-'B, there exists a homeomor- 
phism of M' which transforms W into W' = AQPaba-'b-'BB. 

The proof is illustrated in Fig. 4.109. 

Lemma 8. If W ( subjected to all the preceding operations ) contains 
a. pair of letters a and a-', i.e. W — AaBa-'C, there exists a 

pair b, b-' such that W = AaDbQa-'Bb-'T, where B = DbQ , 
C ~ Bb' x T , i.e. for any pair a, a~‘ (B ofc 0) there exists a coupled- 
pair b, b~ l . 
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Proof. Assume the converse: let for any b 6 B the corresponding 
letter b‘ (e = ±1) appears in the same word B. Glue W along a. 
The result is shown in Fig. 4.110. Thus, all the vertices of W are 





divided into at least two classes of non-equivalent vertices. Since 
the operation of Lemma 4 has been applied to W. we come to contra- 
diction. It remains to prove that e = — 1. If e were equal to +1, we 



Figure 4.109 


Thus, W is represented as the product of the expressions aba~'b~' 
{ commutators ) and cc {squares). This follows from the fact that the ex- 
pressions —a — a— are reduced to — aa— and the expressions 



Figure 4.110 

— a — a -1 — to — aba~ l b ~ l — . It remains to analyse the case where 
the word includes both commutators and squares. 

Lemma 9. If W = Aaba-'b-'BccQ, there exists a homeomorphism 
which transforms W into K" = M p 1 q' 1 d i N = Aabd-'B-'bad-'Q. 

The proof is illustrated in Fig. 4.111. This operation turns IV 
into the word W = Aabd-'B~'bad-'Q. It remains to “collect to- 
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gether” the three squares, and this can be done by Lemma 6. The 
lemma is proved. 

This Jemma is a formal proof of the assertion that manifolds of 
the “mixed type" are homeomorphic to non-orientable manifolds of 




the second series (see above). Combining the lemmas proved above, 
we obtain 

Lemma 10. Let W be one of the codes of M'-. Then there exists a ho- 
meomorphism of A/ 5 which turns IV into one of the following words: 

(1) W = aa- 1 , 

(2) W= (aWti 1 . 

(3) W — {|C|CjC|...c»cj. , , . 

Which manifolds correspond to these three types? Clearly, in case 

(1) M 1 is homeomorphic to a sphere (Fig. 4.112). In case (2) M* 



Figure 4.112. Il'r-oa-' is nol a triangulation. 


is represented as S J with g handles. The number g is called the ge- 
nus of a surface. Indeed, for g = 1 the word \V = Oj&iaJ'bj 1 defines 
a torus (see above); for g = 2 the word H’ u,b,a~'b~'a,b,al'b-' rt 
defines a pretzel (see above); and so on by induction. In case (3) 
M* is homeomorphic to a sphere with k M obi us films. Indeed, if 
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k = 1, W = c,c, defines RP a (see above); if k = 2, VP = c^CjCj 
defines a Klein bottle, etc. Thus, Theorem 2 is proved. 

There exist some other convenient representations of M 1 . 

Theorem 3. Any smooth, compact, connected, closed two-dimensional 
manifold M* can be represented in the form W — a,aj...Ojva"'aj'... 
...a.v-iff,v where e = — 1 if and only if M 1 = A/f (is orientable), 



in this case N is even; and e = +1 (N is arbitrary ) if and only if 
M l = M 2 U (is non-orienlable). 

Proof. Note that this representation of A/ 2 is called a canonical 
symmetric form. That W is reduced (by the elementary operations 
described above) to words (1) or (2) follows from the previous discus- 
sion. Consider, for certainty, e = —1. We need to prove that the 
representation described in this theorem is possible for any Mg. 
For what follows see Fig. 4.113. Since A r = 2g is even, W is reduced 
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to IV = a I b l aJ'b~'...a g b e aj‘bg‘, where g is arbitrary, which is 
^what was required. The case e = +1 is treated similarly (verify!). 
The theorem is proved. 

Here we do not have at our disposal the apparatus for proving that 
Ml are not homeomorphic to one another for g, g„ that M\ are 
not homeomorphic for p, p„ and also that Mg and M‘ are not 
homeomorphic. We report these facts without proof. 


4.6. RIEMANNIAN SURFACES 
OF ALGEBRAIC FUNCTIONS 


First, we recall simple properties of complex-valued 
functions which we shall need below. Let C” be referred to the coor- 


dinates z 1 , . . ., z n ; 
curve, then 


if v (0 = (*' (f), ...,*"(*)) is a smooth 


1 1 v): 


S|/"s 


where dz“ = dx k -f idy*. For n=l we have 

_a 4- JiL JL_ — d j. 3 

Ox ~ Ox Ot ‘ Ox dt ~ ‘ Ot ' ' 

3 _ <?« _ 3 _ _ , f j0 0 \ 

"57 3x 3y ai ~ \ 3» al / ’ 

■3T“T Tr = T (■&■ + *•{?) : 


Let us identify C/z*) with R an fx\ yM; then, as was already 
noted, any polynomial/ (z‘, . . z”) can bo written in the variables 
{£*, y*} as g (i 1 , y 1 , .... x", y”). Conversely, any polynomial 
g • . ■> ar n ,j/") can be written in the variables {**, Z*} as 

/ (**, z l , . . ., z", z 5 ). 

Lemma 1. The polynomial f (z 1 , z', .... z", z") does not depend on 
z° t'/ and only If dfldz? ss 0. 

Proof. The direct statement is obvious. Verify that if 44 eh 0, 
_ _ 3: 

then / (z 1 , z 1 , . . ., z", z n ) does not contain the variable z°. 
Assume the_converse and represent / as a polynomial in the powers of 
z a : /= a (z a )’’+ . . ., where the coefficients to, .... do not de- 
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pend on z“. Let p be the maximal power of 2 “, then 4^ = p X 

o> (z“)'” 1 + . . ., which contradicts the condition. The lemma is 
proved. 



We remind that the function / (*>, ?, . . z", z") is called 

analytic if 0//dz“ as 0, 1 < a^l n. For n = 1 we have R* (x, y) = 
C 1 (z) =* R s (z, I), / (*, y) =■ g (z, z) - u (*, y) =* tv (x, y). If Y t = 0’ 


then 


-i.(u + fo) + i-| r (u+iu) = 0, 


3u 

ill. 

+ iM =0 

du _ dv 

3u 

dx 

3y / ‘ V 9z 

+ dy 1 ' 

dx ” dy • 

3y 

U xx 

I 

i 

H 

i 

5 C 



9* 

3y* 


dv 

~S7 ' 

3« 

3s 3s ' 


We shall need a complex analogue of the implicit function theorem. 
The proof of the complex version of the theorem can be found in a 
course on the theory of functions of a complex variable. 

Proposition i. Let f (z. w) be a complex-analytic junction on 
C s (z, w). Consider the equation f(z, w) = 0 in the variable w, and let the 

relation ^ ^0 be satisfied at a point P 0 € {/ = °}- Then there 
exists an open neighbourhood V (P 0 ) in C 5 such that in this neighbour- 
hood the function w = g (z) has the following properties: (1) g (z) 
is complex-analytic, (2) w = g (z) is a solution of the equation 
f (z, w)=0 in U(PJ, i.e. f (z, g (z)) = 0 in U (/>„), and this solution 
is unique in U (Po)- 
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Geometrically, it is convenient to consider the solution w = 
g (z) as a "graph" (see Fig. 4.114). 

Definition. Let / (z, if) be a polynomial in the variables z, w 
in C* and let the equation f (z, w) = 0 be solvable for w in an open 
neighbourhood U ( P 0 ) (for example, let ~ */= 0). Then the function 
w = g (z), which is a solution of this equation, is called algebraic, 
and the set of points (z, if) such that / (z, if) = 0(i.e. the zero-level 



surface of / (z, if)) is called the Rlemannlan surface for the algebraic 
function if ■= g (z) at those points where if = g (z) is defined. 

Note that if =£ 0 at a point P 0 = (z 0 , if 0 ), then in U (P 0 ) 
there exists a solution z = ip(if), i.e. the equation / = 0 can be solved 
forz. In this case (p (if) satisfies conditions (1) and (2) of Propo- 
sition 1. Thus, the condition of local solvability of the equation 

/ (z, if) = 0 is of tho form grad / = # 0, where grad / 

is the “complex gradient” of the function /. 

Let us write the polynomial / (z, if) in a general form, representing 
it, for example, a3 a power series of z: / = a 0 (u>) z n + a, (if) z n ~‘ + 
. . where the coefficients a* (if), O^Ar^n, are polynomials 
of if. It is worth noting that Riemannian surfaces of algebraic func- 
tions are non-compact and "go to infinity” in C*. (We assume that / 
is not identically zero.) Indeed, fix a point w 0 £ C 1 (if); this leads 
to the equation a 0 (if 0 )z" + a, (if„) z’ 1 ' 1 + . . . = 0 for z. According 
to the familiar algebraic theorem this equation always has a complex 
root, i.e. there exists a point z 0 such that / (z„, if 0 ) = 0. Since w 0 
can be made to tend to infinity along C'(if), the surface /(z, if)=0 
also goes to infinity (see Fig. 4.115). Since we deal with a poly- 
nomial, we can replace inhomogeneous coordinates in CP S by homo- 
geneous coordinates z‘, x 3 , x 3 , setting z = xVx 3 , if = xVx 3 . Then 
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/ (z, tv) = 'Za pi Mi p z' 1 is reduced to a homogeneous polynomial 
2apq{x > )''<,x ^ ) T '(r‘y^l p + ,, , where s is the maximal degree of the mono- 
mials ib ¥, deg (u^z’) = p -f- q. Thus, we can "compactify” a Rie- 
mannian surface by transferring it from C ! into CP*. Since the equa- 
tion g (**, x z , x 3 ) = 0 is a polynomial on CP*, this level surface is 
compact in CP 3 . We shall not go into details of this compactification, 
for the procedure is not trivial and we shall not need it below. 

Let us discuss the structure of a Riemannian surface from the to- 
pological point of view. From the real point of view, the equation 
/ ( 2 , w) = 0 splits into two equations: Re / = 0 and 1m / = 0 in 
R 4 , i.o. at the points of “general position" the set / = 0 is a two-di- 
mensional (real) surface. 

Theorem 1. Suppose the polynomial f ( 2 , w) is of the form f = 
U)* — P n (a) and suppose the polynomial P n (r) does not have mul- 
tiple roots. Then the equation / (z, w) «= 0 defines a smooth two-dimen- 
sional (over R) submanifold in C* (z, w). 

Proof. Let the point P a belong to {/ = 0) and have the coordi- 
nates (z 0 , w 0 ), where w 9 0; then = qw%- 1 =£ 0 at P 0 , 

i.o. by the implicit function theorem (see Proposition 1), in a neigh- 
bourhood of P 0 the surface {/ = 0} is a smooth two-dimensional 
submanifold, the graph of the algebraic function w = g ( 2 ). In our 
case the solution w = g (s) is of the form w = */P n (z). It only 
remains to consider the points P 0 = (z„, 0). We assert that 
grad /(P 0 ) = 0) #0. If£p„(z 0 )=> 0, we have P n (z„) ~ 0 

and P„ (z„) = 0 at (z 0 , 0), whenco z 0 is a multiple root of P n (z), 
which contradicts the hypothesis. Thus grad f (P B ) 0, and in an 
open neighbourhood U of the point (z„, 0) the surface {/ = 0} is 
given by the smooth graph w = g (z), where g (z) is an analytic 
function. The theorem is proved. 

Let us now examine the main properties of algebraic functions. 

(1) An algebraic function is usually many-valued, i.e. for some 
argument 2 the function w = g (z) has several values: for example, 
w = y**, where q and n are relatively prime. The simplest case is 
the function w = Y z which has exactly two values w = ± W. 
for each z 0 0. The function z = a (w) can also be many-valued. 
The linear function w = az + b is single-valued. The many-valued- 
ness of w = g (z) can be interpreted as follows. Consider the ortho- 
gonal projection ji: C'-vC 1 (z), n(z, u>) = (z, 0); the complex straight 
line H (z„) parallel to C 1 (u)) is the inverse image of any point 
z 0 £ C' (z). The Riemannian surface T = {/ = 0), considered as 
the graph of w = g (z), is also projected onto C 1 (z), the inverse im- 
age of any point Zu£C‘ (z) under n: T C 1 (z) being represented by 
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all the values of the function w = g (z) at the point z 0 (Fig. 4.116). 
Since the function w = g (z) is algebraic (i.e. / is a polynomial), 
the entire plane C‘(z) is the image of the surface T under the projec- 
tion it: r —C‘ (id), i.e. for any z 0 6 C 1 (z) there exists at least one 
solution of the polynomial equation / (z 0 , id) = 0. 



Let us introduce a new variable by writing id = g (z) in the form 
w = p ( P ), there P 6 T is a variable point on the surface T (see Fig. 
4.117). Apparently, the function id = p ( P ) is single-valued because 
for each value of the argument P £ T this function has exactly one 
value. Thus, we have succeeded in making the algebraic function 
single-valued (in the new variables), but at the expense of consider- 
able complication of the domain of the argument: in the former case 
the argument z varied in C 1 (z), and upon substitution the new ar- 
gument P varies on the two-aimonsional manifold T. Hence, the 
Riomannian surface T = {/ = 0) of an algebraic function id = 
g (z) is the domain where the function is single-valued. This prop- 
erty is sometimes used to give another equivalent definition of a 
Riemnnnian surface. 

(2) Since for each z 0 6 C' (z) there exist, in general, many values 
id, = g (z 0 ) (their number is equal to the number of the roots of the 
polynomial equation / (z 0 , id ) = 0)). one can define in an open neigh- 
bourhood of each z„ £ C 1 (z) a set of continuous (even smooth) func- 
tions id = {(pi (z)}, 1^ i^k, where k is the degree of the poly- 
nomial a„ (z) ur -f a, (z) id’ 1 -' -j- ...-+- a* (z) = / (z, id ) in the 
variable id. Each of these functions describes the variation of a cer- 
tain root of the equation / (z, u>) = 0 as z changes. The function 
<Pi (z), 1 i k, can be continued to all values of the variable z, 
and at certain points these continued functions can coincide or 
even interchange. The functions tp, (z) are called branches of the al- 
gebraic junction w = g (z). Each branch describes the behaviour of a 


4.6. Rlemannian Sur/aeei 0 / Algebraic Fu ncttonj 


275 


certain root of the equation / (z, w) =0; in this equation 2 is consid- 
ered as a parameter and w as the quantity to be sought. The values 
of the function w = g ( 2 ) that are the roots of the equation 
/(s 0 . w ) = a o ( 2 o) + (z 0 ) ui 1 '-' + ■ • • -t-a* (So) = 0 “hang" over 

each 2 0 € C 1 ( 2 ). It follows from the implicit function theorem that 
each branch defines (almost at all ponts) a smooth, even complex- 
analytic, submanifold in C ! , since tp, ( 2 ) (locally) a complex-analyt- 
ic function. 

(3) Let ns associate with each point z 0 £ C 1 (z) a number k ( 2 0 ) 
equal to the number of distinct roots of the equation /.(*„ w ) = 0. 



Figure 4.118 


Apparently, k (z 0 ) ^ k\ If all the roots of / (s 0 , u;) = 0 are simple, 
l hen k(i„)=jk\ if the equation has mtiltiple roots, then /c(z 0 ).<lc. 
The number k (z 0 ) is equal to the number of distinct values of 
it. = g ( z ) at the point z„. The points 2 0 , where k ( 2 0 ) < k, also 
have tho property that at them certain branches q>, (s) of the 
function tv =» g (z) merge, thereby reducing the number of distinct 
values {q>( (z)} over z 0 (see Fig. 4.118). Suppose / ( 2 , to) = uA — 
(z), and the polynomial P„ ( 2 ) does not have multiple roots. 
According to Theorem 1, the surface T = {/ = 0} is a complex- 
analytic submanifold in C*. The points z 0 £ C‘(z) for which 
k (z„) < k are called branching points of an algebraic function w = 
g (z) (this term is discussed below). In the example w = VP n (z), 
the branching points (in the finite part of C 1 (z), i.e. in the plane C 1 ( 2 ) 
not completed with “Infinity”) are represented by the roots of the 
polynomial P n ( 2 ); and if z„ . . ., z„ are the roots of P„ (z) (they are 
all simple), then k (z a ) < k • «=» q = deg„, (uA — P n ( 2 )), since 
k (z a ) = 1,1 ^ a<n. The “infinity" point is not considered for 
the time being. Thus, all branching points of the function w = 
Vp, ( 2 ) are isolated. 
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(4) The branching points (in the finite part of C 1 (z)) have the prop- 
erty that several branches of the function w = g (z) merge at these 
points. Since a branching point is isolated, it may be considered as 
the centre of a sufficiently small disk D l which does not contain oth- 
er branching points, so that k (z) = k for z € D 2 , i z 0 . Consider a 
circle in D 2 with centre at z 0 and move along this circle round z 0 . 
Generally, the branches of the function g (z) interchange, so that 
making an appropriate number of revolutions round z 0 , we can pass 
from one branch to another. 



Figure 6.119 


Here is an example. Let / = iip — P n (z), where P n (z) does not 
have multiple roots; lot n = 1, i.o. / = w* — z. Then w = g (z) = 
V z. _ Obviously, k = 2, w = {cp, (z), cp, (*)}, where cp, (z„) = 
-f-Vz 0 and cp, (z 0 ) = — l/z 0 . If z = r-e'f, then cp, (z) = 

V r e'®' 2 , cp, (z) = —Y~ r'W; cp, (z) =£ cp, (z) for z =£ 0; cp, (0) = 
<p, (0) = 0. The point 0 £ C 1 (z) is the only branching point in the 
finite part of the plane. Both branches are smooth functions. If one 
moves round the point 0 (r is constant, 0 s^cp < 2it), the branches 
cp, (z) and cp, (z) interchange: 

t<p <(P+2n) <9 

<P, M=V re 2 -+Vre 2 - - Yre 2 «cp,(z). 

This interchange is schematically shown in Fig. 4.119. The 
Riemannian surface itself does not contain singular points, since T 
is a smooth submanifold in C 2 . 

Let us analyse the global topological properties of a Riemannian 
surface. We shall confine ourselves to the case / (z, w) = vP — P„ (z), 
where P n does not have multiple roots. The surface T is defined in C 2 



4.6. Riemannlan Surfaces of Algebraic Functions 


277 


as the graph w = g (z) = V P n {*)- Before studying the behaviour of 
T at infinity, let us explain what we mean by “infinity". There are 
several ways of defining this concept. This is the so-called com- 
pactification problem; it is related to a more general question: how 
can a non-compact, open manifold be transformed into a compact man- 
ifold by “adjoining a boundary”? This problem does not, in general, 
have a universal solution, since the concept of compactification de- 
pends on the purpose of a given problem: namely, an open manifold 
can be compactified in different ways (if this manifold admits com- 
pactification). 

Let us consider a straight line C l (z) and adjoin to it an infinite 
point, i.e. adjoin this point to the plane R 3 (x, y); in this case C 1 |j°o 
is transformed into 5* which will be called a completed complex 
straight line. There is a canonical way of identifying a completed 
complex straight line with a one-dimensional space CP 1 . Choose for 
CP' the model: (Xz 1 , Xz 3 ^, where X ^ 0, and consider the mapping 

A: (W, Xz 1 ) - ^ 6 S* = CM*) U °°. Ilj-y-P, we 

may assume that a = 1 , c = 1 , i.e. b = d = p-* and (1, p-') = 
(1, p- 1 ), i.e at “finite" points of the extended plane R 1 |J oo = 
S 2 the mapping h is a homeomorphism; adjoining of the point oo 
preserves this property of h. Thus, we may sometimes assume that 
CP 1 as S*. Recall that the extendod plane can also be identified 
with S 2 by stereographic projection. 

Lot us now consider the direct product 5* X S 2 ; a complex struc- 
ture can be introduced in this four-dimensional manifold, since 
i' 3 as CP 1 , i.e. 5 1 is a complex manifold. Fix on the spheres S 2 (z) 
and S 2 (w) infinitely distant points oo, and oo w , and assume that 
S 2 (z) => C 1 (z) U 00 ,. S* (w) C' (10) U oo u . Then the point 
(00,, oo„,) is fixed in S 3 (z) x S 3 ( u > ), such that two copies of the 
sphere, co, x S 3 (u>) and S 3 (z) X 00 re , pass through this point. If 
wo eliminate this wedge of two spheres (glued at (00,, oo,„)), we 
obtain R* identified with C 3 (z. 10) (see Fig. 4.120). Clearly. 


(5 3 (z)x5 3 (m))N((S 3 (z)XcoJ U (00, x S 3 (m))) 

= (S 3 (z)N 00,) X ( S 3 (u>)N.oo B ) = C‘ (z) X C' (u>) = C 1 (z, w). 


This is a particular cose of the formula ( X x Y)\[(X X y„) U 
(x, X V)l es (X\x 0 ) X (Y\y„), where i„ € X, y„ 6 Y. Converse- 
ly, C a (z, 10) can he transformed from a non<ompact, open manifold 
into a compact manifold by adjoining to the former a boundary, i.e. 
the wedge of two spheres (Sf x oo w )\J(oo, x S») glued at the 
point (00,, oo u ) (by the wedge 0/ two topological spaces X and Y we mean 
the space obtained from X and Y by identifying two points x 0 £ 
X, y 0 6 Y; the wedge of X and Y is denoted by X V Y). This is 
one of the ways of the compactification of C ! . Another way is to 
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adjoin to C* a point, “infinity", thereby transforming C J into a sphere 
. these two ways of compactification differ significantly; one can 
prove that S X S- and S* are not liomeomorphic (the proof is be- 
yond the scope of this book). 


0 x S l (w) 


■», x S ! (iv) 
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covered with three charts homeomorphic to C 2 : 

^, = {X(i', x 2 , i’), x<#0}, 

A,= {\(x', x 2 , x 2 ), x^O}, 4 3 = {X(x*, x 2 , X s ). x 1 =^=0}. 
Let 

o 3 : -4j C l (z, w), a 3 (X(x<, x 2 , x 2 )) = (^-. -£-) . 


then a : , is a homeomorphism between the chart A, and C 2 . Thehomeo- 
niorphisms a 2 : A, -*• C 2 (u, f) and a t : A t C 2 (a, p) 


arc constructed in a similar fashion (see Fig. 4.121). Set 

cp; SJ - {x (0. x 2 , x 2 )}, cp; = s\ ~ {x (x‘, o, x 2 », 
cp;=s; = {X(x‘. x 2 , 0)), 

then CP 2 -.-!, U 5}, CP 2 =>1 3 U Sj. CP 2 ^, U SJ, where the com- 
pact two-dimensional manifolds SJ, SJ, and SJ are homeomorphic 



1 


H 


A,U. w) 


Figure 4,121 


lo S-. Thus. C 2 can be compactified by adjoining a sphere S 2 , which 
transforms C 2 into CP 2 ; this operation can be realized in two ways 
(see above). Let us consider all the three methods of compactiiication 
of C 2 and observe what happens to a Riemannian surface T embedded 
in C 2 . Since F is non-compact and goes lo infinity, it also undergoes 
compactiiication, thereby becoming a compact topological space I\ 
Demonstrate that T is a smooth manifold. 

Theorem 2. Let C 2 be compactified to S" X S z by adjoining to C 2 
the wedge of two spheres S‘ V 5 2 = (S : (z) X oo„) \/ (oo, x S ‘ (if)) . 
Then the Riemannian surface l'J>j the algebraic junction w = Y P n (z) 
(( he polynomial P n has simple roots ) is compactified to a compact, 

smooth, closed two-dimensional manifold I*. 
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Proof. We first consider that part of f which is contained in C 2 = 
(S 2 X S ! )\(S 2 V S 2 ). According to Theorem 1, this part of F 
is a smooth manifold- Consider T (1 (S 2 V -S 2 )- We assert that this 
is a single point, i.e. F touches the set of “infinite points" (S 2 (z X °o B ) U 
(oo, X S 2 {w)) only at one point. Indeed, the form of in = ]/ P„(z) 
implies that (he image of “infinity" is represented solely by “infinity", 
i.e. 1' contains only one infinite point (oo.. oo^,) (Fig. 4.122). Let 

S' x S' 



Figure 4.122 

us prove that the structure of a smooth manifold can lie introduced 
in a neighbourhood of tile point (oo,, oo„) on F. Define on S 2 X 5 s 
the coordinates z and in which run S 2 (z) and S 2 (in). Introduce new 
variables u = lit and n = 1/m. Since the transformation z -► u = 
lz is regular on S 2 (z). Ibis transformation is also regular on 
S‘ (z) X S : (in), so that oo 2 -► 0, (; S* (z), oo„, -► Du, 6 S 2 (in). 
The equation 

n^*= P* (*)■» 11 (*—“»). 

*-i 

where ai ^ a, for f /, is reduced to r 

TT-li (-- *)-0, im-a k u) = 0, 

A- 1 * = 1 





that is 
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We now study the structure of zeros of the function /(u, i>) = 

n 

v 2 — u"(II (1 — in a neighbourhood of the point 0(u=0, 

*»i 

y = 0). After the change u-=t, u = « the equation takes the form 

(= — — — . Calculation yields grad / (f, ti)( 0 =(l, 0) for 

[] 

A-1 

n > 1 and grad / (/, u) \ 0 = (1. 1) for n = i, i.e. grad / =?& 0 at 
Ihe point 0, and by the implicit function theorem the surface under 
study (in the variables (l, u )) is a smooth submanifold in C a (in the 
neighbourhood of 0). With the inverse change, v t= \/ 1 and u = u, 
the graph of the preceding manifold undergoes square-root transfor- 
mation. Since the equation ir — / => 0 defines near the point I) 
a smooth submanifold, the initial graph is also a smooth submanifold. 
The theorem is proved. 

Under other compactificalions (adjoining a point and adjoining 
n sphere), the corresponding sets I” and 1“ are also smooth 
submanifolds in the compactified C 2 . We shall not prove this 
statement in a general case, but consider several examples. 

Under the compactification C 2 -»-C 2 U oo = S‘, the surface T 
oin bedded in C 2 is also compactified by a single point, but under 
C 2 -*C 2 U S 2 ==CP 2 the situation is more complicated. Since Tc: 
AjcjfXfar', x 2 , x 3 ), x 3 ^=0), we have to find, under tho compacti- 
fication C z -*-CP : , the intersection of I'" with the adjoined sphere 
S 2 <=CP‘==5J. Let n> 2. The change z = w=~ transforms 

n 

the equation 1J (z —a k ) = w 2 into (x 2 ) 1 (X 3 )"' 2 — [| (x 1 — a A x J ) = 0 
(verify!). Since S\ is defined in CP 2 by tho equation x 5 = 0, the 
intersection T" fl can be found by setting x^O in the equa- 
tion of the surface, which gives the solution (x* = 0, x 2 is arbit- 
rary, x s = 0). This means that T* f| ^ consists of a single point 
with the coordinates u=-^ r - = 0, = = 0 in the chart A, - 

(X(x‘, x 2 , x 3 ), x 2 =£0] (Fig. 4.123). To study the local structure 

TJ 

of the set of solutions to the equation (x 2 ) 2 (x 3 )"-*— ]| (x‘ — 
a k x J ) = 0 in a neighbourhood of the point (x 1 -x 3 = 0, x 2 = X), one 
should make the change u = -^-, v = ~, which leads to the 

n 

equation g-^v ”- 2 — JJ (u — a„«) = 0. For n> 2 the gradient of the 

Aesl 
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polynomial q is zero at the point (0, 0), and it is not obvious 
therefore that the surface is a smooth submanifold at this point. 
Though a new change can be made, which elucidates this fact, 
we shall not concentrate on the topic and consider only the cases 
n = 1 and n — 2 . 

For n = 1 we have to 3 — z — 0, (-75- )’ — -fr = &. (x 2 ) 2 — x'x 3 = 0. 
Since T c: A 3 , one lias to find T’ fl i.e. to assume x J = 0, 



Figure 4.123 


which gives: z 1 is arbitrary, x 2 = 0, Thus, the intersection 

of I” with infinitely distant sphere SJ is a single point with the 
coordinates cc = -^- = 0, p = -il = 0in the chart A, = {X (*', z*. * 3 ), 
z't&O}. To examine the neighbourhood of this point, it is con- 
venient to make the change a = -^-, p = -p- , which gives 

!(**)*— *'**«• 01 — = =(a 2 — p = 0). Apparently, 

this equation defines a smooth submanifold in a neighbourhood 
of the point a = p = 0, and this proves tiiat the compactified sur- 
face r* is smooth at an infinitely distant point. For n — 2 we 
have 10 2 — (z — a,) (z — a t ) — 0 where a,gfca 2 , 



(Z 2 ) 2 — (Z 1 — a,Z*) (z l — o s i 3 ) =0. 

As for n = l, we obtain: if z J = 0, then z 2 = ±z', i.e. the inter- 
section r* n 55 consists of two points r, = (z‘ = X, x 2 =X, x 3 = 0) 
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and T, = (*' = X, x — X, i 3 = 0). In the chan A, ^ {X(x*, x 2 , x 3 ), 
x'=^=0} we have 7’, = (a=l. p = 0), 7\ = (a = — 1. p = 0) Since 
x'^O, we may pass to the chart A, via the change a = , 
p=^-, which yields 


a*-(l-a,p)(l-d 1 p)~0. 
grad (a 2 — (1 — a,P) (1 — o,P)]r,r a 

— (2a, a l (1 — OiP) + a s (l — a,P)) 7 ,T, “ (±2, a, + a a ) =£ 0 


nl the points T, and T,. so that the surface f' is a smooth submani- 
fold near T, and T ,. For n =» 1. 2 we have proved that the compacti- 

llcation T -*• T* which arises under the compartiiication C* CP 2 , 
gives a smooth manifold. This is also true for n > 2, but the proof 
of this fact is beyond the scope of the book. 

In what follows we shall assume that an infinitely distant point is 
adjoint to the surface fc C ! , so that T becomes a smooth, compact 
m anifol d. Let us study the branching points of the function w = 
J/ P„ (z) which is now defined on the entire sphere S 2 = CP 1 . 

Proposition 2. Let w" — P„ (z) *= 0, where P„ (z) has only simple 

roots a, a„. Then all these roots are the branching points o/ 

u> = V Pn (z) located in a finite part of the plane, on the sphere S s 
there exists, besides these points, another branching points, infinity, 
provided the degree of P„ is odd. If the degree of P n Is even, infinity is 
not a branching point. There are no other branching points lor the 
function w = / P n ( z ). 

Proof. Consider the case w" — z = 0. The function w = ±V'z 
has two branches: <Jh = Y z and cp 2 = — Y z. Consider a circle of 
finite radius with the centre at 0 and go round this point. The bran- 
ches tp, and q> 2 are interchanged, so that the function cannot be made 
single-valued and smooth on a sphere. Repeat the procedure, taking 
the point oo g S- as the centre of the circle. On 5 s all the points are 
equivalent relative to the transformation group ~ jj ; in particular, 

oo can be transformed into any “finite" point. A circle with centre 
at oo-can also be considered as a circle with centre at 0, so that cir- 
cumvention round oo also interchanges the branches (see Fig. 4.124). 

We now turn to a general case. Let a* be an arbitrary root of 
P n (z). Consider a small circle S' with centre at a* which contains 
no other roots of the polynomial and represent the point z £ S' 
in the form z = a* + re 1 *, where r is the radius of the circle. We 
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have 

w W = l/ II <*- a p ) = 1 / IT (z-a p ).y'z-a„ 

' p=i f 

= l/ II (^—a p )-r T -e~ 

' r+k 

(see Fig. 4.125). Furthermore, 

_L J*i_ 1 <(g.+2n> 

“’(*o) = '’ 0 2 -e 2 1/ II (*— •‘pj — r* e * ‘V^Il (* — Op) 

' P** r py.* 

under circumvention round a*. Since this circumvention causes the 
argument of (z — «») to change by 2n. V^z — a h changes the sign. 
At the same time, circumvention round a* does not increase the argu- 



ments of the numbers z — a p , p k, by 2 ji, and these argu ments 
take the initial values (see Fig. 4.126), i.e. all radicals |/z — a„ 
also take the initial values and the transition from one branch 



to another occurs only due to the radical ]/z — a*. Thus, {«„} 
are branching points. Consider the point 00 and make the 
change u = 1/z, then 00 goes over to 0 and w = g (z) takes the 
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form 


* »=i 


n is even, circumvention round the 


point 0 returns the function to the initial value, so that 0 is 
not a branching point. If n = Ip + 1 is odd, w = -y— x 

n 

|J Vl — a»u and 0 is a branching point. The proposition is 


proved . 

As we arleady know, the surface T is the domain of single-valued- 
ness of an algebraic function. Represent F as the gluing of several 



"sheets." each being the graph of a single-valued algebraic func- 
tion. We start with an example. 

Let us consider the function w = ±]/z which is defined on S s 
and has two branching points, 0 and <». Connect the points 0 and 
00 by a smooth curve y without self-intersections and make a cut 
along y from 0 to oo. Then two subsets, T, and F„ arise on S ! : Tj 
is the graph of the branch <p, =_/z defined on and T, is the 

graph of the branch ip, = —Vi defined on Since y connects 

the branching points (and there are no other brandling points), cir- 
cumventions round these points are prohibited, i.o. we cannot pass 
from qj, to <f 2 , remaining on 5 j \y- This implies that each of the 
sheets F, and T. is homeomorphic to 5 J W, and this homeomorphism 
is realized by the functions cp, and (p 4 (r ( is the graph of 91) (see 
Fig. 4.127). The projection n: C- -*• C' (z) along C 1 (u>) maps homeo- 
inorphically each of the sheets T, and r a onto SjN.y Thus, T is 
glued of two pieces, namely, the sheets F, and r 2 . How can we realize 
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this gluing? Define on 5 s an orientation and mark one border with 
“ + ” and the other with These marks appear on the borders of 
both sheets, T, and T,. Since these sheets are homeomorphic to 
•S s \y reconstruction of T requires that two copies of S*\y should 
be glued with an allowance for the position of the marks and 
’ • Since the branches interchange in the circumvention round the 
branching points, the border y* of the sheet T, should be glued to the 



Figure 4.127 

border yj of the sheet T,; the borders y* and yj of T, and T s are glued 
similarly (see Fig. 4.128). Apparently, such a gluing produces a 
sphere. Thus, we have proved the following statement. 

Lemma 2. The compactified Riemannian surface T of an algebraic 
1 unction w = Is homeomorphic to a sphere S *. 

Let us consider the Riemannian surface of the function w = 
V (z — a) (z — b), where a =£ b. According to Proposition 2. 
this function has two branching points: z = a and z — b\ though 
00 is not a branching point, it is, nevertheless, a singular point of 

the compactified surface T, for at this point the two sheets touch each 
other and the values of both branches, cp, and cp s , at infinity coin- 
cide (and are equal to infinity). Thus, oo is a singular point of the 
immersion of T in C J U (5 s V S : ) = S~xS s , but it is not a singular 
point of the surface F itself. Let us study the surface T, assuming 
that the two sheets do not touch at oo, i.'e. we as if “unglue” the 
point oo, thereby doubling it and providing each sheet with its 
"own" point oo. 
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Lemma 3. The compactified Riemannian surface f (with, "unglued 
infinity") of the algebraic function w = ± Y (z — a) (z — 6) is 
homeomorphic to a two-dimensional sphere. 

Proof. The branching points are a and b, so that one has to make a 
cut y from <i to 6 and repeat the reasoning of Lemma 2. The lemma is 
proved. 

As was already noted, the immersion S 2 = T 5 s x S 2 glues 
two points, and therefore the true location of T in 5* X S 2 is as in 



Fig. 4.129. Since we have proved that at the point oo the surface f 
is a smooth manifold, the singular point oo is the tangency of the 
two smooth sheets, rather than a conical point (see Fig. 4.130). Let 
us consider the general case. 

Theorem 3. Let f (z, w) = w 2 — P„ (z), where the polynomial 
P n ( 2 ) does not have multiple roots. Then the compactified 

Riemannian surface T (“wi th unglued infinity") of the algebraic func- 
tion ta=±/?7w= y j] (z— a*) is homeomorphic to a sphere 
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Figure 4.129 


face in the compactlfied space C 2 U (S* \J S 1 ) = S 1 X S* ts an em- 
bedding if the degree n is odd and an Immersion gluing two points 
oo (on distinct sheets P, and T,) if the degree n Is even. 




Figure 4.130 

Proof. Let n = 2p + 1; according to Proposition 2, all the 
roots a,, .... a„ and the point oo are branching points of w = 
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V ?n (*) = T/ II («— a*); this set can be subdivided into pairs, 

r A«**i 

say (a„ a t ), .... (a n , a„.,), where a„., — oo. Connecting the points 
« 2 t-i and <* 2 * in each pair by a smooth segment 1^ p 4- 1, 
we obtain a sphere S 1 with p + 1 cuts y,, . . y p+1 . Then each of 

the branches, (p, and <p s> is a single-valuod function on .'> : N.(y 1 (J ... 
•• LlVpti)- Indeed, we have prohibited circumventions round an 
-idil number of branching points; with our scheme of cuts, we can only 



figure 4.131 


go round an even number of branching points. Suppose we have gone 
round the pairs (af,, ai,+i. . . . ., (a ia , fli 0 +i)- What does it happen 
to the branches <p t and g> 9 ? Since the argument increases by 2n only 
for those points that have been circumvented, the signs of the radi- 
cals change an even number of times. Because we deal with an even 
number of points, we need not necessarily distinguish between the 
concepts “inside the contour” and “outside the contour", for the num- 
ber of singularities outside the contour is also even (furthermore, 
on a sphere the concepts “outside” and “inside” are dual) (see Fig. 
4.131). In the circumvention along y we have 

9“ ft V(* — a i ( ) ( 2 -a, ,)• fl Vz-a h 

!“l »*■«, i„+u 

-*• n, ( — /*— «i,) (— v *— • n Vz—a h = <p. 

If we choose another way of dividing the branching points into 
pairs, the domain obtained by cutting along the new paths will be ho- 
meomorphic to the domain considered above. Thus, the procedure 
does not depend on the method of grouping the branching points into 
pairs and on the way of connecting points in each pair by a smooth 
curve. Mark the borders of each cut with “ -f- ” and “ — then each 
of the sheets, f, and I’,, is homeomorphic to $*\(y 9 U • • ■ U Y P +i)- 
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Henco, to reconstruct I\ one has to glue these two sheets together by 
attaching the border v?c»> on T, to the border v7(2> on Tj (Fig. 4.132). 
We obtain M'„ i.e. sphere 5, with g = p = handles. 

Let n = 2 p. According to Proposition 2, only the roots a,, . . 
a 2p are branching points; at infinity there exists a singular point, 



Figure 4.132 


c?"?® c’" lhe . tan ge n cy of two sheets when T is immersed in 
• X u ‘ A gain ’ <livi,lin g the foots into pairs, connecting the points 
in each pair^by smooth segments, marking the borders of the cuts, 

and cutting T along the inverse images of these segments, we obtain 
two sheets. The point oo is "unglued" and each sheet is provided with 
its own point oo. Finally, T is reconstructed by making gluing in 
the inverse order (see Fig. 4.133). The theorem is proved. 

Thus, two-dimensional surfaces arise quite naturally: as Rieman- 
nian surfaces of certain algebraic functions. 
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Statement t . Each two-dimensional smooth, compact, connected, 
closed manifold of genus g (i.e. of type M\) can be endowed with the 

structure of a complex-analytic manifold. 

Proof. Let ns consider T for the function w = ± V P„ (*). where 
P n has simple roots. Since Ttz C ! , where it is defined by the graph 
io — g (z) or by z = o» (w), we have two orthogonal projections 



n,: (z, w) -*■ C 1 (z) and n,: (z, w) -*• C 1 { w ). At each point (z, w) £ F 
at least one of the projections is valid, since grad ( u? — P„ (z)) ^=0 
at each point (z, w) 6 T (see Theorem 1). Thus, we obtain the 
covering of I’ with local disks. It remains to find the transition func- 
tions. They can be only of two types: either w = g (z) or z = 
id ( w ). Since the function g (z) or w (iz>) is complex-analytic (seo 
Proposition 1), the statement is proved, because the continuation of 
the complex structure to the point 00 of the surface I holds inside 
the complex-analytic manifold S 2 x S 1 = CP' X CP 1 . 

It is a simple matter to demonstrate that a manifold A/J cannot be 
endowed with the structure of a complex-analytic manifold (veri- 
fy!)- 

Statement 2. Each two-dimensional smooth, compact, connected, 
closed manifol of genus g (i.e. of type M|) can be provided with a con- 
formal Riemannian metric. 


4- Smooth Manifolds (Examples) 

Proof. The metric is called conformal if there exist local coordi- 
nates in which this metric is of the form g„-=a- 5 ;; L- t us realize 
M g in (extended) C 2 as the Riemannian surface of t.ie function 




Circumvention 


Figure 4.134 


®,T ^VPn ( 2 )- Consider on A/J the coordinate z which runs C' (z). 
this complex coordinate is valid in the entire M\ except at the 
point 0 near which we should introduce the coordinate w related to 
z by the complex-analytic transformation w = g (z). Introduce in 
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C 5 = R 4 the metric 

* 

ds • — dz dz + dw dw= 2 fa*) 2 

Anl 

and consider its restriction to T <= C*. We have 
ds*(M' s ) = dzdl+dg(z) dg(z) 

= dzdz + g‘ (z) jp (z) dzdz - (1 + \g' x (z) | 2 ) dzdz 

or ds 2 (M*) = (l + ul+ £)(<***+ <V>. where z~z + iy, g = u+i». 
Here 

f M = 4; t « = T Mr i) <“+ iv) 

= 4 " < u * + io *~ iu » + “ **» + a,v v + <y ** 

because u z — w„ and u„ = — v x . Tho statement is proved. 

If we make the complex-analytic change z = tj (5), the conformal 
metric derived above remains conformal, since 

ds 1 + a (z) dzdz = a (>i (£)) IV (6)1* 44 = P (5) 44. 

In conclusion, a few words about the way T is cmbeddod in C* 
in a neighbourhood of a branching point. Though wo have proved 
that at such a point T is a smooth manifold, it appoars difficult to 
depict a branching point in R>, because the space R s has “low dimen- 
sion” as compared to R 4 ■=> C*. Figure 4.134 is an attempt to illus- 
trate schematically circumvention round a branching point. 


Chapter 5 


Tensor Analysis 

and Riemannian Geometry 


5 . 1 . THE GENERAL CONCEPT 

OF A TENSOR FIELD ON A MANIFOLD 

Let us consider a smooth manifold M". Let P £ M n and 
let r', .... z" be a local regular coordinate system in a neighbour- 
hood of P. There also exist infinitely many other regular coordinate 
systems in the neighbourhood of P. Our task is to study the objects 
which are invariant under different coordinate transformations. The 
new coordinates will be denoted by a prime: x x \ . . ., x n '. 

(1) Let a £ Tp ( M *) be a tangent vector to AF 1 at a point P. Pre- 
viously, we have given several definitions of a tangent vector; some 
of them defined this voctor irrespective of the choice of local coordi- 
nates, i.e. as an object invariant under regular coordinate transfor- 
mations (viz. definition via the sheaf of tangent curves). However, 
if we want to associate with a tangent vector its coordinates, i.e. to 
express this vector analytically, we need to introduce a coordinate 
system. If we choose another system, the coordinates will change. 
Let us find relations between the coordinates of a vector in differ- 
ent systems. Since 

a = a‘ 3 -rr, we have a { ' = a' — and since 

ax' dx' ax' 3x‘ Ox' 


■ a 1 . Thus, we have 


form a basis in T P (M"), a 1 = -~ 

found how the coordinates of a vector change under system transfor- 
mation; the coordinates a 1 , . . ., a" are transformed by the Jacobi 
raatrix (-^r) = /• We have obtained this condition from the require- 


ment that a vector, as a geometric object, be invariant under coordi- 
nate transformation. 

On the contrary, we can define a vector as an object given in each 
coordinate system x', . ...z” by a set of numbers a‘, . . ., a" which 
are transformed while passing from the system x 1 i” to another 
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system i 1 ' z n ' according to the lawa''=^- a*. Apparently, 

the object thus defined is invariant. 

(2) Let f (x) be a smooth function on M n \ consider grad / = 

fJl—\ This set of numbers (functions of a point P) is valid in 
\ dx' > 

each coordinate system. Let us find the transformation law. Accord- 
ing to the rule of differentiation of a composite function. 


!.* 


a/ a/ a*< _* 
17^- ai i dz i‘ “ 6| 



where 

grad / = {! !„}. 



i.e. the set (6 lt . . i„) is transformed in a different way than the 

set of the components of a vector: namely, grad j is. transformed by 
the matrix where J is the Jacobi matrix^-. This law can 

also be deduced through the requirement that a geometric object, 
the derivative of a function / with respect to a vector a £ T P (M n ), 
be invariant under coordinate transformation. Indeed, this deriva- 
tive does not depend on the choice of local coordinates, so that 

iL = liin /<Y(e))-/(Y,(0iL, 

e-o e 


where 

V(0€^ n . Y(0 ) = P. 7 (0) «= a € (A/ B ), 

dl ^ dt <txi(«) | =a) JI_ = a i'JL-. 

da dz' |,_ 0 a* * Si 4 ' 


Thus, 



ifll 

dz* a* 4 ’ 


. i.e. 


®*'ir 




dz 1 


dz' 


9x l 


dz' 

dx 1 


s,. 


which is what was required. , 

(3) Let us consider T P (AT) and the adjoint space Tp (AT 1 ) of real- 
valued linear functionals l (a), where a(fp ( M "). We now find the 
transformation law for the coordinates of these functionals under co- 
ordinate substitution in some neighbourhood of a point; introduce 
in Tp (M n ) a basis e 1 , . ... e n consisting of the functionals satisfying 
the condition e* (e 0 ) = 6„, where e, e„ is a basis in T P (A/"). 
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Since l (a) is a real number and since the scalar does not depend on 
the choice of coordinates, l (a) (ll = l' (a')<*'>> whence 

a = a'e„ f (a) = (/,«') (a*e A ) = ^ = l»-a*' = V -fy-a*. 

Since a is arbitrary, we have from these equalities /»= i*-, 

i.e. l k ' = ~^- l k , hence, the coordinates of the functional are 

transformed exactly in the same way as the coordinates of grad /. 
The elements of Tp ( M" ) are called covectors; thus, grad / is a co- 
vector. 


We have introduced in T* the adjoint basis consisting of covectors 
e 1 , . . ., e n , so that IT can be identified with T* by setting q>: T -*■ 

n 

T*‘, <p (a) = l, where a = a*e»; l = “***• Hence, we assume 

that l mapped by the isomorphism q> into a has, relative to e l , ... 
. . ., e", the same coordinates as a relative to e,, . . ., e„. This lin- 
ear isomorphism is not invariant under the coordinate substitu- 
tion x —+ (x‘), since a vector and a covector obey different transfor- 
mation laws: a vector is transformed by the matrix J and a covector 
by the matrix (/~ l ) T . Thus, the identification of T with T* valid 
in the system (x) becomes invalid under an arbitrary coordinate sub- 
stitution (i) -*■ (*'). There are, however, transformations which pro- 
serva the correspondence <p: T -*■ T* , for these transformations 
J = (/ -1 ) r , i e. they are defined at a given point P by an orthogonal 
Jacobi matrix. A general transformation has a non-singular Jacobi 
matrix, rather than an orthogonal one. Nevertheless, T and T * 
can be identified by a linear isomorphism which works for any coor- 
dinate substitution. This topic is discussed below. 

(4) Let C be a linear homogeneous operator which turns Tp M n into 
itself and let the same letter stand for the matrix of the operator writ- 
ten in the basis e,, . . ., e„. Making the substitution (x) -*■ (i), 

we obtain C' = JCJ~ X , i.e. Cy = c}. The transformation 

law for the operator matrix can be deduced from the requirement 
that the relation b = C (a) (a is an arbitrary vector in T P M") be 
invariant under coordinate transformation. Indeed, all the objects 
in this relation admit invariant (i.e. independent of the coordi- 
nates) definition which, apparently, leads to the desirable transforma- 
tion iaw for C. The proof of this statement is left to the reader as an 
exercise. 


(5) Let us consider a bilinear symmetric form B on T p (AT 1 ); 
B (a, b) = bija'b'. It is known from algebra that under a coordinate 
substitution the matrix B is transformed into a matrix B' such that 
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B‘ JbJ T , i.e. b r y = ^ybil- As before, this transforma- 
tion law for B can bo obtained from the requirement that the scalar 
B (a, b), a, b£T P be invariant under an arbitrary coordinate sub- 
stitution. Indeed, 


B( a, b)=6.,a i 6 J i 


h — - h dz ‘' dz> 


byya'W *= l 
or byy 


dz 

sir 

dz‘ 


dx * 


*• dz‘‘ 
dzi 
dzi 
dz 1 ' 


a'V 


Wc have considered simple examples of transformation laws; 
their distinction was indicated by different indexation of the object 
components: a 1 , lj, c), b u . The superscripts are called contravariant 
indices and the subscripts covariant indices. It is convenient to as- 
sociate with each object a pair (p, ?), where q is the number of co- 
venant indices and p is the number of contravariant indices. Thus, 
the set of coordinates for a vector a 6 T P M n is of the type (1, 0), 
lor a coveclor of the type (0, 1), for an operator of the typo (1, 1) 
and for a bilinear form on vectors of the type (0, 2). Besides this 
form, there exists the form B (l, m) on the covectors I, mf T P M". 
Calculation (by analogy with B (a, b) shows that if B ( l , m) = 
b'H.m,, then (verifyl), i.e. B' = (/-'). 

The objects just mentioned admit an invariant, coordinate-indepen- 
dent definition in a particular coordinate system, and the transfor- 
mation law for the components of these objects directly follows from 
the invariance of this definition. Thus, if in each coordinate system 
there is given a set of numbers (functions) transformed (under coor- 
dinate substitution) according to the above laws, we may say that 
these sets define an invariant object which can be studied through 
its coordinates in different coordinate systems. This circumstance 
underlies the general definition of a tensor field on a manifold as an 
invariant geometric object which does not depend on the choice of 
the local coordinate system. A particular expression of the compo- 
nents of this object does depend on the coordinate system. 

Definition. By a tensor of type (p, q) of rank p + q ( corresponding- 
ly , a tensor field of type (p, q) of rank p + q) we mean an object defined 
in. each coordinate system ( x ) = (x 1 , . . ., x”) by the set of numbers 
(correspondingly, by the set of smooth functions ( x )) 

transformed under the coordinate substitution (x)-+ (*') according to 
the law 

y‘i •••<;. ar i! a*" 3e>' dx’l i. ... <p 

dz‘‘ ■■■ dz ’p az >\ g / t 1 >•■■■><■ 
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This definition satisfies the requirement that an object can be de- 
fined invariantly, i.e. irrespective of its expression in a particular 
coordinate system. Indeed, it is known from algebra that a tensor 
(tensor field) can be defined as a polylinear mapping 

T: T P x ... xTp X Tlx ... 

i f ’ 

defined by the relation 

r <■ «v W = rt. . . . 4 % . . . 

whore l k = {ai*} are the coordinates of the vec- 

tor a k£Tp(M n ) (the 4th factor), {ijj are the coordinates of the 
covector l h £Tp(M n ) (the 4th factor). The functions are the 

coefficients of the mapping T. It is known from algebra that a 
multilinear mapping can always be written in this form. If the 

bases e, and e l , are fixed, we have a useful formula 

f ° p 

T h-'^‘“ r ( e J %, •••.* <p )- 

Indeed, 

T ( e J. %. «'p) 


r a I— ° 


P. 


■ T v 




(C/) 0 ’ (e'i)ai- ... • (e'p)a 








Furthermore, T can be defined in invariant terms, since all the 
objects appearing In the formula T : (T p )» x (Tf) p R, as well as 
the multilinearity property, are invariant. A particular expression 
for the coefficients of depends on the choice of the coordi- 

nates. 

Although the invariant form of a multilinear mapping is more 
convenient, we shall almost always consider the “coordinate form” 
because it appears quite useful in particular calculations. Let us 
introduce, for convenience, a special notation, the so-called multi- 
indices: (i) = (f„ . . ., i p ) where the entire set of indices is re- 
placed by a single one. Then, the tensor law is written as 

•) dxif) dx(i) , __ aid'll ax ' > dx'P 

'> = 'a^ir - 3iu 7 r r <>i' where H!iT=-pr ••• 
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We now turn to studying simple properties of tensor fields. 
Lemma 1. Let lx) -*■ (x') be a regular substitution. Then the 
9z<i') - 


relation r!j'j 


9x0) 


az«) 9x1.1') 


T(J) ( the tensor law ) implies that 


-HO _ 9x (t) 9x {i) -HI-) 

Mi)- 3l (i-) dz m "<>'>■ 


The proof of the lemma follows from the identity — 

= which means that where |j-j is the 

Jacobi matrix. 

Lemma 2. Given a tensor field written in the system (x), and let the 
coordinate substitutions (x) (z) -*■ (y) and (x) -*■ (u) -► (y) be valid, 

i.e. we pass from (x) to (y) in two ways: via (z) and via (v). Then the 
expression for the field T in (y) does not depend on the way (x) is trans- 
formed into (y). 

The proof follows from the formula for differentiation of a com- 
posite function 

9yl 9y‘ di* 9yl dv a 

9 x* «»« 9x h dv a 91* ' 


Let us recall some properties of tensors known from aglebra. 

(a) Tensors of rank p + q and type (p, q) (they are considered at a 
point) form a linear space H such that dim H = n- +c . The proof 
follows from the representation of a tensor as a multilinear mapping: 
the linear combination of such mappings is also multilinear. 

(b) In the space II of all tensors of rank p + q and type (p, q) 
there exists an additive basis; the elements of this basis (multilin- 
ear mappings) are denoted by 

ei, ® . . . ® e tp ® eh ® . . . ® eV 

The number of these elements is equal to n ntp (verify I). Each 
mapping 

«ii ® ... ® e tj) ® «Ji ® ... ® e i t 
is given by the formulas 

e V (0 = Ji B . where 1 € r l ( M ")< e '° (“) = a € T p M n , 

(e (l ® . . . ® e ij( ® e» ® .. . ® e’e) (a„ . . a q lK . . l p ) 

= e,, (i‘) • - . . • e lp (P) eh (a,) A (a„) 

= l\,. .... l? p -a[' •... <£). 

If T: (T P M n y X (Tp M*)* -*■ R is an arbitrary multilinear map- 
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ping of type (p, q), then 

r (■» l ' n = . . . 4% . . . ir p 

~ T )\'.'i V q ( e U ® ... ® ... ®e , «)(«i. ...,a ,, P, ...,P), 

i.e. 

r ’= j ')\..4 ( e( ‘ ® ®*M. 


® e'v) form an 


Thus, the mappings (e tl ® . . . ® e, ® eh ® . . . „ _ ... 

additive basis in the space of ail tensors of type ( p , 5). With the 
aid of multi-indices, this decomposition of an arbitrary tensor T 
in the basis tensors can be written as T ® e< iJ . The trans- 


formation law for the basis tensors e tl ® . . . ® c t ® eh ® 
under coordinate substitution is of the form 

dxtn 9*0') 

9x<» 


® e’i 


e (i •)««<>'> = 


■ e<» ® * >} 


(verifyl). All these properties and definitions arc transferred to the 
case of smooth tensor fields on a manifold; the difference is that here 
we should consider tensor fields as linear combinations of basis fields 
of typo (p, q) with variable coefficients, so that the space of tensor 
Colds becomes an infinite-dimensional space. 

A particular case: any tensor field of type (1, 0) admits (locally) 
the representation T =* T* (x) e,(x); similarly, any field of typo 
(0, 1) admits the representation l = /,e‘(x). 


5.2. SIMPLE TENSOR FIELDS 

5.2. i. EXAMPLES 

(1) Let a vector field T (x) be defined on M". Then T (x) 
is a tensor field of type (1, 0); the space of all smooth fields of type 
(1, 0) is identified with the infinite-dimensional space of all smooth 
vector fields on M n . 

(2) Let a smooth covector field be defined on A/", i.e. at each point 
* € M” there is fixed a linear functional l (x) £ TIM" smoothly 
dependent on the point. This field is an element of the infinite-di- 
mensional space of tensor fields of type (0, 1). This space contains a 
linear infinite-dimensional subspace of the fields grad / (x), where / 
is a smooth function on M n . 

(3) Let the Riemannian metric gu(y) be given on M n . Since 

gff = ajp~ 8ii< the set of all g,j(x) defines a tensor field of 

type (0, 2), i.e. a smooth field of bilinear forms. This tensor is 
called a metric tensor. 
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(4) A complex-analytic manifold M 2 " is characterized by the 

property that in each there is defined the operator / of “mul- 

tiplication by imaginary unity", /* = — Since this operator smooth- 
ly depends on the point, we obtain a tensor field of type (1, 1). 

(5) Inertia tensor. Let us consider in R 3 nrigid body with one fixed 
point 0, the body can rotate about the point 0. Suppose the body con- 
sists of a finite number N of material points rigidly connected with 
one another (their mutual position does not change during the mo- 
tion). We shall only deal with orthogonal coordinate systems in R 3 . 

Let m l , m N stand for the masses of the points and let 

xj l( , . . xi N) (£ = t, 2, 3) denote their coordinates at a fixed 

moment t. Let us consider the matrix 

<«" = — 2 + S' 3 2 m « I *<a> I*- 

ac-t a«»i 

We obtain a tensor of rank 2 and type (0, 2), the matrix a 11 being sym- 
metric. This symmetric tensor a*' is called the inertia tensor of a 
rigid body (various bodies have distinct inertia tensors). The role 
of this tensor may bo illustrated by the following example. Let us 
consider a straight line with the unit direction vector I = (/', P, P) 
through the point 0 and evaluate the sum — H (l). Since 

d 11 and l 1 are tensors, H (I) is an invariant of orthogonal coordinate 
transformation, i.e. a scalar. Calculation yields 

ff(i)=2u«'W 

- - 2 2 2 *<V + S ww 2 '"o. i *<«>!* 

a- 1 1 J ij ao.1 

= -2 m a «*<a>. »)*+ 2 |l|*l*wl* 

a-»l a=l 

= 2 n *n(l x <(l>l 2 — «*(o>. *»*)• 

a*»l 


This expression can be interpreted as follows: the factor l x„ | 1 — 
(\ B , 1)' is the squared distance from the point of mass m a 
to the axis 1. Thus, we have obtained the familiar expression for the 
moment of inertia of a body about an axis. The eigenvectors of the 
matrix a*> are parallel to the so-called principal axes of inertia of a 
rigid body. 

(6) Strain tensor. Let us consider a continuous medium which occu- 
pies a certain volume in R" referred to Cartesian coordinates x\ . . . 
.. ., x n . We identify the points of this volume with the points of 
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the medium and consider small deformation of the medium, viz., 
due to external forces. Suppose we are given displacements of the 
points, i.e. smooth functions «*(**, . . ., i”), which 

depend on the point and enable the coordinates of the displaced 
point P to be calculated in terms of the coordinates of the initial 

point P by the formula x' = x‘ + u‘ (x* x n ). We shall consider 

small displacements, i.e. the functions m*(x) are assumed to bo rath- 
er small. To formulate the problem correctly, one should deal 



Figure 5.1 


with infinitesimal displacements, which is equivalent to defining a 
smooth vector field in a domain, though the theory of continuous me- 
dia sometimes handles finite deformations. We shall use the formal- 
ism suggested above. Thus, suppose a point P = (x 1 x") 

shifts to the point P (x‘ + u‘ (x 1 x")). How does the length 

of a smooth curve change under medium deformation? Consider two 
nearby points P (x‘, . . x") and P' (x 1 ' x"’). Let (Af) 2 = 

2^*’’ — x 1 ) 2 = 2 (Ax 1 ) 5 be the length of the Euclidean seg- 
ment connecting P.and P'\ find the length (AT) 2 of the segment con- 
necting the images P and P' of the points P and P' after their dis- 
placement as a result of medium deformation (Fig. 5.1). We have 

(An* - Jj (I*' + u‘ (x') - x‘ - u< (x)) 2 

= 2 l(* , '-*‘)4V (*')-«*’ (*))l l =2 (Ax' + Au*)* 

*=i i=i 

= 2 (Ax’) 1 + 2 2 Ax' Au‘ + 2 (Au‘) 2 

i=i i«l 1=1 

= (A/) 2 + 2 2 Ax' Au* + 2 (Au‘) 2 . 

ie>| i=l 
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Since Au* = -|^-Az\ we have 


(Ai')*-(AQ**=2 2 A*‘Au‘ + 2 (Au 1 )* = 2 2 -jr A* 1 Ax* 


i. A 


dx* 


s?4+-s-) a -‘^ 


a*’ 

au 1 au* 


Thus, 


i<* 


+ 2 -g-S-^A*’'. 

*. *. p 


<d/')‘-(d0»-2 (■£■ + ■*?-) 2 

«a i. p 

If the strains u 1 (x) are small, we can assume 

(dl')»— (di)*es 2 (irr + '5ir) dx ' d3 ^- 

Kh 


Set »i u {x) = -|j r + -^ r , then (df') J — (dP) es ii,* dx'dzV The set 
of functions tj,,, forms a tensor of rank 2 of type (0, 2), called 
the strain tensor. 

(7) Stress tensor. Let us consider an elastic body subject to a defor- 
mation which produces stresses in the body. To explain this term, 
we resort to the conventional model developed in the classical elas- 
ticity theory. Let da be an elementary area through a point P 
in the body and let n (P) be the normal to do at P. We shall as- 
sume that do is oriented and the normal is also provided with an orien- 
tation (Fig. 5.2). In some neighbourhood of P the element do di- 
vides the body into two parts: one is located on the positive side of 
do and the other on the negative side. The existence of stresses in an 
(elastic) body suggests that there exists a force F exerted by the mat- 
ter on one side of the element do upon the matter of the other side: 
this force is applied at the point P. To describe stresses in a body 
usually means toJind the force (due to a stress) exerted on an arbitrary 
oriented infinitesimal element (the shape of the element may be 
arbitrary). It is assumed that for a given normal n (P) the force 
F acting on do is proportional to its area which is also denoted by 
do. Thus, we obtain a correspondence between n and F. with each 
normal n (P) at P there is associated a vector F (n). The character 
of this dependence is established in classical elasticity theory pro- 
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ceeding from mechanical considerations. Weshall not go into details, 
but only report the final result: it appears (in a good approximation 
to the real situation) that the dependence F (n) may be considered 
as linear, i.e. at each point P there is defined a linear operator 
n -*-Q (n). Then F (n) can he written as F (n) = Q p (n) da, where 
P' = Qyi‘da\ {«>} are the coordinates of n (P). Thus, we obtain a 
tensor field of type (1, 1): at each point P there exists a linear opera- 
tor Q p smoothly dependent on the point. This field defines the stress 


Figure 5.2 


tensor. Stresses depend on the deformation of a medium, and the 
character of this dependence will be discussed below. 

It follows from mechanical considerations (which are omitted here) 
that the stress tensor Q,, must be symmetric (i.e. the matrix of the 
operator Q p is symmetric). The stress tensor cannot only be defined 
(and calculated) in a deformed elastic body. For example, this tensor 
does exist in an ideal liquid. It is assumed that in such a liquid there 
are no viscous forces, so that the force due to a stress F (n) exert- 
ed on da can only be directed normal to da, i.e. it coincides wflh 
the force of normal pressure on da. Since F (n) = Q P ( n) da, the 
operator Q P is diagonal, i.e. 

Q'i = q(P) 6j; F‘ = Q { jn> do=q (P) 6‘n' da = q (P) a 1 do, 

P' = q(P) n' (P)no, 

where q (P) is a scalar function called pressure at the point P. Hence, 
the pressure q (P) does not depend on the direction n, but depends 
only on the point P (the pressure may, of course, change from point 
to point). If in a medium Q p = q(P) • E, such a medium is said to 
obey Pascal's law. This law does not hold in every medium; for 
example, in a viscous liquid the stress tensor is of a more compli- 
cated form, since there exist, besides normal pressure, forces due 
to friction. 

There is a relation between the strain and stress tensors; an analy- 
sis of this relation is one of the most important topics of elasticity 
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theory. In the first approximation, the stress tensor depends linear- 
ly on the strain tensor for small deformations, i.e. the following rela- 
tion holds true: Q ) = where the functions a}* 1 form a ten- 

sor of rank 4 (of type (3, 1)). In R 3 this tensor has 81 components. 
The linear relation between the stress and strain tensors is known as 
Hooke's law. Suppose the medium is homogeneous and isotropic, 
i.e. the form of the dependence Q =* Q (q), Q) = remains 

unchanged under orthogonal transformations in R 3 , that is, the 
tensor cc'j" is invariant relative to SO (3). It can be demonstrated 
(the proof is omitted) that this leads to the following form of the 
dependence Q = Q (ti), Q\ = Q„ = (it),, -+• X spur q • 6,;, where 
p and X are the so-called Lamd constants (they depend on the prop- 
erties of the medium). The function 2q, ( = spur ti has a simple 
meaning (here we do not distinguish between the upper and lower 
indices, for we deal with R 3 ). Consider the displacement of particles 
in a medium under small deformations; the functions u‘, which de- 
scribe this displacement, may be looked upon as the components of 
the vector field defining the strain (this field is denoted by v(P)). 

Then spur t] = 2 (-fjT + Tir) = 2 2 |jn =* 2 div v > i.e. spur q is 
i i 

the divergence of the displacement field. For liquids, p is called 
the viscosity coefficient. 

We now turn to another class of tensor fields: the fields which can 
be constructed from fixed fields via algebraic operations thereby ex- 
tending the given set of tensors. 


5.2.2. ALGEBRAIC OPERATIONS OVER TENSORS 


(1) Given two tensor fields of the same type and rank, 
^h’"i* and p then we can construct a new tensor field, defining 
it as a set of functions C,\" A £~tI\Z > %+ pfc']*. Using the defini- 
tion of tensor, one can easily prove that is also a tensor 

(verify!). " 


(2) If is a tensor field and j (x) is a smooth function on 

A/", then the set f (x)-T)\'.'. A ,> is also a tensor field on A/ n . The 
proof is straightforward. 

(3) Permutation of indices o/ the same type. Given a tensor field 

(for simplicity, we consider the field of type (0, ?)). Let us 
construct anew field according to the formula i = 

i , *- e - the operation is reduced to the permutation 
(renumbering) of the tensor components. Evidently, this operation is 
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a tensor one (verify!). This permutation interchanges two indices, 
l, and i a . Apparently, we might consider any other permutation. 

Remark. Permutation of indices of different type (i.e. covariant 
and contravariant) is not generally a tensor operation, because while 
the upper indices are transformed by the matrix J, the lower indices 
by the matrix (J-') T (see above), and these matrices are distinct. 

Example. Let us consider a field of type (1, 1), i.e. the field of oper- 
ators C in T P (M")i suppose the identity C j = C{ is valid in a co- 
ordinate system (x), i.e. C is "symmetric”. Here we have interchanged 
the upper and lower indices. In terms of the matrix C, this condition 
reads: C = C T . Suppose the same relation Cj'. = C£ is valid in any 
other coordinate system, i.e. C' = ( C') T . Let A be the Jacobi ma- 
trix of the transformation then C' = ACA AC A _1 = 

[ACA-y, (A T A) C = C (A T A), i.e. BC = CB. where S = 
A T A. Thus, our condition is equivalent to the condition that the 
matrices B and C are commutative, which is not always the case. 
If the transformation (x) -»-(x') had an orthogonal Jacobi matrix 
A, i.e. A T A = E, the permutation of indices i and / would be a ten- 
sor operation. 

(4) Contraction. Let be a tensor field. Fix two indices 


This is a tensor operation (verify!), it transforms a tensor of type 
(p, q) into a tensor of type (p — f ■ ? — 4). If p = g. the initial 
field admits complete contraction; this means that all the 

upper indices are contracted with all the lower indices to give 
a scalar function spur T which is an invariant of T, i.e. it does 
not change under coordinate transformations. 

(5) Tensor product. Given two tensor fields of the general form, 

and We can construct a new field: cjl.ijjfc. ..#,*=• 

Obviously, this tensor field is of type (p-t-«, q-H). 
it is 11 denoted by C=T®P. Tensor product is not, in general, 
commutative: T ® P P ® T . 

(6) Raising and lowering oj indices. Consider a tensor field a,j of 
type (0, 2); let this field be non-degenerate, i.e. the matrix A — 
( an ) is non-singular at each point. Then there exists the inverse 
matrix A- 1 ; its coefficients are denoted by a w . Thus, a ik a hl <=b). 


of different type, covariant and contravariant i 0 , and construe 
the following functions: - S rfcfe ^ fctf* 


Given an arbitrary tensor field 


T , ‘ \? 

-v 


we can construct new fields 
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The former operation is called index lowering and the latter index 
raising. These are tensor operations, for they are a combination 
of two tensor operations: multiplication and contraction of tensors. 
Since the tensor field a f ; is non-degenerate, the operations of rais- 
ing and lowering of indices are inverse. Indeed, 


- a ha *'T\ I.;;'? « 


As a, j one generally lakes the metric tensor g,, on a Riemannian 
manifold. For example, if M n = R" and g„ = 6 /; , the transformation 
law is the same both for upper and lower indices (in the system 
where g u = 6,j). Thus, in a Cartesian system there is no difference 
between upper and lower indices, and they can be raised and low- 
ered arbitrarily; for instance, all the indices may be regarded as 
lower. The operations of raising and lowering of indices permit, in 
general, canonical identification of T P M" and TJ-M n . Indeed, the 
elements of T P M n are represented by vectors (tensors of type (1, 0) 
and the elements of T P M“ by covectors (tensors of type (0, 1)). 
Let us construct linear mappings 

A: T — T*. A(a) = |, 
where a ZT~T P M'\ l£T*=T- P Ar, 5,- 
B-. T» T, S(n) = b, 


Then, 


((B o A) a)‘ = g ia (/la). = g ia g al a‘ =■• = a'. 


i.e % 


Bo A: T 


T, BoA~\ t 


(identity mapping). Similarly, 

((A •> B) l), = g|. (0|)° = g la g*’t, = f>\l, = . 


i.e. A B: T • - rT *, -4B = 1 T .. This means that A and B are iso- 
morphisms. Furthermore, this identification of T and T* is invariant 
under coordinate transformation because only tensor operations were 
used. In particular, the following two diagrams are commutative: 

r* ► T' 

| w-) T | 

a, [B 

T ► T 

J 

(7) Symmetrization. Let us first consider a pair of indices of 
the same type and, using the tensor field T, . construct 



J 
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a new field P., t = T_ j (by interchanging- these indices). 
We define general symmetrization ’ as follows: ~- 

"Jf 2 where summation extends over all permutations of 

(o) 

the indices Symmetrization is a tensor operation (veri- 

fy!)- 

Definition. A field T p is called symmetric if it does not 
change under the permutation of any two indices of the same 
type. 

Symmetrization of a symmetric field results in the same field. 
Example: the metric tensor g„ is symmetric. 

(8) Alternation. Let us consider a pair of neighbouring indices 
of the same type and, usinf the tensor field construct 

a new field R., .//...= -j-(— T...u .. + 2\. .ij...)- Alternation is defined 
as follows: 

fVj, = 7, *...>,)= -J- 2 (-i)* 0) r«u,...v 

to) 

Hero <p (a) is the parity of the permutation a (the notation (—1)° 
is sometimes used). Alternation is a tensor operation (verify!). 

Definition. A tensor field . is called skew-symmetric if its 
components change the sign under the transposition of any two neigh- 
bouring indices of the same type. 

Lemma 1. Alternation does not change a skew-symmetric tensor 
T{,. . J°r simplicity, we consider tensors with covariunt indices). 
Alternation makes a symmetric tensor vanish. 

The proof directly follows from the definition of a symmetric and 
a skew-symmetric tensor. 

Here we end the discussion of the main algebraic operations over 
tensors and turn to the concept of a symmetric and a skew-symmetric 
operator. The example presented above shows that the attempt at 
defining, say, a symmetric operator C <= (cj) by the formula C = C T 
(which must hold in all coordinate systems) fails, for this definition 
is not a tensor one, and the relation C = C T becomes invalid under 
coordinate transformations. The concept of symmetry and skew sym- 
metry of an operator is valid if only the Riemannian metric exists 
on the manifold (or, in a more general form, if there exists a non- 
degenate tensor field of type (0, 2) or (2, 0)). Let us consider M" 
with the metric g (J which generates in each T p M" the scalar product 


(a, b) p = g u (PJo^, a.bff, M n . 


5.2. Simple Tenior Fields 


309 


Definition. An operator T (at one point P) or an operator field of 
type (1, 1) is called symmetric (or skew-symmetric ) if the identity 
(7'a. b) S 3 (a, fb) holds for any a, b 6 T P M" at this point (or at 
all points for the operator field); in the skew-symmetric, case the cor- 
responding identity is (f a. b) s — <a, fb), a, b £ T P M 

Explanation (say, for a symmetric operator): (a, fb> = (T a, b>, 
g u a‘ (fb)' = g u T> h b k = te„rj) a'b 1 ' = T ik a‘b\ where T lh = g, t T{. 
Furthermore, (fa, b> = g,j (Ta)'b’ = gijT^b 1 = g^Tj^b 1 ' = 
T il a‘b'', where T hl = g lk T{. Since T^^b 1 ' es T k ,a‘b k , we have 
f th = f u . Thus, after index lowering in a tensor f of type (1, 1) 
the symmetry condition (imposed on a tensor of type (0, 2)) takes the 
usual form, i.e. f,* does not change under index transposition. That 
f„ is skew-symmotric after index lowering (in the skew-symmetric 
case) can be demonstrated in a similar way. 


5.2.3. SKEW-SYMMETRIC TENSORS 
Here we shall consider covariant skew-symmetric ten- 
sors f (or tensor fields). 

Lemma 2. A skew-symmetric tensor T o/ maximal rank n on 
M " is completely defined by only one component f„...„ ( the so-called 
principal component ); the other components differ from the principal 
component by the factor (—1)°, r.e. 

f = <- 1 )°f „ , (l, 10 - 0 (1. 2 Hi- 


Proof. Let us fix a coordinate system x 1 , . . ., x", then in this 
system fi,. i = (— l)«f (see the definition of a skew-symmet- 
ric tensor). After the transformation (x) -»•( x') we have 



O 


„ = (dot y ) - y „ 


Thus, to describe a skew-symmetric tensor of maximal rank it is 
sufficient to know its principal component (in one coordinate sys- 
tem because the principal components in other coordinate systems 
are obtained via multiplication by the transformation Jacobian). 
The lemma is proved. 

Skew-symmetric tensors admit an important operation called 
exterior multiplication. Let f (l . ,.< k and P h . . j be two skew-symmetric 
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tensors. Define a new skew-symmetric tensor (denoted as Ji = 
T A P) by the relation 

= -J-j- 2 ( 2 (~ • 

o o 

This multiplication is a bilinear operation; the ranks of the tensors 
are added. Let us interpret the operation in terms of exterior differ- 
ential forms. First consider a skew-syrr.metric tensor Tu -< k given 
atone pointon M". Then defines a skew-symmetric multilinear 

mapping T: (T,x . . . X T t )(k times) R, where T , = T P M"- 
Fix a coordinate system x‘, . ... x n and consider these coordinates 
as smooth functions in a neighbourhood of a point P. Then the 
differentials dx', . . dx " of these functions are valid. The differ- 

ential dj of any smooth function / (x) is an element of the space ad- 
joint to T„ i.e. a linear functional on T Indeed, if a £ T„ then 

dl - <*/<v(‘» I 
da dl |r.o' 

whore y(0) = F, y(0) = a, i.e. 



dl dxA 
dx* dl 

|i-o“ _ rar Thus - -7T = 

— x* 

then ix ' 

dt> -* „A <.'• Jr* „* Jl 

CE X I 

tnen dt 



Hence, dx* may be looked upon as functionals on T ,, i.e. ele- 
ments of T ,. Assuming dfsmall, we may consider it as a proportion- 
ality coefficient, which is omitted below. If e„ . . e„ £ f, is a 

basis in T,, then for basis in T * we take dx', . . dx" assuming 

that dx* (e„) = 6*, i.e. dx* (a) = a*. Let A ( dx ' dx”) be 

an exterior algebra with the generators dx 1 dx" satisfying the 

relations dx' ]\ dx 1 + dx’ A dx' = 0 ,i^ j. The operation A is bi- 
linear, and the algebra A is generated (in the additive sense) by the 
monomials dx', . . , dx" 

dx' f\ dx‘, dx'i A • • • A dx’*, 

'■< •••<<*. dx' A 

As is known from algebra, these monomials do not obey linear rela- 
tions with constant coefficients; the multiplicative generators of the 
algebra A (dx 1 , . . ., dx*) are represented by dx ', . . dx*, i.e. 
by the basis in T *, The algebra A can be decomposed into the direct 

sum of linear subspaces A": A = © A A , where A*, 1 < n, are 

A = 0 

generated by the monomials dx'i A • • • A <&'». f, < . . . < f»; 



5.2. Simple Tensor Fields 


311 


and A" s R is generated by unity element !. The dimension of the 
algebra A is equal to 2”. 

Let us consider a new algebra A (M") whose elements are linear 
combinations to<*‘>= Tij.^dx'i /\ . . . A dx' k and all possible linear 

n 

combinations T a) 1 * 1 *, whore T , (x) is a skew-symmetric tensor 

hold of rank k. and the indices i, . . . i h are arranged in increasing 
order. Multiplication in A(Af n ) is defined below. 

We have defined the element in a given coordinate system 

x 1 x", What does it happen to this object tinder 

the transformation (x) (x'J? 

Lemma 3. The elements w<*> = (x) dx'i /y . . . /\ dx 1 '' are 

defined invarianlly, i.e. under the transformation (x) — (x') we 
have 


dx ' [ A ••• A dx' k a T dx'i A A dr'*. 

Proof. It is sufficient to make the substitution (x) -*-(x') and use 
the transformation laws for T lt ,, , (k (x) and dx‘. 

Definition. The elements (o' 111 of the algebra A [M") are called 
exterior differential forms. 

The algebra A (M") is infinite-dimensional Each exterior form 
uniquely defines the collection of components of a skew-sym- 

metric tensor; the converse is also true: any skew-symmetric tensor 
(a tensor field, to be more precise) uniquely defines an exterior form. 
The apparatus of exterior forms is one of the apparatuses to describe 
skew-symmetric fields. 

Remark. While defining an exterior form, we might consider lin- 
ear combinations A,,, .^dx 1 ' A • • • A dx'k, where is an 

arbitrary tensor field (not necessarily skew-symmetric) and summa- 
tion extends over all (not ordered) collections i,, . . ., /». Sinre the 
generators dx', . . dx" are skew-symmetric with respect to exte- 
rior multiplication, we have 

A|,...t k dx'< A ••• A dx‘ k ^A li , .. ihi dz l > A ••• Adz", l ,< ... «*. 

i.e. any combination dx'i A ••• A dx >k generates an exte- 

rior differential form. 

Let us define multiplication in A (M n ). If oi' h > = dxh A • • • 
... A dx** (!,<...< i„) and a> ( ’>= dxh A ■■■ A dx'* 

(/ ,< ...</,) are exterior forms, their product <«<*♦'> = oii^Ao)' 1 ' is 
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defined as the form 

«“*'»= (T fl ..., k dx'i A • • • A dz‘>) A A ••• A <**’•) 

= I a P h-i. dx ‘‘ A ••• A A A ••• Ad*'* 

.<«•„) (/,<...</,) 

= 7 d*‘> A ••• A d* 1 ***- 

(l, 

Apparently, multiplication of forms coincides with exterior multi- 
plication of the corresponding tensor fields. Thus, A (M") is provid- 
ed with the structure of an algebra with unity element, and multi- 
plication is associative (because multiplication in the algebra 
A (dx 1 , . . dx :") is associative), but not commutative. The al- 

gebra A (M n ) is decomposed into the direct sum of linoar subspaces 
A < * , (Af’ 1 ) = {T dx 1 ' A • • • A dzA). The number k is called 
the degree of the form The elements of a><*) are called homoge- 
neous elements of the algebra A ( M "). It is convenient to interpret 
differential forms as multilinear skew-symmetric mappings. 
If a, a* £ T t M", then, assuming dx' (a) = a' (the fth coordi- 

nate), i.e. omitting the factor eft, we obtain 

•o'* 1 (a «*) 

= i T (*■) dx*i A • • • A dx 1 *) (a, a,) 

= r il ..., li (z)eizC<.(a 1 ). ... .dxM(a*) 

*= (*) ....-aj * 1 

= ^iii-M 0 ' 1 •■■a'„ k =’r • • • a‘» . 

Thus 

w<*> : T x x . . . X T x — R, 

A 

^ <t, ... a M )=(-l) c (e( ;, >(a 1 a„). 

Let i 1 , .... x n be Cartesian coordinates in R n . Let also o>< n) = 
dx' A • - - A dx" be an exterior form of maximal rank and let 

«i •» f R" be an arbitrary collection of vector arguments 

in R". We write vol n (a,, . . a„) for the n-dimensional volume 

of the parallelepiped n (a„ .... a„) spanned by a,, . . a„ (see 
Fig. 5.3). 
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(< ••• a ?\ 

Lemma 4. LetA = \ ] be , 

VaA ... a2) 


’ a matrix constructed of the coor- 

<&! 

dinates of a,,...,a n . Then det A — vol n (a,, . . , , a„). 

Proof. For n ~ 1 the statement is evident. Suppose the formula is 
proved for n — 1. Since vol IT (a,, . . ., a„) remains unchanged 
under rotations, the vectors a,, . . ., a„_, can be arranged so as to 



Figure 5.3 

lie in the plane spanned by e,. . . ., e„_„ where e„ is a 

basis in R". Then the matrix A takes the form 


B' 

• 

0 0 

ok" 


Hence, 

det A = dot A' = (del B ’) • (a')S 

= ( v °l n (a„ . . . , a B _,)) • (a')J =» vol II (a, a n ) 

(see Fig. 5.4). Here (a')K is the projection of a„ onto e„. The lemma 
is proved. 

Lemma 5. Let R n be referred to Cartesian coordinates x‘ x" 

and let &)*"> = dx' A . . . A dx” be a form of maximal rank. Then 

“ (n) («i a„) = vol n (a„ . . ., a„). 

Proof. Since dx * (a) = a 1 , we have 

“ (n> («1 ®r) = (d* 1 A • • • A dx n ) (a, a„) 

= dx'‘(a,)- ... • dx’-lfa,,) 

= a l l , ‘- ... -a*” 1 « det .4, 

(< ••• a"\ 

where A = I I, i.e. det A = vol IL (a„ . . ., a n ). The lemma 

V< ... a?y 

is proved. 
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Thus, the value of the standard form dx 1 /\ ... /\ dx" on any col- 
lection «j, . . ., a„ is equal to the Euclidean volume of the paralle- 
lepiped spanned by a lt . . a„. In particular, the volume of a pa- 

rallelepiped (in such an interpretation) is not a scalar; for instance, 
it changes the sign under an odd permutation of a„ . . a n (it is 
an “oriented volume"). Thus, we have represented o = dx' /\ . . . f\dx n 
as an n-linear functional of a„ . . a„. This interpretation of vol- 

ume as the value of an exterior form (of the arguments a„ . . ., a„) 



Figure 5.4 

is rather fruitful; it loads to many interesting geometric facts. For 
example, such an interpretation implies the invariance of a multi- 
ple integral under a change of variables. 

A similar interpretation is possible with forms of a lower degree. 
Let, for example, a form o><*> = dt‘i/\ ... y\ dx'* be given in R\ 



It is required to find the value of (dx 1 ’ /\ . . . /\ dr 1 *) (aj, . . ., a*), 
where a,, . . ., a, is an arbitrary set of vectors in R". Exercise: 

P Tr? that ’ < a i a ») = vo1 n ( b i b *). where 

vol 11 (b,, . . ., b») is the volume of the ^-dimensions) parallelepiped 
located in the coordinate plane R* (e (i , . . e, k ) and spanned by 
the vectors b„ . . ., b, f R‘ which are orthogonal projections of 
the vectors Si a* on the plane R A (e (i e (> ) (see Fig. 
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]f the form is the combination o> (l . . .^dx'i /\. . . dx 1 *, 

its value on a,, . . a;, will be the combination of the volumes 

vol n (b„ . . b„) with weights o) ( , ...!»• 

There is a relation between exterior form nf maximal degree and 
the volume of a bounded domain on a Rie^iannian manifold. The 
reader is supposed to be familiar with the definition of a multidi- 
mensional (multiple) Riemann integral. Let M” bo a smooth 
Riemannian manifold and let D be an open domain in AT* for which 
there exists a diffeomorphism onto an open bounded domain U in R n 
referred to Cartesian coordinates ar 1 , . . ., x". Of course, this diffeo- 
roorphism exists not for every domain D on M n , but for simplicity 
we shall confine ourselves to “sufficiently small” domains. Let g, . (x) 
be a metric and let g (x) be the determinant of the matrix (g u (x)). 
Definition. The volume o] a domain D c A/ 71 is the number 

V (D) = vol D = \ ... f V g(x) dx' A . ■ ■ A <**". 

•> l/(x) •> 

where x 1 x" are Cartesian coordinates in the domain U (x) c: 

R n (see Fig. 5.6). 



This definition needs substantiation, i.e. it is required to demon- 
strate that in simple cases this formula gives the same values of the 
volume as those obtained from other considerations. 

(1) Let M n = R" and let U = D cz R” be a bounded domain in 
R”> Hi j=Sii< i e - g(x) = l, so that 

volD= f ... f dx' ... dx", 
j vw J 

which coincides with the customary “Euclidean" definition of the 
volume of a bounded domain in R". It is assumed here that the sym- 
bol dx 1 , . . ., dx" implies, in addition to its formal meaning (see 
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the definition of the Riemann integral), also the following: if dx'. . . . 
. . dx" are considered as infinitesimal quantities, da = dx',..dx" 
is the infinitesimal volume of an infinitesimal parallelepiped with 

edges, da: 1 ...,dx n measured in Cartesian coordinates x 1 z". 

Thus, the volume of a bounded domain U ( x ) c: R" can be represen- 
ted as the sum of infinitely many volumes of infinitesimal parallele- 
pipeds calculated by the ordinary formula (the volume of a rectangu- 
lar parallelepiped is equal to the product of all its edges emerging 
from one vertex). 

(2) Let M" be a smooth submanifold in R* and let g tJ ( x ) be the 
induced Riemannian metric on A/ 5 'cR ,v (the ambient metric is 
Euclidean). Also, let z 1 , . . „ i" be curvilinear coordinates in the 
neighbourhood of a point/* on M n and let a domain D lie in this neigh- 
bourhood. Then we may assume that the volume of the domain D, 
vol D, is the sum of infinitely many volumes of infinitesimal paralle- 
lepipeds (which are no longer rectangular) {17*} obtained when O 
is subdivided by the coordinate planes x 1 = const (with “infinitc- 

i < i « n 

simal spacing") (see Fig. 5.7). Let us consider an infinitesimal “cur- 
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vilinear" parallelepiped II*. Since M" is a smooth submanifold in 
R N , we may assume that 17* is well approximated by the “linear" 
parallelepiped n* contained in T„M n , where P is a vertex of 17* 


n. c t>h- 



Figure 5.8 


(see Fig. 5.8). The sides of 17* are directed along the coordinate lines 
{z 1 } through P. Let a„ . . ., a„ be the velocity vectors of these lines 
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(i.e. a, is the velocity vector of the line along which only the co- 
ordinate x 1 changes, while all the others are fixed). Since gi t is in- 
duced by the Euclidean metric, vol If* = vol n k coincides with the 
Euclidean (n-dimensional) volume of n* imbedded in R". Thus, 
vol 0^2 volff),. Let at P there be given, in addition to curvilinear 

coordinates x\ . . ., x", orthogonal coordinates y l y this 

means that we define Cartesian coordinates in T p M n . Let 

. . ., e„ be unit velocity vectors of these new coordinate lines at the 

point P. Then in the coordinates y‘ y n we have g tl (y) = 

6,^ at P (generally, only at one point). Let ( x ) -»-(y) be a coordi- 
nate transformation and J the Jacobi matrix at P. The matrix J, 



operating in T P M", sends e, e„ into a„ . . a„. We now 

prove that vol = V B (*) *»*. where da" = dx', . . dx" 
is the Euclidean volume of a rectangular parallelepiped with sides 
dx 1 , . . ., dx". Consider a parall elepip ed n* spanned by a„ . . a„. 

Then vol n» (a„ . . ., a„) = Yg (x), where vol denotes the Euclid- 
ean volume. Indeed, since in the coordinates y\ .... y n the ten- 
sor g„ is of the form g tJ {y) = 6„, we have (g„ (x)) = J (g n ( y))J T = 
JEJ T = JJ T , i.e. g (x ) = det (g,, (x)) = del {JJ 7 ) = (det /)*, 
and hence det J = V S (x). Since J transforms the orthogonal coordi- 
nate frame e t , . . e„ into a„ . . a„, we have, according to 

Lemma 4, ]/ g (x) = det J = vol n; (a, a„). The statement 

is proved. 

Since n, is spanned by (dx') a,. . . . , (dx") a„ (see Fig. 5.9), 
vol (a, - dx 1 a„ ■ dx") 

«= (vol ri; (a, a„)) • dx' • ... • dx" = V S (*) dx' ■ ... dx". 
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Because the volume of the domain D consists of the volumes 

n ftl we obtain vol£>= f ... I Vg(x)dx 1 ... dx", which is what 
J (/(*) J 

was required. 

(3) Let M ! cz R 3 be a smooth submanifold given by the radius 
vector r = r (u, o), then by the definition of the area of a domain 
D on M z we have 


i.e. 


vol D — 


vol D 


^ \ Vg (u, u) du dv, £ = dot 
V FG—F 1 da dv = 

U(U, V) 


( 



(; a-»-« 

Ilr„, r„] \dudv. 


where [ , ) stands for the vector product and 1 1 , I | for its magni- 
tude. Thus, the formula for the area of a domain coincides with one 
of the formulas of classical analysis. 

(4) Let a submanifold M n ~' c: R" be given as the graph of a 
smooth function x n = /(x', . . ., x n "*). Find the volume of a bounded 



domain D <r A/"” 1 . We may assume that vol D = 2 (do), where do 
is the infinitesimal volume of an infinitesimal parallelepiped. Pro- 
jecting this parallelepiped onto the hyperplane R"' 1 (x 1 , . . ., 
. . ., x"-'), we obtain the infinitesimal volume dw = dx' ■ . . dx" 
related to do by do = ' ' ' ^ x "~ l ( see Fig. 5-10). 
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Here a is the angle between the normal m to M"~‘ and the vector 

e„. Let us find cosct. Evidently, cos a = i — ten. m), where 

l c n I ' I m I 


0 '"' m = iWI 


and 


F(x' x") = r"— /(a', 

gtad F (— /*i — f M n-i, 1), 

| grad E | = \/i + "t' (/„«>* . ten, 


ra) = 


l/t+S 1 </,.)• ’ 


da* 




1=1 


0* dx' • ... - dx"-'. 


Thus 


vol D- j . J y 1 + 2 (/,!)* dx'... dx 
U(.« A*) i- 1 


Does this formula coincide with the general formula suggested 
above for calculating the volume of a domain? Let us find the in- 
duced metric on M n ~‘ in the explicit form. We have 

** ■ = (1 + (/,«)* («***)* + dx' dx 1 , 

/ l+(/x>)* 1,itj V 

(Bn) = ( ]. 

V /, !+(/,«)*/ 

n- 1 

g(*)=l-f 2 /’i (verify!). For example, if n=3, then g(x)=l + 

11 + II- Problem: calculate the area of a circle of radius r on 
a Lobachevskian plane and on a two-dimensional sphere. 

Thus, we have given several evidences for the general formula 
vol D = \ ... \Y g(x)dx' ... dx" which permits the calculation 

i i , 

ol the volume of a bounded domain D on a Riemannian manifold; 
we have assumed, however, that D is contained in a single chart. 
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While deriving the general formula, we have proved that the 
number vol D can be represented as 

vol D = $ „ $ V7w ■ (dx' A ... A dxT) (a, dt> a„ dt n ). 


(dx' A ... A dx") (a, dt' a,dT) • 

= *(‘( 8 ,**) ...dx*(a n dl n ) = dfi > i...dt'« ) = dt'- ... ■ dt ", 

where a,, . . ., a„ are tangent velocity vectors to the coordinate 
lines {*'} at the point P and dt', . . ., dt" are infinitesimal displace- 
ments from P along these lines; these displacements form the in- 
finitesimal parallelepiped If, (a,<ff, . . a n dt"). The formula for 
the volume can, therefore, be written as 

vol Di=[ ... [ Vg(x(t)) (dx' A A<**”)(*i* 1 »»*")■ 

J mmty J 

or in a compact form 

[ ... \ VW)dx' A ... A dx " ■ 

J t/(I) J 

Apparently, the integral ( ... \ Yg(z)dx' A .•• A dx" does 

not depend on the choice of the local coordinate system. Indeed 
for the transformation (x) -*■ (y) we have 

\ ^ VT&dy' A A dy” 

J uun J 

... \ (del / r ) • dff* A ... A dy n 
J tHu) J 

= L^,,S (detyjdet ® ^ ,(I)A -" Arf!/n(a) 

= 5 v«J (del/J det (S) del &)- dx> A ■ • • A dlB 

= [ ... [ det J* dx' A !\dx" 

= \ ... \ V*V)dx' A ... A*"- 
■» Wat*)) J 

It is sometimes convenient to consider the integral 

J J VTidd* A-.- A^ n 
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as an “exterior differential form" such that its application to the 
family of vectors a, (x) dl’, . . . . a„ [x)dt" gives a number, the volume 
of domain D. Let us consider another structure related to skew- 
symmetric tensors of rank 2. 

Definition. A skew-symmetric scalar product is said to be defined on 
M v ' if there is given on M 2n an exterior 2-form o)< ! > = o),j (x) dx 1 A 
dx 1 whose matrix (u,; (x)) is non-singular, i.e. det co u ^ 0. 
(Such 2-forms are called non-singular.) 

The non-singularity of <o,; implies the existence of the inverse 
field, <■>*', i.e. a) = 6^. The form of maximal rank, Q, can be 
associated with the form o»< 2 >: namely, Q = •» u X . . . X w 

(n times). 

Theorem 1. The skew-symmetric product w <2 >: ai |Z| (a, b) = oi, fl'h‘ 
is non-singular at a point P € M v ‘ i/ and only 1/ the form does 
not vanish at this point. 

Proof. We proceed by analogy with the proof of the formula 
do = Vgdx' y\ . . . A dx n for lhe Riemannian metric. The proof 
of Theorem 1 is thus reduced to verifying a similar formula for the 
skew-symmetric scalar product. Since Q is the form of maximal rank, 
in the coordinates x*. . ., x" it becomes Q = / (x) dx' A • • • 
... A dx", where / (x) is a smooth function on A/*". That Q does not 
vanish at the point P means that / (x) ^ 0. If we demonstrate 
that (/ (x) = '/detw,;, the theorem will be proved. Let us consider 
the matrix (<o„) at P. In the neighbourhood of P we can choose new 
corodinates y', . . ., y" in which (io/j (y)) (at the point P) takes the 
form 



We recall that any skew-symmetric matrix can be reduced to this 
form (irrespective of whether it is singular or non-singular). If 
(to, f ( y )) is non-singular, it does not have zero eigenvalue. Let 
(o>u) be non-singular and let J be the Jacobi matrix of the transform- 
ation (x) -► (p), then A (x) = J A{y) J T , where A (x) = (<o,j (x)) 
and A (y) = (to,, (y)), i.e. det A (x) = (det J) 1 - det A(y) = (det J) 2 
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anil, hence, det J = Y det A (x) = Y det e>(; (x). In the coordinates 

<J y" the form fi, at the point P, becomes Q (y) = 

dy' A- ■ - A dy". Passing to x l , . . x ", i.e. making the substitution 
(*) — -(k). we obt ain Q (x) = det Jdx' A - - ■ A <£r". s° that 
/ (*) = V^® 1 “ty(x). which is what was required. Thus, the state- 
ment is proved for the non-singular matrix (oa, j). If det oi,j = 0, 
the matrix (io,,) does have zero eigenvalues, i.e. at the point P 
its canonical representation <o = 2dr’ A dx"*' does not contain 
certain variables (corresponding to zero eigenvalues). Hence, con- 
sidering the nth exterior degree of the form to, we find Q = 0. The 
theorem is proved. 

For « = 2 we have <o* 2 > = o>„dx' dx^+oi^dx 3 /\ dx*, 

= to A <o= Y\ dx ' A dx * A dz> A dx *) 

= (fufct) d * A • • • A dxt < 

Z 2 (*) = dot (to,;) = (?„gji) 2 , / (x) = = Vdctfto,;). 


5.3. CONNECTION 

AND COVARIANT DIFFERENTIATION 

5.3.1. THE DEFINITION AND PROPERTIES 

OF AFFINE CONNECTION 

Thus far, we were dealing only with algebraic operations 
over tensors, while differentiation was not touched upon. And this 
is no accident; now we shall try to explain the reasons for our cau- 
tion. 

The necessity of differentiation of a tensor field frequently 
arises in applied problems (sec, for example, the definition 
of the divergence of a vector field). First of all it is ordinary 
differentiation of the components of a tensor in curvilinear 
coordinates. Let us consider, for simplicity, a covariant 
field 3*1,...^. Fix a curvilinear coordinate system **, .... x" and 

construct a set of functions P a ■ i.e. partial deriv- 

atives (in the usual sense) of the components of a tensor field. 
Perform this operation in each coordinate system. This means that 
in each system with the set of the components 7".. we asso- 
ciate a new sel P a ..,; ^ — ) ‘ ) g . 7V; . Do these sets form 

a tensor field PI In other words, are they transformed under 
coordinate substitution like tensors? Let ns verify this fact by 
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direct calculation. The substitution (z) (z') leads to the trans- 

formation 

^a'\ ij... <» 

a / ai f > ax'* T \ 


Thus, 


where 


o 

(r.,...,*) 

3x° 3x*> 

8x** 


3x a ' 8x f ' 

3x‘* 



3i‘ l 


+ T h . t 

'* 8x“ ( 

8x‘‘ 

8x‘» ) 


8x® 

8x‘‘ 


= P a; 

8x a ' g x <\ 

8x‘* 

+r,i„ 

3 

f 8x‘> 

8z‘» \ 


[-5T- 



8x a 8x‘> 

!» "" V Jx°' flz'i " 

8x* 

n m 5 

1 ex 1 ' 



t 8x' ; 



For an arbitrary substitution (z) -*■ (z') the quantity S 0 . ;| - i ( - is, 
in general, non-zero, i.e. P a \ii...i k are not- transformed according to 
the tensor law. Hence, ordinary (non-covariant) differentiation 
is not a tensor operation: it does not turn a tensor field into 
another tensor field. The expression for ^ also shows what 

assumptions are needed for the operation to be a tensor one: 
is a tensor operation only for a linear substitution (z) (z'); 

in this case S 0 ..,; s 0. To bring further «discredit» (from the 

tensor standpoint) on the operation , we shall consider a vec- 
tor field T‘ referred to a curvilinear coordinate system (z) and cal- 
culate the divergence of this field by the formula divT = 
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which is an analogue of the definition of divergence in 


I 

a Euclidean coordinate system. Is this expression a scalar, i.e. is 
it invariant under an arbitrary substitution (z) -*■ (z')? Let us 
verify the equality div T (;t) == div T< x .,, where (z) and (z') are arbit- 
rary coordinate systems. We have 


div T t*')= 2 ~j~F" 


d / dx x 

dzt 


(#**) 


IzT dxf dzt 

art 


■+r 


dzt' dzt* dzt 


= 2 + R ( T - *• *') - div T u) + R (T, x, 1 ’), 


whore 


/f(T.x.x')-T 


For an arbitrary coordinate substitution R (T, x, z') does not van- 
ish, i.e. the definition of divergence given above is not invariant. 
The explicit relation for R (T, z, z') shows that R = 0. for example, 
under linear substitutions. Thus, under non-linear substitutions ^ 
is not a tensor operation. 

Our aim is to learn how to differentiate invariantly tensor fields 
in curvilinear coordinates. This is necessary if only because local 
coordinates on a smooth manifold are “almost always" curvilinear. 
Thus, it is required to find an operation (denoted by V, nabla) hav- 
ing the following properties (we assume for the time being that 
M" <= R"): 

(1) in Cartesian coordinates in R" the operation V must coin- 


cide with ordinary differentiation 

(2) the operation V must be a tensor one, i.e. if T is a tensor field 
on R" (referred to curvilinear coordinates), VT is also a tensor field. 

We begin with examples. Let us consider in R n a vector field T l \ 
let (z) be a Cartesian coordinate system and (x') an arbitrary 
system. Let us write out conditions (!) and (2) imposed on V. 

In the system (z) we have (V7")J= and in the system (x') 

we have (VT) = —■ (VT ) ). The problem is therefore to find 


dzt 3l y 
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I he explicit form of V and calculate the components of (V T^ in an 
arbitrary coordinate system. Straightforward calculation yields 

dx ‘ dx> a - l dI ‘ 

(V^)i' “ fix! dx >‘ g x S l dx k ' ' 

Ox 1 ' dxi dx 1 dT h ' dx a ' 

~ dxl dx y dz »‘ oz a ‘ dz> 

, dx 1 ' dxi d / dx 1 \ 

+ 17"l^ r ~»F\77 r l 


cl- io' ST^_ , 9X V _ a»i< 

' 6 *- 6 “ 55? + dx> Ox’’ dx k ‘ 


(vn;: ~£r + Tk ' r ' ; "-’ rj: *' = -S- • • 

Thus, wo have obtained the functions r}-»- which measure the devia- 
tion of V from ordinary (Euclidean) differentiation, i.e. wo have 
learned how V acts on a vector field. 

Let us now consider a covector field T, in R . To find the explicit 
form of V on T t it is required, as before, to solve the system of equa- 
tions 


(VT) ir . 


■TS}! 


dx' 


dx 1 


dx •' »x> 


-(VT),,. 


We have 

ail dxi d I 3 x k ‘ - \ 

( V 7 , )n . = _ r _- 5? -( ajl 7V) 

,1,1 dxi dx »■ ar v di°' . ail dxi - a I «**' 


aii aif ai»' «V aA dt> dxi T a. (iS.\ 
= ai>' ai' ai“' ai' + a* 1 ' ax>' a? ' ai 1 ' 

r a 5 !*’ aii 

*' dz' dz‘ ’ dr 1 ' 


dr n- . r ***’ ail 
= 6 '- 6 '- 1^ +Tk 


dx> 

dx T 


& + T&" 


where Try 


,r-x h ‘ dx‘ dx> 

dx’ dx‘ dx^ dF 


Thus, (vr),-j. 


where ?*•’/ are the functions which measure the 
from ordinary differentiation on a covector field. 
Lemma 1. The equality ??V « -!%■ is valid. 


-^. + T,fr.y 


deviation of V 
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Proof. The identity is obvious. Differentiation 

ox ox 

with respect to x p ' yields 

a** 1 ' Bx 1 ' dx 1 ’ d'x'- dx”-_ 

dl p ’ Si*' ' Bx 1 ’ ’’’ Sx*' ’ dx r ~dz'' ' Bx p ' 

i.e. Tp-),- + Tp-*' = 0. The lemma is proved. 

Thus, the action of V on vector and covector fields (in curvi- 
linear coordinates in R") is of the form 


(vn ; 


dT 1 
»x>‘ 


■T“ TiV. 


(VT) 


rr : 


9T V _ Wl . 
"ST-**' 1 *'- 


Let us now consider the action of V on operator fields, i.e. on 
fields of type (1, 1 ). We have 




0 x r dx> ax» a I dzl dxP «,•! 

dx‘ »x y a**"' ax» \ a**' dr* y 


ax 1 ' Jx< ar» 3x» dx p ' BT%'. Bx'' 

Bx 1 izr a? 1- ax°' ax* ax’' a? - 
yg- ax <- a*> ax» a»xi ax 11 ' axe’ 
ax' ax*' ax* 7 ‘ ax' 1 ' ax 0 ' ax* ax' 

. J.Q- ax 1 ' Bx 1 dx * ax 1 a»x 0 ' 
p ' ax' a^' a? 1- ax°' ax* ax* 



(rJo+rfriV-ri'-rj.*.. 


Thus, we have found how V acts on T\. 

Theorem 1 . Let M" = R”, let (z) be Cartesian coordinates, and let 
(x‘) be arbitrary curvilinear coordinates. Then there exists in R n a 

tensor operation V defined on an arbitrary tensor field t\\ ‘j* by 
the formula p 




ip 1 fa' 
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where the functions rjv 
<*■) — (*') 0^ 


are transformed under the 


dx y Ox"' rC c dxi " 3 *- rl 
Ax'* Sx** dx'“ dx>'dx*' ' 


substitution 


Proof. The explicit expression for V on tlie field is ob- 

tained by making the above calculations for vector, covector, and 
operator fields as many times as the rank of rjj” j*. As a use- 
ful exercise, we recommend the reader perform all the calculations. 
Let us examine the transformation law for rj. v . We have 

W = $r+T’T'; k ., 


.(iCr‘ 

\ dx' 


a x* 

■^7 


a 

17 r 


') + 


t- 

dx*' d'x 1 ' 


dx*' a* 1 ' dT 1 ' , T V dx* d'x , T v 

— dx k " Ox 1 ’ dx*’ Ox 1 '" dx*'dx'' dx p 

r v *- r 


a*”' -I- 

1 P ~k- 


Vh-T 1 ' = ** " T ‘- 


a**' a*' 


dx*' Ox*' I dT 1 . yp'ni'i 

Comparison of these two equalities shows that 


JP' 


ax*' _ax] 
ax*" ax 1 


T r'-v 


r »- dx*' a»x‘~ 
ax*' ax* 'ax’ 1 


I TP* 1'*- 

■ +r 17^ ^ 


Since this identity must be satisfied for any field T , we obtain 

ax' 1 ' ax*' ax*" ax*' ax*' a»x‘" 


Tp-»- 




p '*' ax^ ax*- ax' ax «■* ax* 


~ar*'3x p ' 


According to Lemma 1, 

a«x f ' ax p ' dx*' _ a»x*' ax 1 * 

ax*' ax*' ' 3x p - ‘ ax*' dx*' ox *' ' ax*' 


a’x 1 ' ax 1 ' 
Ox*' dx*' dx * 


The theorem is proved. 

We have proved the theorem on the existence of tensor dilteren- 
tiation”, but only for the case M” = R", i.e. when M n is provided 
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with Cartesian coordinates. This has enabled us to calculate expli- 
citly the functions Ty*- which measure the deviation of V from or- 
dinary Euclidean differentiation—, namely, 

pi- &T 1 ' d«X» gti»' dx> dX> 

dll j x y dx *' Bxidxl ’ dz <- dx r • 

We tacitly assumed that in R" there exist “preferred" Cartesian coor- 
dinates in which the operation V coincides with ordinary differentia- 
tion. Let us now turn to an arbitrary smooth manifold and define the 
operation V axiomatically, relying upon the properties of V in R" 
demonstrated above. 

Definition. Couariant differentiation V is said to be defined on a 
smooth manifold M n if for each smooth atlas there is given in each 
chart a set of smooth functions Tj* transformed under coordinate 
substitution according to the law 

_!• dx‘ Ox> 3x* _1 . dx 1 ’ d*x' 

»T ox>- Ox* + ■ 


Then V is given by the formula 




•••‘nr. 




The existence of manifolds M" on which the operation V is valid 
has already been proved. We can therefore set M n = R"; then 
are given by the formulas derived above. Essentially, the set of 
does not form a tensor. These functions are called Christoffel 
symbols. They are transformed by the tensor law if the substitution 
[x) (x‘) is linear. In the definition of V the system (x) (not primed) 

is no longer a Cartesian one because we now deal with an arbitrary 
manifold M". The Christoffel symbols (or V) are sometimes said to 
define an affine connection on M n . 

Definition. The torsion tensor of the affine connection T}* is a tensor 
defined in each coordinate system by the relation Q}» = - ri* 

Lemma 2. The set of functions Qj* does form a tensor. 

Proof. Under coordinate substitution, Tj* are transformed as 


T,*' 


dx 1 dxi Ox* 
dl! Bx>‘ dx*’ 


pi , d»x> 

,Kir Sxl g x *‘ • 
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Alternating with respect to the lower indices and taking into 
account that the "non-tensor term” is symmetric in /' and k' we ob- 
tain 




The lemma is proved. 

Definition. The connection (or covariant differentiation) V, is 
called symmetric if the torsion tensor is zero. 

The connection introduced in R" is symmetric; this fallows from 
the expressions for V in terms of partial derivatives. On an arbitra- 
ry A/", the Christoffel symbols need not necessarily have the form 
of second-order partial derivatives of the coordinates; such a form 
arises if only Euclidean coordinates exist locally on M". In a fixed 
coordinate system, V is represented as a combination of operations 
V*. covariant derivatives with respect to individual coordinates (ana- 
logues of partial derivatives-^-). 

Proposition I . Covariant differentiation (connection) V satisfies 
the following relations: 

(1) the operation V = (V» ) is linear, 

(2) for an arbitrary tensor field fjjj the set of functions V*7}JJ — 

forms a tensor field, 

(3) if the tensor field is scalar (i.e. a smooth function f on 
•V), then V/ = (V»/) = {-^-} = grad /, 

(4) on a vector field T 1 the operation V is of the forms. 


ra r±A, 


and on a covector field T , the operation V is given by 



(5) the operation V satisfies the Leibniz formula 

v* { J12 • pjg> = + 71)!- (v, pS,). 

where Tjij and P l ( ^| are arbitrary tensor fields. 

Proof. Properties (1)-(4) immediately follow from the definition of 
V. It remains to prove (5). Let us consider the simplest case: one 
of the fields, Ttij or PJgJ, is scalar. Then (5) follows from the 
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Leibniz formula for scalar functions. Let now T and P be vector 
fields T\ P>. We have 

V* (V. p>)=~ ( T'-p> ) ~ T'P> ri* + rp*rU 

= f -*sr T ' ) pi + T ' ~&r ( pJ ) + Tap> ^ 

-(■£■+ ™!*) *+ *" ( S - + par ^) 

= (V h T l )P’+T l (V„P J ). 


For arbitary fields P and T property (5) is proved by repeating the 
above reasoning (after the substitution of multi-indices (i), (/) for 
i, i) and using the definition of V. It is left for the reader as a useful 
exercise to perform all calculations. The proposition is proved. 

Theorem 2. Given on M" the operation V = {V*j satisfying (1)- 
(5) (see Proposition 1). Then for an arbitrary tensor field the fol- 
lowing identity is valid : 




r,z 






i.e, V is covariant differentiation in the sense of oar definition (see 
above). The algebraic properties (1 )-(5) uniquely define the operation V, 
Le. it can be introduced axiomatically with the aid of properties (1)- 

Proof. On scalar functions and on tensor fields of rank 1 the opera- 
tion V„ is given by(l)-(4). It remains to define V* on an arbitrary ten- 
sor field. We now prove an auxiliary lemma: any tensor field can be 
decomposed into a linear combination (with smooth coefficients) 
of the products of first-rank fields. Indeed, any tensor field is a multi- 
linear mapping 

T= a i 1 1 . . . £*«. ® ® *t k ® e>. ® ... 0 e> 9 : ( T J« x (7’*)‘-»R, 

where e,- a , e' a are fields of rank 1, and are smooth functions. 

This definition is invariant, so that the decomposition refers to an 
arbitrary fixed coordinate system (in another system the decomposi- 
tion will change). Let us choose a coordinate system i 1 , . . x” 
and let {Tf t ) (/, is fixed) be the set of the components of the tensor 
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ei,, and, correspondingly, 'let T’f (j, is fixed) be the set of the compo- 
nents of the tensor e'*. Expressing T in this system, we obtain 


... rM-2-) 

V" J » ’ *n »• M «*“• ' 


i.e. 


where 


r?i •• 7?- ... 7?*7 , j'i ... T‘s 


Thus, any multilinear mapping is completely defined by the coeffi- 
cients of decomposition relative to the basis. Let us now return to 
the formula for the operator V on TJjj. Consider, for simplicity, a 
field of rank 2 (for an arbitrary field calculations are analogous). 
Since V is linear, it is sufficient to verify formula (5) for the monomi- 
als T,j = a (x) T ( Pj, where a ( x ) is a smooth function. Calculate 
V* (Tij) under the assumption that V» ( 7*i) are already known (see 
(4)). By the Leibniz formula (5) we have 

V*<»u)-V* (a (x)T,P,) 

- -&r + « KS- - W ) p >+ aT i (-£{-- W) 

= -± r (aT l P,)-ari k T p P l -ar? k T l P q 

—nr(T,d-n>T, l -T%r tv 


which is what was required. The theorem is proved. 

Definition. LetV bean affine connection on M n . Local coordinates 
x ', . . ., x n are called Euclidean for V if in these coordinates Tjii(x) =0. 

Such coordinates may not exist if, for example, V is non-symmet- 
ric. Indeed, in this casenj* is not zero. If there existed the coordinates 
in which T}* (x) == 0, the torsion tensor would vanish in this 
coordinate system and therefore it would be identically zero in any 
coordinate system (because Qj* is a tensor). 
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Essentially, the concept of covariant differentiation (affine connec- 
tion) does not rely upon the concept of a Riemannian metric; the 
only fact we have used is the existence of a smooth structure on M". 
The Riemannian metric and connection are, therefore, two distinct 
structures on M". In particular, Euclidean coordinates for the af- 
fine connection and Euclidean coordinates for the metric gn (i.e. the 
coordinates in which g,j = 6 U ) are distinct concepts. Thus, the 
Riemannian metric and covariant differentiation do not, in general, 
define each other. 

Let a metric g t , be given on M n . Then, among all affine symmetric 
connections we can choose one (and only one!) connection which is 
“consistent” with this metric and is completely defined by this met- 
ric. This is an important class of connections called Riemannian con- 
nections. 


5.3.2. RIEMANNIAN CONNECTIONS 

Let g t) be a metric and V = an affine connection 

on M n . 

Definition. The affine symmetric connection V= {TJa} is called 
compatible with the metric g,j (or the Riemannian connection) if 
V(g„) G3 0. 

We know thatV is a tensor, and this means that if the identity 
(Vk(gij) *= 0) holds in one coordinate system, it will also hold in 
all other systems. Thus, the tensor gij is “constant" with respect to 
the Riemannian connection in the sense that the covariant deriva- 
tive of this tensor is zero. It follows (for any tensor field) that Tjjjj: 
V» (gu/pE, g u V* (T'jJJ), see the Leibniz formula (Sec. 5.3.1, 
Proposition 1, relation (5)). In particular, V commutes with raising 
and lowering the indices. We now prove that Riemannian connec- 
tion does exist and is unique. 

Theorem 3. Let g, t be a metric on M". Then there exists a unique 
symmetric affine connection compatible with g tJ and such that 



I d SSu . B eia 9 \ 

\ ax> ' di* g x a ) • 


Proof. Suppose the existence is proved. Let us demonstrate that 
the connection is unique. By definition, V* (gii) - 0. Since 
V is defined in terms of Tj*. it is sufficient to prove 
that this system uniquely gives T}* as functions of g, t and 

We have V*gj, = 0, = g a jTfs + g ai rf„. Circular permu- 
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tation of indices yields 


+ 

+ 


-^ = r,,» + r,M 

r,-,i.i+ r k ,n 

rk.ji + rj.i,, 


3x* 

ill! 
dz ! 
t>Sl> 
dzi 


m 

(«/) 

(/*»> 


where Ti. = g ia l'“y. Adding the first two identities and sub- 
tracting the third one from the sum, we obtain 


d gii , df* i . gga, 
3x* ' Jji 3x1 


= 2 r flM 


2 g, a r?*. 


(recall that rij = r>*). Hence, 



We have used the rule for solving the system g a s = T a = (Ij. 
Since gap is a non-singular tensor, there exists the inverse tensor 
g°® such that g a fig fi * => 6J, whence 

g Pv g=B ra “ t&T a -g ty Qf r» « gP“<? ( . 


We have obtained the formulas which express rj* in terms of g, t 
and its derivatives. This means that if the initial system has a solu- 
tion, it is unique. To prove the existence of the connection, it is suffi- 
cient to calculate rS» by the formulas derived above. Reversing the 
manipulations, we obtain Vi, (gij) mu 0. The theorem is proved. 

Remark. Let, on M", there exist a coordinate system x l , . . ., x" 
in which gu = 6|/. The existence of such a system is equivalent to 
the existence of the system in which (giy) is a constant matrix (inde- 
pendent of the point in some neighbourhood). Then under a linear 
transformation, this matrix can be reduced (simultaneously at all 
points of the neighbourhood) to the form 6jy. Thus, a coordinate sys- 
tem may be called Euclidean if in this system the matrix of the 
metric tensor is constant. With this remark in mind, we turn back 
to an analysis of the Riemannian connection. A local coordinate sys- 
tem is Euclidean, from the connection standpoint, if and only if in 
this system {ly* as 0} (ill some neighbourhood). Statement: A 
coordinate system is Euclidean, from the standpoint of the Rieman- 
nian connection compatible with g i; if and only if this system is Eu- 
clidean from the standpoint of g,j (i.e, g,y is locally constant). 
Indeed, if gu is locally constant, then Tjii s 0, by Theorem 3, i.e. 
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this system is Euclidean for the Riemannian connection V as well. Con- 
versely, if r5* = 0, then, by Theorem 3, ^-=g a ,Ttk + g^T%=0, 
i.e. g t j is constant in this system, which is what was required. 

Let us consider a smooth hypersurface V"" 1 cr R" defined by 
the graph a" = /(**, .... and let P 0 £V n ' f be an arbitrary 
point. Let also T P> be parallel to the plane R" H (x 1 , ..., 

a:”"*), i.e. ~ 0, 1. We liave already calculated 

dx 

g,i at P 0 relative to this special coordinate system. We have 
#ir= 6 /J+/xi + /x' 1 whence ^§$r\ p =<>, i-c. rJ»(P 0 )= 0, where Vis 
the Riemannian connection compatible with g,j. Generally, Tj* 
are equal to zero only at the point P 0 \ r‘* need not necessarily be ze- 
ro in a neighbourhood of P„. 

We have already noted that an attempt at defining the divergence 

of a vector field by the “Euclidean formula" 2 (T 1 ) generally 

fails because this expression is not a scalar. We now demonstrate 
that the existence of a Riemannian connection permits a correct 
definition of the flow divergence. Note that the concept of diver- 
gence (a change in an infinitesimal volume) implies the existence of a 
molric on M ", otherwise the concept of volume is devoid of sense. 

Let T be a vector field on M " provided with Riemannian connec- 
tion. Set div T = ViT*. It follows from the properties of V that 
div T is a scalar function on M n . Let us find the explicit form of 
div T in terms of g,j and the field components. 

Statement I . The following relation is valid: 

divT =-3TT+ r “l?-( ln V'i). 

where g is the determinant of the matrix (gij). 

Proof. According to Theorem 3, we have 

divT=v.7 ,l =-2|l-i-r , ri l 



Ti* 



( | '’gg* \ 

ITi* " r Oz* 0l1 ' I ‘ 


because 



5.9. Connection and Covariant Differentiation 


Furthermore, 




■-^-+ 4 -TV 


glfi dfpa _ „(p d Zat 


It is required to find g ,p dg ‘f . We assert that 

dr® 

Recall that An, is the minor (with sign) complementary to g lp in the 
matrix {g„). This implies that it is sufficient to verify the relation 


i.e. to prove that 


IVa -£<i£. - 1 1 d * 

* P az “ WTT »x a ' 




The determinant g = det g tl is the sum of homogeneous monomials 
of degree n, n = dim M n . Fix g, p in g and collect in the sum g all 
the terms containing g lp (as a factor). Then g = ... + g, p Ri p H- 
+ . . where Rip is a polynomial of degree n — 1 which does not 
include gi p . The pair of indices (i, p) may be arbitrary, but in order 
to find the coefficient of another element g„ B , we should "scatter" 
the preceding sum and arrange the determinant g as a new sum, 
picking up the terms with g aB : g » . . . + g a B^oB +• • •• 
Let the pair (/, p) be fixed; then R, p = A/ P . Indeed, 
consider the standard expansion of g by a column (or a row) 

K = 2J Stadia (this is lr,ie f° r an y fixed 0- Since g, p appears 
0 = 1 

only in the term g, p A lv (in the sum 2 

a= 1 

dilating we see that — £ appears in the final relation for 

Ox ■ Ox 

g with the factor A ip , while the remaining terms of this sum. 
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i.e. ( A ip )=g — g, p A lp , do not contain the function g ip . Hence, 
*.-/■> which is what was required, Tims, 

Or* dr 1 

O.P) 

divT = 1*-+^ — Vs)- 

5.4. PARALLEL DISPLACEMENT. GEODESICS 

5.4.1. PRELIMINARIES 

Let us consider a smooth manifold (not necessarily a 
Riemannian one). In many particular problems there is a need to com- 
pare vectors applied at distinct points; for example, it is required to 
compare two tangent vectors lying in distinct tangent spaces. In 
the case of an arbitrary M" such a comparison is rather difficult be- 
cause T x M n and are distinct and may bo identified in many 

different ways. In certain specific cases, where, for example, M n = 
R n , wo can use the operation of parallel displacement or transla- 
tion which permits the comparison of vectors applied at distinct 
points. Formally, this procedure (for M" — R") can be defined as 
follows. Let us consider two points P and Q and let a be a vector at 
the point P. Consider also a smooth curve y ( t ) through theso points, 
y (0) = P and y(l) = Q, and translate the vector a along y (!) 
in such a manner that the vector remains parallel to itself. This op- 
eration generates along y a- vector field a (I) whose components are 
constant (with respect to <) and equal to the components of a at the 
initial moment. In particular, the derivatives of the components of 
the field a (t) with respect to t are zero. The vector a (1) applied at 
the point Q does not depend on the curve y along which a is translat- 
ed; we may therefore say that the parallel displacement in R n 
does not depend on the path (Fig. 5.11). 

For an arbitrary M n , however, this simple scheme does not work. 
This is primarily because M" cannot be covered with one chart, i.e. 
a unique coordinate system, common for all points, cannot be de- 
fined on M". Suppose first that M l is smoothly embedded in R 3 and let 
P, Q € M 2 be a pair of sufficiently close points on .I/ 5 . Let a € TpNP 
and let y be a curve from P to Q. We may suggest the following rule 
of parallel displacement on Af 1 : consider a as a vector in R 3 and 
effect along y an ordinary "three-dimensional" translation. In this 
case a turns into b at the point Q. but b need not belong to Tq M 2 . 
This drawback can be eliminated by orthogonally projecting 
b onto Tq M 2 and defining the projection .ib as the parallel displace- 
ment of a from P to Q along y (see Fig. 5.12). The result of this op- 
eration does not depend on the translation patlr, but the operation has 
a drawback; it is defined only in a small neighbourhood of P. if 
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we translate a “by a larger distance”, the vector nb, which was called 
“parallel to a”, may be a zero one. This occurs, for example, on 
S ! (see Fig. 5.13) if the translation path is a quarter of the meri- 
dian PQ. There are many arguments, according to which a parallel 



displacement leading to a zero vector should be rejected. The pro- 
cedure may, of course, be more accurate: to move along y through 
infinitesimal steps and after each step to perform orthogonal projec- 
tion of tho vector thus obtained onto T^M 1 . It appears that such 



an operation can be defined correctly, and it does define a “parallel 
displacement" on M*c: R 3 . We omit the details, for this procedure 
employs the embedding of M" in R 5 . It would be desirable to elabo- 
rate a general concept of parallel displacement which would not rely 
upon a particular embedding of M" in R N . 

It is worth noting that in order to define parallel displacement, 
we have to fix a smooth curve along which the operation is per- 
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formed. Such a curve arises quile naturally; otherwise, the phrase "to 
translate a vector from a point P to a point Q" loses its meaning. 
Roughly speaking, to “translate” a vector, one has to displace it 



along M", thereby tracing a trajectory. Imagine that we are displac- 
ing a vector a in some M". It is not clear a priori whother the result 
of this displasiment depends on the path along which the vector is 
displaced. It may depond, the parallel displacement along the cent- 



Flgure 5.14 


ral line of a Mobius band being an example (see Fig. 5.14). lit this 
case the result of the operation depends on the path because M- 
is non-orientable. With an orientable manifold, too, it is not obvi- 
ous that the parallel displacement is path-independent. 
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5.4.2. THE EQUATION OF PARALLEL DISPLACEMENT 

If we recall the definition of the directional derivative, 
we see that this definition relies upon the possibility of comparing 
the values of a tensor field at nearby points in the same coordinate 
system, so that once covariant differentiation has been defined, we 
can define infinitesimal shifts. Thus, we shall define parallel dis- 
placement on M n , proceeding from the operation V. 

Let P and Q be arbitrary points on M" connected by a smooth (or 
piecewise-smooth) trajectory y (1) such that y (0) = P and y (1) = 
Q, and- let y be the velocity field along y (t). The components of 
this field in the coordinate system x l , . . ., x" will be denoted by 
{!*}, 1 ^ k ^ n. Let, on M n , there be given an affine connection de- 
fined in the coordinate system by the set of partial derivatives V = 
{V*}. We define the covariant derivative of a tensor field T — 

{Tj®*} along the vector field y by the formula (7 1 ) = {V^Tg}}, 
V-7 15) = (7}$) or, conventionally, This operation 

is called covariant differentiation along a curve. 

Definition. Let y (t)c Af be a smooth curve and let a field 
T = {T 1 } be given along this curve. This field is said to be parallel 
along y (t) relative to the connection V i/ V-y (T) cs 0. 

By virtue of the definition of we may say that the field 

T which is "parallel along y ({)” has covariantly constant coordi- 
nates along y ((). This is an analogue of the Euclidean case, since, 
for V = {v* = 55 ;} and M" = R" our definition of a parallel field 
is reduced to the ordinary definition of parallel displacement. 

Let us fix coordinates x', . . x” and write out the condition that 
the field T is parallel. We have 

v ;(r‘)=E*v*r'=o. p*,**®-, 

V (0 = (x 1 (0 * n (0). TT- (4gr + l’* 4 *) - 0. 

** »TI Tr dz» r i _ iT> , Trr i ds» _« 

-5r-taT+ r — r e* 5 r + T r e»— =°- 


Definition. The equation -f = 0 is called the equa- 

tion 0 1 parallel displacement along a curve y(<). 

For difierent curves y we obtain different equations of parallel 
displacement. This equation (a system of n first-order equations) 
permits one to find the parallel field components T { . Since y (t) 
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is given, the functions are known. We now turn to a particu- 
lar problem of parallel displacement of a vector. 

Let y (t) be a smooth curve from P to Q and let a = {“'} 6 T P M r 
be a vector defined at P. Our task is to construct at the point Q 
a new vector b £ TqM" which we might call a “vector parallel to 
a". Let us consider the equation of parallel displacement along y. 

In this equation the functions Tj,* and are assumed to he known 
and it is required to find the unknown functions (the compo- 

nents of the parallel field T (I)) such that the condition T 1 (0) = 
a' bo satisfied at the initial moment. As is known from the theory 
of ordinary differential equations, the system ^ + f Pr p*^ - 0 

has a solution which is unique and can be continued up to Q. 

Definition. The vector b = T (1) g TqM*, which arises at Q, 
is called parallel to the vector a g TpM" along the curve v (1): 
y (0) = P, 7 (1) = Q. 

Apparently, b depends, in general, on the curve y along which 
it is displaced. If M " = R", the vector b is parallel to a in 
the ordinary sense, provided for V we take the Euclidean connec- 
tion, i.e. put r}x es 0. 

We now consider the properties of parallel displacement on a 
Riemannian manifold M". Let V be a Riemannian connection. 

Theorem 1 . Let a, b g TpM" be arbitrary vectors and let y (<) be 
a smooth curve from P to Q. Consider the parallel displacement oj a 
and b along y ( t ). This operation preserves the scalar product of vectors, 
l.e. if a (t) and b (t) are parallel fields along y ( ( ), a (0) ■= a, b(0) = 
b, then ~ <a (t), b (t)> a 0, where ( , > is the scalar product in 
Tytn M" generated by g u . 

Proof. We include a and b in the parallel fields T = a (l) and 
R = b (t), T (0) = a, R (0) = b. Let us consider the function 
/ (t) = (T, R)v(i) = ( gtjT'R’ ) (t), i.e. the scalar product along 
Y (!)• Differentiation yields 

= S‘v* (g„T , R>) = Fg ll v h (r'flO 

= Pf ii (V,r‘) R‘ + e gijT 1 (V k R‘) 

■=g„rt‘ &v k T')+ gll T' (I 

= gll R> (v.r*)+ ftif 1 (?.**) = o, 

because V. (T) = (R) = 0. The theorem is proved. 
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The converse is also true: let. on a Riemannion manifold M n . there 
he given a symmetric affine connection in which the parallel displace- 
ment along any curve preserves the scalar product, then this connec- 
tion is Riemannian. Indeed, from the proof of Theorem 1 we obtain: 
\ h PR s « o, i.e. Vkgu = 0. 

■ Thus far, we have considered parallel displacement along a smooth 
curve, it is a simple matter to define such a displacement along a piece- 



Figum 5.15 


wise-smooth curve. Indeed, let y ft) have a cusp such that the curve 
is smooth and has a non-iero velocity vector on the right and left 
of the cusp (Fig. 5.15). Displacing vector a along v (f), we approach 
the point A to obtain at this point vector b parallel to a. Take b 
as the initial position of a new parallel field along AR and repeat 
the procedure. 


5.4. 3. GEODESICS 

Definition. Let M" be provided with an affine connection 
(the metric may not exist). A smooth curve y (1) is called a geodesic 
in the connection V if V-(v) = Or where y is the velocity field of the 
trajectory y (/). 

In other words, a geodesic is a trajectory along which parallel 
displacement of its velocity vector generates a velocity field along 
the entire curve: namely, a velocity vector turns into a velocity vec- 
tor. always remaining tangent to the trajectory. Let us derive the 
equation of a geodesic. 


We have 


\ — \ v *' 

TT. then -^--H7'“7 , *ri*=0 


<Px* . pi dr® diA 
~d?~ +lo *~ ( ~ dl 


Equations (G) are called the equations of geodesics. Their solutions 
are sets of functions x'(t), ■ . .,x"(0 which define the trajectory y(t), 
a geodesic. System (G) is a system of n second-order ordinary differ- 
ential equations and its solution is uniquely determined by the ini- 
tial values i*(0) = P 1 , where P = (/», . . P”), - a 1 , 

a 6 T P M n (2 n constants in all, n constants define the position of the 
point P through which the solution passes, and the other n constants 
define the velocity vector at this point). The familiar theorems of 
the theory of ordinary differential equations imply the following 
statement. 

Statement I . Let P g M" and a 6 T P M n . Then there exists a geo- 
desic y (t) such that y (0) = P and y (0) = a. and this geodesic is uni- 
que. 

Proof. We introduce coordinates x ' z” in the neighbourhood 

of P. Tc find the geodesic, we should find a solution of system (G): 
the existence and uniqueness of the solution is ensured by the theo- 
rems of the theory of ordinary differential equations. 

Corollary. Two geodesics, which touch each other at a point, 
coincide. 

Let us consider a Riemannian manifold M n and a Riemannian con- 
nection V. Wo consider also geodesics generated by V and examine 
a parallel displacement along these geodesics. Let y be a geodesic, y 
the velocity field, and T a vector field parallel along y. Then at each 
point of y (0 there is valid the number cos a (t) = (T, y L-' | T | < 

| y I , where a (t) is the angle between the vectors T and y. 

Lemma 1 . The parallel displacement of the vector T along the geodesic 
y preserves the angle a: a (*) es const. 

Proof. According to Theorem 1, all pairwise scalar products are pre- 
served, i.e. in the identity (T, y) = | T | | y | cos ct(l) both the 

left-hand side and the magnitudes | T | , | y | are preserved. 

In a multi-dimensional case this condition is insufficient to unique- 
ly define parallel displacement along a geodesic. For A/*, however, 
we obtain, by virtue of Lemma 1. the following: let y be a geo- 
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desic and let a 6 TpM 1 (Fig. 5.16), then the parallel field T (t). 
for which T (0) = a. is formed by the vectors T (t) having the same 

length as T (0) = a and subtending with the vector y (1) the same 
angle a as the angle between a and y (0). Since parallel displace- 
ment along a geodesic has already been defined, we can define paral- 
lel displacement along any piecewise-smooth curve y. To this end, 



P 

Figure 5.16 


y should be approximated by a broken geodesic (composed of smooth 
geodesic segments), and the parallel displacement should be effected 
along each of these smooth segments, keeping the angle a constant. 
Under parallel displacement along a trajectory which is not a geo- 
desic, the angle between the displaced vector and the trajectory ve- 
locity vector may, in general, vary. Let us consider several examples. 

(1) If M‘ = R ! , then parallel displacement along a smooth curve 
is carriod out in accordance with the general rule: namely, the paral- 
lel field has constant components relative to a Cartesian coordinate 
system. 

(2) Let M z be a right circular cone in R 3 with the vertex angle 
9 (see Fig. 5.17). To deal with a smooth manifold in R 3 , we assume 


0 



Figure 5.17 


that the vertex is “punctured". Let y (I) be the section of the cone by 
a plane orthogonal to the axis, OP = r, and the vector a £ TpiW 3 
points to the cone vertex. Displace this vector along y (I) until it 
returns to the point P and find the angle through which a rotates. 
We shall use the connection compatible with the induced metric 
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on the cone. Since the metric is Euclidean, the cone can be 
developed by cutting it along the generator. It is sufficient to deter- 
mine the rotation of a under its parallel displacement on R 1 along 

Vi (see Fig. 5.18). We have: PS = rsin y, the length of y (<) = 



Figure S.18 


2n-PS = 2nr sin y, the length of PQ (deshed arc) «= 2 nr — 2 nrx 
sin |.= 2nr (l- sin-5-) = r«p. i.e. q> = 2n (l - sin Thus, the 
rotation angle <p is equal to 2 ji (l-siny). Here wo have used 

E3 0. For M s with non-Euclidean metric the procedure is more 
complicated and requires the calculation of the Christoffel symbols. 
Let us discuss the geometric meaning of these coefficients from the 
standpoint of parallel displacement. Writing Vj o (dfi), where 

d a and d s are coordinate vector fields, in the coordinates z' z" 

on AT, we see that the tensor Va a (dp) is again a vector field. 

Lemma 2. The identity V. a (d 9 ) = r^d, s valid. 

Proof. We have 

A x (Y) =Z, Vx O' 1 ) = X“V 0 (T) = Z\ lVa a (d s )]* - a’v, (l\), 

where 

*.-M- «!}, d s = {r* s = 6* 9 }, 

(ft) - (~Tl + nrt,) = ««ryr^ = c= , 
i.e. 

v -’a(d # ) = rUd t . 

The lemma is proved. 
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This statement can be interpreted as follows. Let us consider a 
frame d,, .... d„ at a point P and make an infinitesimal translation 
of the vector d g along d a \ in this case d g experiences “rotation", and 
Tja are the coefficients of the decomposition of d g in d„ . . ., d„. 

(3) Let M n = R n be referred to Cartesian coordinates x l x n , 

then rjx = 0 (the connection is Riemannian). The equations of geo- 
desics are of the form 

jj_a 

-377- — 0, i.e. X a = 


Thus, the geodesics are straight lines 


where fa“, 6“} = const, 
and only such lines. 

(4) Let M 4 = 5’ in the 
spherical coordinates (6, q>) 
here the north pole is 6 = 0. To find 


required to calculate T}». 


standard metric. Choose on S* 
in which ds* = d0 4 + sin 4 6 dip 4 , 
geodesics, it is 

Since (*„) = (J ), we have 


— §■ sin 20, 


r?. 


.0 sin*0 
- cot 0, rj*=0 for all other cora- 
here x‘ = 0 , * 4 =.<p, g„= 1, g„ = 


(verify!) I*J 

binations of indices (i, /, k)\ 
g„=0, £„ = sin 4 0. It follows that the equations of geodesics ‘are 


of the form-^5" — T s ' n ^®('3?") = + cot ® 37 ® ne 

of the solutions is q> = const, 0 = f, i.e. a meridian emerging from 
the north pole. Thus, one of the sections of a sphere by a plane 
through the centre is a geodesic if by the parameter 0 we mean the 
arc length t. 

Proposition 1 . Let S 1 be endowed with the standard metric. Then a 
curve on the sphere S 1 is a geodesic of the Riemannian connection if and 
only if it is a plane section of the sphere through its centre. 

Proof. We first prove that any central plane section of S 4 is a geo- 
desic (with respect to the natural parameter). This fact has already 
been established for the meridian y 0 (see above). Let us consider an 
arbitrary "equator" y, i.e. a plane central section. Since each equator 
is uniquely determined by an orthogonal straight line to the plane 
defining the equator, there always exists a rotation which transforms 
V ‘"to y 0 . 

Lemma 3. Let f: M" M n be the isometry of a Riemannian mani- 
fold M", and let y be a geodesic of the Riemannian connection. Then 
the image of y under the isometry f is also a geodesic. 

Proof. Apparently, isometry preserves the Riemannian connection 
and, therefore, it also preserves the equations of geodesics, i.e. / 
transforms a solution of the system into another solution, which is 
what was required. 
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Returning to the proof of Proposition 1, we see that y is a geodesic. 
Conversely, let y be a geodesic on S'. Consider the velocity vector y 
at an arbitrary point of y and draw through this point the equator 
along the velocity vector (one and only one equator passes through 
any point on S 5 in a given direction) (see Fig. 5.19). Since y and the 



equator are solutions of the same system and since these solutions 
touch each other, they coincide. 

(5) Let Af* = f 2 bo a Lobachevskian plane referred to the standard 
metric ds 1 = d%* + sinh’xjfcp*. We now find geodesics of the Rio- 
mannian connection. The metric takes this form in polar coordi- 
nates (x, <p) on a two-dimensional plane. Let us consider the Poincar6 
model with the metric (1 — r*)-* (dr 5 + r’dcp 5 ). 

Proposition 2. All circular arcs meeting the absolute at right angles 
(In particular, all the diameters ) are geodesics of the Lobachevskian 
metric in the Potncari model. Any geodesic of the Lobachevskian met- 
ric Is of the above form. 

Let us derive the equations of geodesics. Since the metric of L x 
is obtained from the metric of S 5 by substituting hyperbolic functions 

for trigonometric ones, we have: rj,= — -l-sinh2x; H, = cothx, 

I» = 0 for the remaining combinations of indices (l, /, k ), here 

*'=X. * 2 = <P- It follows that -^|---i- s i n h(2x).(^-) J =0, 

-5jr+cothx-Tr--^F = 0. 0ne of the solutions is tp = const, x = 
t, i.e. a straight line througii the point 0 on the plane. Since 
(X, <p) are also polar coordinates for the right-hand sheet of the hyper- 
boloid (a pseudosphere of imaginary radius), the stereographic projec- 
tion maps the straight line cp =* <p 0 , x— t into one of the diameter.' 
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o( the unit circle. Thus, we have proved that the diameter v<i on the 
Poincare model is a geodesic. 

Let us now prove that any circular arc orthogonal to the absolute 
is n geodesic. We shall use Lemma .'1. It is required to prove that any 
such circle is mapped under an isometry into y„. To this end, we go 
over to the model on the upper half-plane with the metric <fa;1 +‘fr* . 
We recall that there exists a homographic transformation (an iso- 
metry) which sends a unit circle into the upper half-plane. In this 
case the circumference is transformed into the real axis and the 
diameter Vo into a straight line orthogonal to the real axis (Fig. 5.20). 



O-f(B) /(D) i{C) 


Figure 5.20 

The p-axis on the upper half-plane may be regarded as a geodesic, for 
it is the image of the diameter v 0 under an isometry. Thus, any 
straight line orthogonal to the real axis is a geodesic, since the shift 
z— i + a, a £ R, is an isometry. It follows that any circular arc 
meeting the i-axis at right angles is a geodesic, for it can be trans- 
formed into the p-axis under a homographic mapping: first, the shift 
z — z -h a. a( R, and then z — a € R (see Fig. 5.21). Wo 
have thus proved that all straight lines orthogonal to the real axis 
and all circular arcs meeting the z-axis at right angles are geodesics 
Let v be an arbitrary geodesic (on the upper half-plane), it is required 
to prove that this geodesic coincides either with a straight line 
orthogonal to the z-axis or with a circle orthogonal to the absolute. 

Choose a point P on y and consider the vector y. Draw through P 
a circular arc which meets the absolute at right angles and has the 
same velocity vector (see Fig. 5.22). As we have already demonstra- 
led, y coincides with this arc. 
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As an example, we shall consider the parallel displacement of a 
vector on a Lobachevskian plane along the trajectory V (0 defined 
on the upper half-plane by the equation y -- yr, ■*- const, i.e. along 



Figure 5.21 


the straight line parallel to the z-axis. This trajectory Is not a geode- 
sic and, therefore, parallel displacement along this trajectory does 
not preserve the tangent velocity field. Approximate y by a broken 



geodesic. (see Fig. 5.23). A qualitative picture of parallel displacement 
of a is shown in Fig. 5.24. The vector a rotates about its origin. 

Remark. Geodesics on a Lobachevskian plane can be found in a 
more elementary way: by integrating explicitly the equations of geo- 
desics. It isconvenienl to perform integration on the upper half-plane. 

The Christoflel symbols are of the form (verifyl): TJ, = — , 

-L, rj,-=y, the remaining symbols vanish. The equa- 
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lions of geodesics are x^^ZjL, y = Jfl — iL , whence 

.iJLL.j 

d'u _ y I— T !l __ y y * 

dx 2 — : * 

(*)> 

—■ r(i+0— 1^+*). 

y' — — \-iVx +i). yy’+y'' = —i, WY^-i, 


yy'= —x + C, ydy = (~x+C)dx, = - -iL + Cx+ -g- , 

x*—2Cx + y* = D, (x_ 0 1 + y t = C^+D. 

In this calculation it was assumed that x =/= 0. If x m 0, we obtain 
straight lines orthogonal to the real axis, and if x ^ 0 wo have, evi- 
dently, circles orthogonal to the absolute. 



Problem. Displace a vector a along a plane (non-central) section of 
S 1 (see Fig. 5.25). 

(6) Let Af ! a r be a two-dimensional torus. It can be trans- 
formed into a Riemannian manifold with a locally Euclidean metric. 
On the circles S l ( <p) and S' (\f>) we introduce the coordinates <p 
and tp, respectively; then (tp, ip), <p,ip< 2n, are coordinates on 
the torus, and the metric (in these coordinates) takes the form 
dcp- -(- dip J . This metric may be considered as induced by the Euclid- 
ean metric from R 4 under the embedding of T 2 in R 4 =s C s given 
by / (<J>, '!>) -*• («*». e**) 6 c ! . Since ds 2 (R 4 ) = dzdz + dwdui, we 
have ds 2 ( T 2 ) = dip 2 dtp*. 

Thus, since in the Euclidean metric rj* = 0, only the images of 
straight lines on R- (9, ip) under the factorization h: R s (9, ip) _► 
T (<P. '!>), * (<p, t) = (<p. ip) • mod 2 ji, are geodesics on a torus, i.e. 
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T 2 = R l /Z © Z (see Fig. 5.26). The are no other geodesics 
on the torus. The geodesics are divided into two classes: 
closed and unclosed. It is convenient to depict geodesics on 



a torus as straight lines on R J (<p, ip) with a fixed lattice Z © Z = 
(2nm, 2nn), m, n £ Z. Let us consider a sheaf of straight lines 
emerging from the point 0 on R’ (<p, ij>) and find geodesics which are 



Figure 5.25 

the images of these straight lines. Apparently, the geodesic through 
the point (0, 0) on a torus is closed if and only if the inverse image of 
this geodesic (a straight line) meets some “integer" point (2nm, 
2 nn), m, n 6 Z. It follows that the geodesic on T"~ through (0, 0) 
is unclosed (homeomorphic to a straight line) if and only if the cor- 
responding straight line does not contain “integer" points except for 
(0, 0). This can also be expressed in terms of the slope of the straight 
line l to the i-axis: namely, a geodesic is closed (homeomorphic to a 
circle) if and only if tan a = X/Y is rational (here ( X , Y) are the 
coordinates of the direction vector of the straight line l (see Fig. 
5.27)); and a geodesic is unclosed if tan a is irrational. In Fig. 5.27 
the straight line passes through the point (2n-3, 2n-2); after faclori- 
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zation we obtain on the square 0< ip< 2n, 0<«ji<2n a collection 
of segments— the images of this straight line (see Fig. 5.28). Fig- 
ure 5.28 also shows the trajectory which arises on the torus after 



the fundamental polygon is glued in accordance with the operation 
of the group Z 0 Z. Figure 5.29 illustrates the geodesic with ratio- 
nal (tana = n/m)and irrational slope. In the latter case the straight 
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Figure 5.27 


segments are everywhere dense on the square (under factoriza- 
tion the segment of the straight line l passes as close as possible to 
any point). The trajectory thus obtained on the torus induces an ir- 
rational torus winding, the entire torus being the closure of the tra- 
jectory (see Fig. 5.30). 

We now apply the concept of geodesics to particular geometric 
problems. 

Theorem 2. Let M- be one of the following manifolds : (a) R s , (b) S'-, 
(c) L, ( Lobachevsklan plone) provided with standard metrics and 
let ® = Iso M z be the group of all isometries of M*. Then each map- 
ping g 6 0 is defined by three continuous parameters, i.e. dim 0=3 
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By @ we mean the complete isometry group, i.e. the group of 
diffeomorphisms preserving the metric. The group ® = Iso M n can 
be defined for any smooth Rieinannian manifold. This group can be 
transformed into a topological space: namely, two mappings g u g. 



Figure 5.28 


are assumed to be close if they are close as difleomorphisms of A/", 
i.e. for all points x 6 M n the points g, (x) and g t (x), g„ g 2 6 ®. 
are close. 

Theorem 2 is a particular case of a more general statement which 
is presented here without proof. 

Let AT be a compact, smooth, Rlemannian, connected, closed mani- 
fold and let ® = Iso AT, then dim @ < - n ^ — ■ i.e. each mapping 

g £ @ Is defined by not more than ' l(n ^' 1) continuous parameters. 

This general theorem will not be used in the sequel. Although we 
shall prove Theorem 2 only for the three manifolds mentioned above, 
the reasoning remains true for an arbitrary manifold, in the course 
of the proof we specify the places where a particular form of M 2 is 
employed. 

Proof. Let x 0 g M n and let H (z„) cr @ be the set of isometries 
such that x 0 remains fixed. Evidently, H (x 0 ) is a subgroup. It is 
called a stability subgroup of the point x 0 ; for distinct x, and x, the 
subgroups H (x,) and H (x,) are, in general, distinct. Let h € H (-to)- 


5-4. Parallel Displacement. Geodesics 3S3 

Since h (x 0 ) — x 0 , we have dh (x 0 ): T x ,M n <= T x .M n . Construct the 
mapping X: H <x„) — @ (n, R), setting X (X) = dh (x„). Apparently, 
dh £ <3L (n, R) because h is a difleomorphism. Furtliermore, X maps 
H (x 0 ) into the subgroup O (n) c <SL (n, R). Indeed, we may assume 



Figure 5.29. tan a is rational number on the loft, and it is irra- 
tional on the right. 

that the coordinates chosen in the neighbourhood of r„ are such that 
«// (*o) = 6„, and then g„ (x # ) defines in T x ,M n the Euclidean 
metric. Since h is an isometry, dh (x„) preserves the Euclidean scalar 
product in T x ,M n . Also, X is a homomorphism of H (x„) in O (n). 



Figure 5.30 

Indeed, X (X, « h,) = d (A, o h, ) (x 0 ) =» dh, (x 0 ) ■> dh, (x 0 ). And all 
the more, X is a monomorphism. In fact, suppose dh = E (identi- 
cally), it is required to prove that h (x) = x for any x £ M". Since 
A/ n t= A/s is one of the manifolds S*, R ! , or E } , and two points on 
each manifold can be connected by a geodesic. The statement is 
obvious for a plane. On S l , according to Proposition 1, the geodesics 
are equators, which proves the statement. If A/ s = £ 2 , we consider 
the upper half-plane, the construction of the geodesic is shown in 
Fig. 5.31. This statement also holds true for manifolds of a more 
general type (the proof of this fact is omitted). 

So, lei dh (x 0 ) = E, connect an arbitrary point x £ M n with x 0 . 
Let y (0) be the velocity vector of y (/) at the point x 0 . Since h is 
an isometry, the image of y under k is a geodesic, and since dh (x 0 ) = 
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£, the geodesic y , = ft (y) has at x t the same velocity vector as v- 
We have already pointed out that two tangent geodesics coincide. 
Since y may be considered as the natural parameter, h does not 
alter this parameter along y, so that x remains (under h) at the same 
distance from x<,, i.e. h (x) => x. And this is what was requited. Thus, 



H (x„) is a closed subgroup in 0(n). Closeness of // (x„) follows from 
the fact that the isometry, which is the limit of isometries preserving 
x,,, also preserves x». For A/ 3 = S 1 , It s , or £, we have, therefore, 
dim H (x„) ^ dim O (2) = 1. For an arbitrary* M " it can be shown 
that dim H (x„) ^ dim O ( n ), i.e. dim H ( x „) ^ n (n — l)/2. We 
now turn to the group <S. Statement: any isometry g 6 ® is defined 
by the image o/ the point x„, i.e. g (x 0 ). and by the differential dg (x 0 ): 
Tx.M" -*• T,{„) M". Indeed, consider the correspondence g— (g (x 0 ). 
dg (x 0 )) and let (gi (x 0 ), dg x (xj) = (g,(x„), dg,(x 0 )), whence 
gi (* 0 ) = g t (-to) and dg, (x 0 ) => dg, (x # ). Consider then g (x) = 
igt') ' St (*). * € M n . We have 

g (*o) = («?') • St (-To) = *o. i e. g 6 H (x„), 
dg (x 0 ) = d ((g-) . g,) (x 0 ) - ((dg,)-' . (dg,)) (*,) 

= (dg, (x 0 ))-' o (dg, (x„)) = £, 


whence g 
is defined 


s £ on A/", i.e. g (x) = x, g, (x) = g, (x). Since g (x„) 
by n parameters and dg (x 0 ) by not more than — 


parameters, g can be defined by not more than n -f — ^ ■ ** *= 
parameters. For A/ 3 = S 3 , R 3 , and £ 2 we have dim ® ^ If. 
On the cther^ hand, it was shown in Chapter 4 that each of the 
groups Iso R 3 , Iso 5 3 , and Iso £2 contains a subgroup whose trans- 
formations are also defined by three parameters. Since these sub- 
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groups are open and closed, we have dim Iso M 1 = 3 for M" = S z , 
R 2 , and L z . The theorem is proved. 

Corollary. Let Iso (M") 0 be the connected component o/ the unit 
element in Iso M n . Then for M - = S 2 , R 2 , and L ^ the group Iso (A/ 2 ) 0 
coincides with the three-dimensional groups constructed in Chapter 4, 
i.e. Iso (S-) o =» SO (3), Iso (/.,), = SL (2, R)/Z,, and Iso (R=) 0 
coincides with the group o/ all linear isometries o/ a plane which preserve 
orientation. 

Theorem 3. Any two-dimensional smooth, compact , connected, closed 
manifold admits triangulation. 

Proof. Let A/ 2 be provided with a Riemannian metric (viz., embed 
M- in a Euclidean space) and consider geodesics on M 1 . To prove 
the theorem, we need the following lemma. 

Lemma 4. For each point P 0 on a Riemannian manifold M n there 
exist a neighbourhood U and a number e > 0 such that: (a) any two 
points in U can be connected by only one geodesic of length smaller 
than e, (b) this geodesic depends smoothly on the initial and terminal 
points. 

Proof. We first recall the theorem on ordinary differential equa- 
tions; given a system -^l/- = F(u, “57")’ wller0 “**(«*'» •••. ’<") 
and F is a set of n smooth functions defined in the neighbour- 
hood W of the point (u„ vjf R ,n . Then there exist a neighbour- 
hood U of (u,, v,) and a number e>0 such that for each point 
(u 0 , v 0 ) £ U the equation -^-=F(u, ) has only one solution 

l — ► u (/) defined for |l|<8 and such that u (0) = u,, 

= V), this solution depends smoothly on the initial condi- 
tions. Let P ( , £ M n , then, according to this statement, there exists 
a neighbourhood W of P 0 such that for each P £ W there is valid 
a mapping expp defined as follows. Let a £ TpM" be a vector of 
length not larger than a; draw along this vector a geodesic y. (t) 
referred to the natural parameter t and associate with a the point 
Yo (1) denoted by exp P (a). We obtain a smooth mapping of a ball 
of radius e in M” (differentiability follows from the existence and 
uniqueness theorem) (Fig. 5.32). Let us construct the mapping F: 
V -*■ M n X M n , where V is a neighbourhood of the point (P 0 , 0) 
in the manifold TJU”, i.e. V = {(P, a), P £ U (P 0 ), | a | < e), 
and F (P, a) = {P, exp P (a)). The structure of a smooth manifold 
in T,M a consists of all pairs (P, a), P £ M", a £ T P M”, if xL . . ., x n 
are coordinates in the domain U c: M R , then each a £ TpM " can 
uniquely be represented in the form a = f'd ( , where d, = ~j . 
The functions (x 1 , . . ., x’\ t") form a local coordinate system 

in the open set R c: T.M”. We now prove that the Jacobian of the 
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mapping F is non-singular at (P 0 , 0). Let { x \ , 1 ^ i < n, stand 

for coordinates in U x V cl M" x M n , then 


ET+-H"' 





( E E\ 

0 fi)' ‘- e - 

it is non-singular. The implicit function theorem implies that F 
maps diHeomorphically the neighbourhood W of (P 0 , 0) 6 T,M n 
onto the neighbourhood R of (P„, P 0 ) £ M n x AT. The lemma is 
proved. 



Figure 5.32 


This lemma can be proved differently. It is known that a dynamic- 
al system called a geodesic flow, exists on T t M". Let us consider a 
point ( P , a) £ T 9 M”, according to the existence and uniqueness 
theorem, only one geodesic y (<) emerges from P along the vector a, 
i.e. there arises the velocity field y, and we obtain the trajectory 

(P (0. Y(0) = T(f) in T ,A/". These velocity vectors form the geodesic 
flow. The integral trajectories of this field can be extended infinitely, 
in particular by the distance e (which is the same for all points in 
T *M n ). This proves Lemma 4. 

We now proceed with the proof of the theorem. Since M 2 is com- 
pact and closed, it can be covered with finitely many small disks. 
According to Lemma 4, we may assume that each of the disks is 
such that any two of its points can be connected by a single geodesic 
of length less than e, where a is sufficiently small. Covering 
with a rather dense network of points {/*,}, we can connect points 
inside some disk by a geodesic, thereby subdividing each disk into 
triangles satisfying the triangulation requirements. It is important 
however that the smooth subdividing curves arising in a disk should 
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also remain smooth in the coordinates of any other disk in which they 
can be located if the points they connect lie at the intersection of 
the disks. The subdividing curves are smooth because the solutions 
of the equations of geodesics are smooth, so that the triangulation 
can be extended until the entire M- is covered. The theorem is 
proved. 

In the proof we did rely upon the fact that M- is two-dimensional. 


5.5. CURVATURE TENSOR 
5.5.1. PRELIMINARIES 

Let us consider a manifold M" (not necessarily Riemann- 
ian) with symmetric affine connection V. We have already proved 
the formula Va 0 (do) = r* s d„, where d a are the basis vector fields. 



The connection V defines parallel displacement, and this formula 
can be interpreted as follows: it describes parallel displacement 
(by an infinitesimal distance) along the coordinate line x a . Let us 
fix a point P and consider the parallel displacements V„Vi and 
ViV*. where V a = Vs a (Fig- 5.33). This is the case of displacements 
along the coordinate lines x* and x‘ by small distances a and 0. 
The terminal points Q and Q' will, in general, be distinct. This 
effect can also be noticed with another displacement. Let us consider 
the motion shown in Fig. 5.34. Generally, this small “parallelogram" 
is non-closed, i.e. we cannot come back to the point P because M n 
is “curved". This “curvature” can be measured, conventionally of 
course, as the difference Vi,Vi — ViV* = e. If M" = R n and we 
use Cartesian coordinates, then V s Vi =ViV*; if M n is arbitrary, 
this commutator need not necessarily be zero. A clear example is 5 s 
referred to the coordinates (0, q>) (see Fig. 5.35). Here ±ct are dis- 
placements aiong meridians, and ±0 are displacements along paral- 
lels. 
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Simple examples show that curvature may be of different types. 
We shall illustrate this for S- and for a Lobachevskian plane L t . 



Figure 5.36 


Let us consider, on S 1 and L z , a geodesic y and draw orthogonal 
geodesics from each point of its segment. We now examine the 
hehaviour of this sheaf of trajectories orthogonal to y. Figure 5.36 
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shows the qualitative picture. On 5 s the sheaf converges (along both 
directions) at two points: the north and south poles. On U the 
sheaf “diverges" and the distance between the extreme geodesics 



Figure 5.37 



tends to infinity. It can be seen from Fig. 5.37 that on geodesics 
diverge on both sides of the segment AB because the arcs CO and 
BT have infinite lengtbs. Different behaviour of geodesics on 5‘ 



Figure 5.38 


and Z, 2 can also be seen for a sheaf of geodesics emerging from a single 
point (see Fig. 5.38). We recall that S 2 and L 2 have distinct Gaussian 
curvatures: for S- the curvature is constant positive and for L t it is 
constant negative. We shall demonstrate below that the Gaussian 
curvature (for M 1 ) is closely related to the properties of the operator 
Vi,Vi — V|V* which measures the “curvature” of M-. 
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5.5.2. COORDINATE DEFINITION 
OF THE CURVATURE TENSOR 

Let M n be referred to local coordinates x 1 , . . x" in 
some neighbourhood of a point P\ consider V*V, — V, V* and apply 
this operator to the held T = { T* }. The connection V is symmetric, 
and straightforward calculation yields 

v,r'=^-+ r»r;„ 

v*v, < ri > =■&+ ri ,+t> -t? ( r; () + v, <n 

- Vp (T‘) Tt, = -3 S£r + r*,+ <r' 4 ) 

+i£ r *+ ^r** — g rr, - r»r‘ P rf ( , 

V.VO 7" 

+ r» irjrj*— rg*rj, - rj p rf, + r' p rj,j. 


Since T** = r*j, we have 

(V» V,- V,V») r‘= r*[^j. ri, - -^ri» + rj, r^-r^r;,] = 
where 

<»| — tJ- - tJt + r ?i r i* - rj»r{., . 

Lemma 1 . The collection of /orms a tensor of rank 4. 

The proof is obvious, because V = {V*} is a tensor operation. 

Dehnltion. The tensor R^ M is called the Riemann curvature tensor 
of a given connection V. 

If M " = R”, this tensor is equal to zero. Indeed, it vanishes in 
a Cartesian coordinate system and, therefore, it vanishes in any 
other coordinate system due to the tensor transformation law. There 
exist however M" where /?‘, M is non-zero (cee below). We recall 
that the coordinates in which TJ* = 0 are Euclidean for a given 
connection. This implies that the following lemma holds true. 

Lemma 2. Let M be provided with a symmetric affine connection. 
If the Riemann curvature tensor of this connection does not vanish (in 
a certain coordinate system), no Euclidean coordinates (in the neigh- 
bourhood oj a point) can be defined on M". 
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if such coordinates existed, rj„ would vanish in this coordinate 
system, and therefore the curvature tensor would also vanish. Thus, 
the curvature tensor is an “obstruction" lo defining Euclidean coor- 
dinates (for a given connection). 


5.5.3. INVARIANT DEFINITION 
OF THE CURVATURE TENSOR 

In the preceding subsection we have constructed the 
Riemann tensor in a particular coordinate system. Now we give 
an invariant definition. Let X, Y, and Z be arbitrary smooth vector 
fields on M n (with symmetric affine connection). Let us construct a 
"curvature operator” R which associates a new vector field with the 
triplet X, Y, Z. It is convenient lo handle the fields as linear differen- 
tial operators, so that below we shall write just X instead of X 
Definition. Put R ( X , Y) = V. v Vy(Z) - VyVz(Z) - V u ,y,(Z). 
Thus, R maps T, X T x X T x into T x , where z £ M n . 

Theorem 1. The mapping R is trilinear and, therefore, defines a 
fourth-rank tensor. 

Proof. For linear combinations of the arguments with constant 
coefficients trilinaarity is obvious. What is required to be proved is 
that a smooth function / (x) can be taken out of the symbol of the 
operator R. If we prove this fact, R is completely defined by its 

values on the basis fields: d a = (^s). 1 < a < n. Let us con- 
sider the mapping (X, Y, Z) — (X, Y, / (z) Z), where / (z) is a 
smooth function. It is required to prove that R (XY)-tfZ) =» 
f-R (X, Y)-Z. We have 

V*Vy (/Z) - VyV, (/Z) - Viz. y, (/Z) 

« V* ((Vy /) Z) + V.T U VyZ) 

- Vy((Vx/) Z) - V y (/ V.vZ) - (V lx ,ril) Z - /Vu.yjZ 

- (VzVy/) Z + (V y/)V.\’Z + (Vz/) VyZ + / (VzVyZ) 

- (VyVz/) z - (Vz/)VyZ - (Vy/) V.yZ - / (VyV. v Z) 

- (Vzy-yz/) Z - / (V(z.y]Z)+ {(X (Yf)-Y (X/) - (XY - Y X) /} 
+ /{VzVyZ - VyVzZ -Vu.nZ) = 0 + f-R (X, Y) Z, 

because Vz/ = X (/). Let us verify that R (/X, Y)Z = f-R (X, Y) Z. 
The following relation holds true: 

R (fX, Y) Z = V, x VyZ _ Vy V,xZ - Vf/z,y]Z. 

Evidently, V/ x — /Vz, since 

< V,z) T = (/X)* V„ T = / (X* V* H = / ( Vz T). 
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Furthermore, 


IfX, Y\ = / (XY) - Y (/X) = / (JfK) - (Yf) X - f (YX) 


wlience 


= / IX, )') - (Yf) X, 


(/X, Y)Z = / <V*V y Z) - V y (/ V*Z) ~ V/r^.y, Z 4- V,y/)xZ 
= / (VxVyZ) - (Vrf)V x Z ~ / (VyV*Z) - %,|Z 
+ 07) VxZ = /•« (X, Y)Z + 0 = f-R ( X . Y) Z. 

which is what was required. The formula R (A', /V) Z = /• R (X, Y) Z 
can be verified in a similar way. The theorem is proved. 

Let us relate the invariant definition of the curvature tensor and 
the coordinate definition. Consider the basis fields d, as differential 
operators and decompose X, Y, Z in these fields: X = A'd ( , Y = 
Y>d,, Z = Z k d k . We obtain R (X. Y) Z = X'Y>Z k - {R (d,, d,) d*}; 
i.e. R (X, Y) Z is completely determined by R (dj dj) d*. Moreover, 

R (d„ d,) Z = Vd,Vd, Z - Vd, Vd, Z - V|e ( . flj ] Z. 

Apparently, Va, = V, (by the definition of V«,), i.e. /? (dj, d,) Z 
<V,V, — V;V|) Z — V[»j,*j)Z. Since (dj, d/\ = 0, we have 
R (d,, d,) Z = (V,V/— V/Vi) Z. Thus, we have obtained (in a fixed 
coordinate system x', .... x”) the "coordinate" definition of the 
Riemann tensor, and this proves that both definitions coincide. 


5.5.4. ALGEBRAIC PROPERTIES 
OF THE RIEMANN CURVATURE TENSOR 

Theorem 2. For any three smooth fields X, Y, and Z on 
M n the following Identities are satisfied: 

(1) R (X, Y)Z + R (Y, X) Z = 0, + /?}.,* = 0 (skew 

symmetry in the arguments X and Y). 

(2) R (X, Y)Z + R (Z, X) Y + R (T, Z) X = 0 (the Jacobi 
identity ) or in the coordinate writing + /?!,/* + Rlt, / <= 0. 
The correspondence between the indices (/, k, l) and fields X, Y, Z in 
R) hi is as follows: f — X, k ~ Y, l ~ Z. 

(3) If the connection V is Riemannian, we have (R (A, Y) Z, IV) + 
(R (X, Y) W, Z) = 0 for arbitrary fields X, Y, Z, W, where (,) is 
the scalar product induced by the metric g t f, in coordinate notation: 
Rtl.ki + Rji.hi = 0, where Rij.kt = gia^f.kt- 

(4) If the connection V is Riemannian, (R (A, Y) Z, W) — 
(R (Z, W) X, Y), i.e. R,j, kl = 

In terms of the components Rijm (i.e. after index lowering) the 
Riemann tensor is skew-symmetric with respect to the indices in 
each pair (/, j) and (k, l), and is symmetric with respect to the per- 



J.5. Curvature Tensor 


363 


mutation of the pairs (when the indices in each pair remain in their 
own places). 

Proof. (1) Evidently, the relation R ( X , Y) Z = V A Vy Z — 
VyVx Z — V(x,y)Z implies that R (X, Y) 7. is skew-symmetric with 
respect to the pair X, Y. 

(2) We first prove that for symmetric connection the relation 
V, v T— VyX = IX, Y] is valid. Indeed, we have in terms of the 
coordinates 

v x Y - v Y x = x‘v,y - y'v,x - {x‘ (-!£ + y'r?,) 

= {*' y ‘ ttt+ - ^rfp} ~£r 

because y'xT*. = yx'r*,, r», = r?„. if x and y are commu- 
tative, then Vjc>' = VyX. Let us now prove the Jacobi identity. 
By virtue of Theorem 1, it is sufficient to verify this identity only 
for commutative fields X, Y, and Z (e.g. for d h d t , d»). It suffices to 
demonstrate that 

VxVyZ — VyV.tZ - V (A ,y ]Z +■ VzV x Y -V x V z y 

- V[z.x]y + VyVz* - VzVyX - V[y.z)X a 0. 

The fields X, Y , and Z are commutative, so that the identity in 
question follows from the relations of the type V z y = VyX. Con- 
dition (2) is thus proved. 

(3) It is required to prove that (fl (X, Y) Z,W > + (R (X, Y ) W,Z) 
= 0. It suffices to verify that <fl (X, Y) Z. Z) => 0 (taking into 
account polarisation of quadratic forms). As before, we assume that 
IX, El = 0. Then, </? (X. Y) Z, Z> = ((V A Vy- VyV*) Z, Z). We 
need to show that (VyVyZ, Z> = (VyVxZ, Z). Consider the function 
<Z, Z> = / and calculate X (/) = X (Z, Z) =V X <Z, Z> = 2 (VxZ, Z>. 
Furthermore, 

yX (/) = 2 Vy <VxZ, Z> = 2 <VyV A Z, Z> + 2 <V A Z, VyZ). 
Similarly, 

Xy (/) = 2<V*Vy Z, 2> + 2<VyZ, V A Z>. 


According to the symmetry of (, ). we . have (VyV A Z, Z) = 
(VxVyZ, Z>, which is what was required. 
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Apparently, R hl is a second-rank tensor, and R (i) is a scalar 
function. For many particular problems it is useful to express a 
Riemann tensor explicitly in terms of g,j and its derivatives. 

Theorem 3. On a Riemannian manifold the following identity holds 
true: 

R ii. hi = gtaR*M 

_± I d'lll , d'gq* l> d'gql \ 

2 I, dza dz» ' dxt dz‘ dzi dz‘ izl dz* I 

+gmp<XW? — r,",r&). 

Proof. The coordinate representation of the Riemann tensor im- 
plies that 

nl ^^91 i T'P r>i r»P n* 

t '9M = ~53i dli — f 1 «|1 p* * a*l pi 

= ( 1FT + r «' r J* ) • [*. 1], 

where | k, 1) denotes alternation with respect to indices k and l without 
division by 2. Furthermore, 

0=‘g,tRi.i,i= ! R, = + I*. I) 

■=*..(-S-+ r M’ 5) Ik. M. 

where • stands for the pair of indices (ql). The expression in paren- 
theses may, formally, bo treated as the result of covariant differentia- 
tion V* of the set {T*} (the symbol • is ignored for the time being). 
The set {!*} does not form a tensor, but in each given coordinate 
system we may also consider a tensor with the components Tj (in 
other systems this tensor will have components distinct from T‘, 
although this fact is insignificant for differentiation in a given 
system). Since g,, induces index lowering in the “tensor" r‘, this 
operation can be performed under the sign of covariant differentiation 
because the tensor g,j is covariantly constant. It follows that 

e=g.,v*(ri)[*, fj=v,(g.,r , .)i*, i)=v»(r.,,)[*, ij. 


r = r . = — g .g<* / aga ‘ l 
1 «,* 1 »,ql 2 " ll ® \ dxq 


= 4 ( 


Bg,l , dg.q Qftql \ 

dzi ~ r dzl dz- I 


where 
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Substitution into the initial formula for R, n .n yields 




\ dxk 


„r?.) i*. 

l\ 


t 2 ln 

dr* dil 

dxk fag 


-Capiat*, /) 

J_ I b 2 g„ | 8 Vail d'g III d’gql \ 

2 ( SxAd i« ~ dx‘dx‘ dz‘ dx* dx»dx‘ I 


+g OP (rj»r?i-rj,r?.)- 


The theorem is proved. 

Corollary 1. // the Riemann curvature tensor does not vanish in a 
certain coordinate system, no local Euclidean coordinates can be defined 
on M n , i.e. the coordinates in which g,/ is a constant matrix (or, which 
is the same, T}» as 0). 

The proof follows from Lemma 2. 

We can also reason as follows. Let us consider the transforma- 
tion law rL/ = -^j- /-iii-rJuH $ ] x ' For the coordinates, 

\ dx* dx* dzk • 

in which rj- k >5 0, to exist it is necessary that the following relations 
(i.e. equations for the coordinates x°) be valid: 

_JV_ = dxi ax* , 

dxi' dx*' dx>' g x K' "» • 


The necessary condition for the solvability of this system is given 
by the identities — -( — — ?* x ' , ) , and this 

ajx \ dx> dx k I Sxh' V $z> 3xa I 

in turn imposes the conditions on the right-hand sides of the system. 
It can be proved that the fulfilment of these conditions is equivalent 
to the vanishing of the curvature tensor (verify!). 


5.5.5. CERTAIN APPLICATIONS 
OF THE RIEMANN CURVATURE TENSOR 

For a two-dimensional Riemannian manifold the curva- 
ture tensor is especially simple (problem: what is the meaning of the 
curvature tensor for a one-dimensional manifold?). Let us consider 
the scalar curvature R ( x ), a function on M-. Since this function is 
a measure of "curvature" of M 2 , there is every reason to believe that 
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it is related to the Gaussian curvature which is also known to be 
responsible for the “curvature" of M 2 . 

Theorem 4. On a two-dimensional smooth Riemannian manifold 
the identity R = 2K holds true, where R (P), P g M l , is the scalar 
curvature and K (P) is the Gaussian curvature. 

Corollary 2. Since R (P) is completely defined by g Jt , K (P) Is also 
completely defined by g t ,-, in particular, K (P) does not change under 
isometries of M 2 in R 3 (i.e. under surface bending). 

This corollary is not trivial, for the definition of K (P) relies upon 
the second fundamental form which describes the embedding of 
M 1 in R s . A straightforward verification of the invariance of K (P) 
under bending is not simple either and can be performed most easily 
only after studying the properties of the Riemann tensor. 

Proof of the theorem. By virtue of Theorem 3, 

d _ ( d 'eil I O'tek d'eih d'fol \ 

Iq.kl 2 ^ dll dxk + dll dll dxS dxt dxl dxh j 

+?mp(rsrf,-rjjrf»). 


Let us introduce in R 3 a special Cartesian coordinate system, choose 
on M 2 a point P, and define M 2 in the neighbourhood of P as the 
graph z = / (*, y), where (z, y) are Cartesian coordinates in TpM*. 
Since TpM 1 = R 2 (z, y) is the tangent plane, grad / (P) = 0, i.e. 
BifiP) = (6|> + l x if x j) (P) = &tl or r'jk (P) = 0 because (dg, | P 
= 0 (verifyl). As the tensor ( is algebraically symmetric, it 
has only one principal component, R lt , It . The others either vanish, 
or differ from only in sign, or coincide with P„,„. Writing the 
Riemann tensor in the coordinate system (z, y), we obtain 


R 


(t.ll 


4 ( 2 - 




***.. •*$» 

'»• dy 1 


Si* 


dx dy 

= il 2 (/,/,)«- 

= Uxxfy + / xl xy) II ~ (/ iLy)x — ( f x fxy)y 
~ I xxl J II + fxxlyy + / xy f XU + fxfxui 

f xyf xy / yfxxy — Ixylxy — / xl xyy 


Lx 

I XX 


Ly 

Lv 


■ K, 


whence fl 15 ., 2 = K. Calculation of R yields 

R - = P,,.,, (2 ± g*' ■ 
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whore 

2 ± gt'g*' =g 22g„_ g 2, g2 , + g U g 2l_gM gi 2 

= 2 (g»g« - (g 12 ) 2 ) = 2 del (£„)-> 

= -|-» with g = del g„. 

Thus, R = ~-R l2 .„, so that R = 2K because g it (P) = 6,/. But R 

and K are scalars and their values do not depend on the choice of 
the coordinate system, hence, in any system R => 2 K. 

We have demonstrated that the behaviour of K (P) under bending 
differs from the corresponding behaviour of the mean curvature, and 
therefore the Gaussian curvature is an “intrinsic invariant" of a 
surface. Let us consider several examples. 

(1) For the Euclidean metric </x*+ dy 2 . R = 2AT = 0, 

(2) for the spherical metric dr 2 + (sin 3 -j-)d<p*, R = 2K=* 
i.e. the scalar curvature is constant and positive, 

(3) for the metric of the Lobachevskian plane dr 2 -f- (sinh 2 • dtp 2 

we have R *=2K => — , i.e. the curvature is constant and 
negative, 

(4) for the conformal Euclidean metric X (x, y) (dx* + dy 3 ), where 

X (x, y) is a positivo function, R = 2K = — y A In A, where A is 

the Laplacian. This formula can be proved by straightforward cal- 
culation. 

In three dimensions the Riemann tensor has a more complicated 
structure. The number of the principal components increases up to 
six: R 2i,73' Pti.st, Rit.it' Rit.it, and the other com- 

ponents Ri). kl either vanish or coincide with the principal compo- 
nents, or differ from them only in sign. 

The “intricacy" of Rij, k i depends on the number of principal com- 
ponents. There is only one such component for A/ 2 and six compo- 
nents for M 3 . It can be shown that for a manifold of an arbitrary di- 
mension n the number of principal components is N = — * 2 ~ * '■ 

for n oo the ratio of N to the total number of components (i.e. to 
«*) tends to 1/12 (problem: find N). 

Of great importance in geometry is “curvature along a two-dimen- 
sional direction”. Let us consider a Riemannian manifold M“ and 
let X, Y ( T P M". Suppose these vectors are so chosen that the area 
of the parallelogram fl (X, Y) constructed on these vectors is unity 
in the metric g,,. Then, the curvature of AT" along the two-dimensional 
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direction a defined by X, Y is the number R (a) = ( R ( X , Y) X, Y) 
where X and Y are arbitrary vector fields in the neighbourhood of P 
such that X ( P ) = X, Y (P) = Y, i.e. they coincide at P with 
the vectors X, Y. It is required to prove that R (a) does not depend 
on the way X, Y are included in the vector fields X, Y. 

Lemma 3. There is valid the formula R (a) = R^j.ut X i X k Y l YP‘ y 
where X a , Y e are the coordinates of the vectors X, Y. Here Rij.m is 
a tensor, and R (cr) does not depend on the way X, Y are included in 
X Y. 

Proof. We have 

1 R (X, Y) Z] h = ltj' Pi X p Y*Z s , 

mo) = g af yt\R{X, Y)Y]* = Kat Y*RJ MI XiX*Y‘= Ru M XWY'Y*. 

which is what was required because X' = X 1 ( P ) and Y 1 = Y' ( P ). 

Definition. A Riemannian manifold M" is called a manifold of 
positive ( constant , negative, zero, etc.) curvature if its curvatures along 
all two-dimensional directions are positive (constant, negative, 
zero, etc.). 

To justify this definition, we should compare it with the “two- 
dimensional” definitions of the positive, etc. , curvatures in terms of 
the Gaussian curvature. 

Lemma 4. Given a Riemannian manifold M*. and let K (P) be the 
Gaussian curvature, R (P) the scalar curvature, and R (a) the curvature 
along a two-dimensional direction (X, Y ) = a at a point P £ M 1 . 

Then R (o) = K (P) = \ R (P). 

Proof. Let us consider the coordinates (x,y) in which coordinate 
lines are orthogonal at the point P. We may assume the scalar prod- 
uct induced by the metric on T P M * to be Euclidean. Then, 

R (a) - R^mX^X^Y 1 

= (XWY'Y'-XWY'Y' + X'X'YiY*- X>X'-Y'Y*) 

- <x»Y' - rav - i = 

because X*Y* — Y*X l = (the area of the parallologram n {X, Y) 
spanned by X, Y in the Cartesian coordinates (z, y) in T P (M‘). 
Since Rit.it = K ( P ), we obtain R (a) = K (P), which is what was 
required. 

Thus, the definition of the curvature along a two-dimensional 
direction suggested above is a natural generalization of the concept 
of the Gaussian (scalar) two-dimensional curvature of the Rieman- 
nian metric. Evidently, the curvatures along any. two-dimensional 
direction in R” vanish, i.e. R" is a manifold of zero curvature. 
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The curvature along a two-dimensional direction o = (X, Y) 
admits a clear interpretation, which is presented here without proof. 
Let us consider at a point P £ M " a two-dimensional plane H spanned 
by X, Y and draw from P geodesics Vz (0 along each vector 



z € \H. Apparently, these geodesics form (locally) a two-dimensional 
surface M* t=.M n such that the tangent plane to it at P coincides 
with If (see Fig. 5.40). This surface is called a geodesic surface. On a 
geodesic surface there exists an induced metric which admits defi- 
nition of the Gaussian curvature; it appears that R (a) coincides with 
this Caussian curvature. 


Chapter 6 


Homology Theory 


Thus far. our interest has mainly been focused on the local prop- 
erties of a smooth manifold, i.e. the properties which can be studied 
independently in the neighbourhood of each point P of a manifold M 
and do not depend on the way M is defined as a union of charts. In 
many problems, however, it is insufficient to know only the local 
properties of M. 

Let us consider, for example, the following problem. Let M = S‘ 
he a circle with the angular parameter 9 chosen as a local coordinate. 
We now try to find a smooth function / on S‘ such that the identity 

$ = *«P> (1) 

is satisfied, where g is a smooth function on S'. If we solve this 
problem in a small neighbourhood of a point P £ S l with the coordi- 
nate <f 0 , any antiderivative / (9) = \ ^ (9) «^9 of the function g 
may be a solution. Generally, the problem docs not always has a 
solution on S'. Indeed, any smooth function on S' can be identified 
with a 2n-periodic function of one real variable. Then the function 

/ is a solution of our problem, provided / (9) = ^g{ 9) £*9 and / is 
periodic. Any antiderivative of the function g ran be expressed in 

terms of the definite integral / (9) = \ g (9) d9 + c - The con- 

o. 

dilion that / is periodic can, therefore, be written in the form 
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2n 

For instance, if g(<p)sl, then J g (qj) dip = 2n =J= 0. Thus, for 

o 

g («p) b 1 problem (1) does not have a solution on S'. Condition (2) 
is the necessary and sufficient condition for the existence of a solu- 
tion of problem (1). Here we see that the existence of a solution 
depends essentially on the structure of a manifold as a whole. Sec- 
tion 6.1 deals with those properties of a manifold that govern the 
global behaviour of a function or a mapping on manifold. 


6.1. CALCULUS 

OF EXTERIOR DIFFERENTIAL FORMS. 
COHOMOLOGY GROUPS 


6.1.1. DIFFERENTIATION 
OF EXTERIOR DIFFERENTIAL FORMS 

Diflorential calculus of exterior differential forms is 
somewhat simpler than differential calculus of arbitrary tensor 
fields. If a connection is valid on a manifold, the covariant gradient 
of a skew-symmetric tensor field is not, ill general, a skew-symmetric 
tensor field. It is natural, therefore, to define the gradient of an 
exterior differential form as the composite of gradient covariant 
component and alternation with respect to all indices of the tensor 
field. If the connection is symmetric, the Christoffcl symbols do 
not appear in the formula for the gradient of an exterior differential 
form, i.e. the definition of this gradient docs not depend on the 
choice of symmetric connection on the manifold. Indeed, let in the 
local coordinate system (* l , . . ., x") the differential form o> have the 
components {«(,, . . ., Then the gradient dm is defined by 

(*■>>! i ^-2 ( 1 ) 

where 

da, , 

= — , " * — i* — ... — o. (2) 


Substitution of (2) into (1) yields 

J» 41 =S(-1) 


j | $w oQ.) °«|> 


„ 3 x‘ ( W 

k 

„>o(i,>e)o(i,) . . . o<j,_ 1 )o</ J4 ,> . . . oO„>- 
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The second term vanishes because for fixed s and a there exist exactly 
two permutations of indices (/,, . . -n), o and o', such that 

o (/i) = o' (/i) O (/.-i) = o' O.-i) and o O.+i) = o' (/«+,) 

cr (/») = o' (}»). and also o (/*+,) = o' 0,). o (/,) <= o' (/»+,); the 
parity of these permutations is distinct. Thtis, since the Christoffel 
symbols T}* are symmetric in the lower indices, the two terms corre- 
sponding to the permutations o and o' are cancelled out, so that we 
obtain 


( du >h *.1*“ 


Sf-t ) 101 


du, oU,i, op,) 

9x *Uk.i> 


( 3 ) 


In formula (3) many of the terras appear several times. Indeed, if 
o (/*+ 1 ) =* o' (/»»,), then o = o'/i, where k is the permutation 
which leaves /»+, in its own place. In this case 


, «I«M - o*y») 

, X ‘'<W - (_I) 




Bearing in mind what has just been said (and trying to make gradient 
and exterior product compatible operations), wo retain in the com- 
ponents of the gradient dm only one term out of identical A:l terms. 
We arrive therefore at the following definition. 

Definition 1 . The gradient o/ an exterior differential form m is an 
exterior differential form dm whose components in a local coordinate 
system (x‘, . . ., x ") are written as 


= 2 (- l)” 1 — j»» •••'»*» . (4) 

Formula (4) differs from formula (3) by the factor and sign. 

Theorem 1. The gradient of an exterior differential form satisfies 
ike following conditions: (a) d (e>, A <*>,) = dm , A e>a + 
( — A dt i)j, (b) d ( dm ) = 0. 

Proof. Let (x 1 , . . ., x”) be a local coordinate system and let <e„ io a 
be two exterior differential forms of degrees p and q, respectively. 
Then the components of io, and m t do not vanish only for those 

sets of indices (i, ip) and (/„ . . ., /,) for which i, =£ i t , f, f t 

for * # /. If f, < l t < . . . < i p , I = {i, ip} and /, 

...</„ J ={t, fah we P"t »i.r = «■>!.(, ip . (a,./ = 

u) 2 . i v - Similarly, if i, < . . . < l p+ „, K = {l, Jp +9 }, 
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Wfl put ( 0>1 A <■>,)* = (<■>, A “j)i By formula (1) of 

Sec. 5.2, we obtain 

K A *■)* = 2 ( — a.,. (5) 

where summation extends over all the subsets I cr K consisting of 
p elements, / = K\J, and o is the permutation which places the 
indices of the set / into the first p positions retaining their order. 
Formula (4) for the gradient can also be rewritten as 


(rfu) ,= 2 (_,)<«<*>< ( 6 ) 

<6/ SX 


where n (<) is the permutation of the set / which places index i 
into the first position, retaining the order of the remaining indices- 
Applying (6) to (5), we obtain 

(«f to A “«))* 

= 2 ( jjlaini 3 (“I AM|)k>h, 


: 2 (— i) |o<01 2( ly’W ^to . ‘ 

KX I Bz ‘ 

. 2 ( 9 (oil, f -01,.y) 

K-AJ/U(« dX> 


(II 


In the last sum summation extends over all possible partitions of 
the set K into three disjoint subsets ft), I, J, and a (/, J, () is the 
permutation which puts index I into tne first place and interchanges 
the sets / and J retaining the order of indices within them. Thus, 


(<*toA “«))* 


y / <'l all, l.J ) I 

' ' dz‘ 

K-HJJUH) 


= 2 (-D 

jr-ru-W) 


(o((. r.Jll toi.i 
dr 1 


I od. l.J) I. 


dU,.J 


dz‘ 


+ 2 (-i) 1 

K-ru-iUiO 

>(*». A“J K + (-i) de,u, to A^)k- 


It is sufficient to prove prqperty (b) (in Theorem 1) for the basic 
forms into which any form can be decomposed. We may assume, 
without loss of generality, that in the local coordinate system 
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(i l , .... x ") the form a) can bq written as to=/(z* x n ) dx 1 A • • • 

. . . A dz*. If condition (b) is valid for the forms <j), and o> 2 . il is 
also valid for their exterior product iii A Indeed, 


dd (u, A “«) “ d ( d “i A “« + ( — l) d ^“' to, A <*“,) 

= dde>, A ®i+ ( — t) d * ,w “‘ , dw, A^“. 

+ ( - l) de * do, A do>,+ ( — 1)* ^ (o, A ddu 2 . 


The first and last terms are zero by assumption, and the other two 
are equal but have opposite signs. It suffices, therefore, to verify 
condition (b) for an arbitrary function / and for the form dz*. In the 
latter case dd (dx*) = 0, since x* is also a function on the manifold. 
We now demonstrate that d (d/) =s 0. Indeed, (d/) ( = and also 


(<f(rf/))u = 


BjdDj 

aii 


d (dp, _ ay 

dxl dil dxi 


ay 

dxi dll 


0. 


Theorem 1 is proved. 

It should be noted that condition (b) relies upon the remarkable 
property of a function of many variables: the independence of mixed 
partial derivatives of differentiation order. Condition (h) is, in 
certain senses, an ultimate extension of this property to systems of 
functions that form the components of a skew-symmetric tensor. 


Examples 


1. In a local coordinate system any exterior differential 
form can, by definition, be represented as the sum to = 
S W|, ... lp dx'* A • • • A dz‘p. Thus, according to Theorem 1, 

4|<- • .«p 

the gradient of the form o> is calculated by the formula 


d(0— E d (<B|, ...ip) A dx 1 ! A ••• A dz'r. (7) 

•l< • • »<*p 

Furthermore, in a local coordinate system the gradient of a smooth 
function, d/, has the components Hence, df=2-^-dx‘ 

l dx< > dx‘ 

and thorefore 

do>= 2 2 — dx’ A dx'< A . . . A dx'p. 

«,<... <* p t-. 3z ‘ 

This formula is, apparently, equivalent to formula (4). 
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2. Let us find a differential form « which satisfies the identity 

do = Q, (8) 

where Q is a fixed differential form. In each local coordinate system 
equation (8) is reduced to the system of partial differential equations 

*+i do> 

2 (- -■ YC"' ik " w 

.-I 3 * 

According to condition (b) of Theorem 1, equation (8) has solutions 
if and only if dSi = 0. Indeed, applying the operator d to the left- 
hand and right-hand sides of (8), we obtain dSl = d (c/co) = 0. In 
particular, for deg Q = 1 the problem is reduced to finding <jn a 
manifold M a smooth function / such that its gradient is equal to a 
given form Q. In a local coordinate system (*', . . x n ) the form Q 

is represented as fi = 2 S)i dx 1 , and equation (8) is equivalent 

i- 1 

to the system 

-rr=a„ i = i *. (9) 


If system (9) has a solution, then, by differentiating (9) with 
respect to the variables x j , we obtain — a 1 / _ since mixed 

* Bx i Bxi Bxi 

partial derivatives of a smooth function / do not depend on differ- 
entiation order, we have 

■£>—&• /<»• < 10 > 

Conditions (fO), when written without any reference to coordinates, 
are equivalent to dQ => 0. We now prove that conditions (10) are 
sufficient for system (9) to have a solution in a rather small neigh- 
bourhood of any point P of the manifold M. To this end, we 
first solve one of the equations of (9), say, = fi,. We have 

X* 

/<*' (*•,»» i")dx‘ + ¥«(**, (11) 

*o 

where <p, (x ! , . . ., x n ) is an arbitrary smooth function of the variables 
(x* x"). Substitution of the right-hand side of (If) into the 
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second equation of (9) yields 

a* 


et 

dx » 



Taking into account (10), we obtain 
Q, (i 1 *") 

“J ■&■(**. .... *-)«*»•+-&(*». *") 

xj 

=q, (x>, .... *»)-«, (xj. x* *") + ^ (xt x"), 

i.e. 

■&<* *") = ( x i> ** *">. 


(12) 


The general solution of equation (12) is of the form 
*• 

<Pj (**.••• • X n ) = J Q, (xj, 3?- i") dx» + <p, (x», . . . , X n ). (13) 

4 

Substitution of (11) and (13) into the third equation of (9) yields 
*• 

Oat** * ^ >=5l^ (;e, ^ )dx ' 

-1 

+ J-BMW. 21 *") «»**+■& <** x»). 

4 

Again, taking into account condition (10), we obtain the equation 
for the function q) 3 

3, (*’ *") 

=S -§£<** *">** 

*0 

• + *")dx , + |^- (x>, .... x") 

*n 

= (x' t . . . , x n ) — (zj, z 2 , ...» z")-f Q 3 (z;, z 2 , . . x n > 

_Q,(xi,xJ, x s x") + |£(x s , ,.,,4 

x") = n J (x;,x;,x s *»). 
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Repealing the procedure, we arrive at the sequence of functions 
• • •, *") defined by the following recurrence relations: 

X* 

<Pa(A •••. *")= S Q k (*i a#"'. ** X n )d^ 

*"). 

<Pn.| ™ const, 

n x* 

/(*' «■)=■ 2 t Q»(*o 4 ' 1 . ** a") tfa* + 

The last relation is an arbitrary solution of system (9), which depends 
on one numerical parameter <p„+i =» const. Incidentally, 
nonuniqueness of the solution of system (9) follows from 
general algebraic properties of an exterior differential 
form, indeed, if /, and /, are two solutions of system (9), 
then d/, = fi and df, = Q, i.e. d (/,—/,)<= a — Si = 0. 
The function h = /, — /, has the property that its gradient is 
identically zero on a manifold M. Hence, A is a locally constant 
function. If M is connected, then A is a constant function. Thus, 
any two solutions of system (9) differ by a constant, and the set of all 
solutions of system (9) is either empty or a one-dimensional linear mani- 
fold In the space of all smooth functions on the manifold M. 

In the general case, we can say that solutions of system (8) satisfy 
the following conditions: 

(a) the necessary condition for the existence of a solution of system 
(8) is da = 0, 

(b) if to is a solution of system (8), any form a) + dto' is also a solu- 
tion of system (8). 


6.1.2. COHOMOLOGY GROUPS OF A SMOOTH MANIFOLD 
(THE DE RHAM COHOMOLOGY GROUPS) 

Systems of the type (8) are very important for studying 
the structure of a manifold. It is convenient to formulate the prop- 
erties of such systems within the framework of the de Rham coho- 
mology theory. 

Definition 2. An exterior differential form o> on a smooth manifold 
M is called closed if dto = 0. The form o> is called exact if it can be 
represented as co = dto' . The quotient space of the space of closed 
forms of degree k with respect to the subspace of exact forms is said 
to be the (de Rham) cohomology group of dimension k of the manifold 
M and is denoted by H * (M). 
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Any exact form co is closed because dto = d (do*') = dd (a*) =* 0. 
The space of all exact forms is, therefore, a subspace in the space of 
closed forms. The cohomology group H h ( M ) is a vector space (gener- 
ally, of an infinite dimension). In terms of cohomology groups, the 
problem of solving equation (8) is formulated as follows. Let o> be 
a closed exterior differential form of degree k and let (u| denote 
the element of the cohomology group H h (A/) equal to the coest 
of the form <o with respect to the subspace of exact forms. Then the 
following statement holds true. 

Theorem 2. Consider the equation 

dto = 52. deg Q = * + 1. (14) 

(a) Equation (14) has a solution if and only if the form 52 it closed 
and the colwinology class 1521 6 H k '' (M) is zero. 

(b) Any two solutions o> and to' o/ (14) differ by a closed form, i.e. 
d (to — to') — 0. The set of all solutions of this equation is the coset 
of the form to with respect to the subspace of all closed forms of degree k. 

(c) The space of all closed forms of degree k is isomorphic to the direct 
sum of the space of exact forms of degree k and the cohomology group 
fl h (M). 

Proof. If to is a solution of equation (14), 52 is an exact form and, 
by definition. [521 = 0. Conversely, if (S2I = 0, then 52 is an exact 
form, i.e. 52 — dto for a certain form to which is just a solution of 
(14). Let to and to' be two solutions of (14), i.e. dto =■ 52 and dto' = 
52. Then d (to — to') = dto — dto' = 52 — 52 = 0, i.e. to — to' is 
a closed form. Hence, any solution to' of equation (14) can be ob- 
tained by adding a closed form to to. Let 52» ( M ) denote the linear 
space of all exterior differential forms of degree k on a manifold M. 
Then the gradient d is the linear mapping 

d: 52* (A/)-52» + , (M) (15) 

from the space of forms of degree k into the space of forms of degree 
k -f 1. The space of closed forms of degree k coincides with the kernel 
ker d <= 52* ( M ) of mapping (15). Similarly, the gradient d maps the 
space 52* ( M ) into 52*, (M): 

d: 52,., (A/) -52, (A/). (16) 

Then the space of exact forms of degree k coincides with the image of 
mapping (16): Im d = d (52j,., (A/)) c: kerdcr 52j, ( M ). Hence, the 
/.--dimensional cohomology group coincides with the quotient 

space ker d/Im d. In the notation of the latter space the same symbol 
d stands for two distinct mappings (15) and (16). This does not, how- 
ever, lead to confusion, because the subspaces we are dealing with 
are considered in one space of forms of degree A\ 52* (A/). Let us con- 
sider in the linear space ker d the cofactor H‘ to the subspace Imifc 
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ker d. Then the space ker d is decomposed into the direct sum of its 
subspaces: ker d = Im d © H'. 

We now demonstrate that the space H' is isomorphic to the coho- 
mology group H k ( At ). Indeed, let <p: H' H h (Af) he a mapping 
which associates with a closed form 10 6 H' its coset (oil 6 H k (At). 
If <p |e>) = 0, then leal = 0, i.e. to is an exact form. This means that 
•a £ Im d, and since the subspaces lm d and H' intersect with respect 
to zero element, we have w = 0, so that the mapping <p is a mono- 
morphism. Let x £ H h (U) be an arbitrary element, then x is the 
coset of some form to £ ker d with respect to the subspace Imti.r = 
[io]. Since the space ker d can be decomposed into the direct sum 
of the subspaces lm d and H' , the form o> can also be decomposed into 
the sum to = dSl -f a>\ d(2 £ Im d, to' £ H' , so that x = (<o) = 
loj'l = <p (to'). Thus, (p is an epimorphism. We have proved tljat <p 
is an isomorphism, which completes the proof of Theorem 2. 


Examples 

1 . Let a manifold At be represented by an open real in- 
terval, At -■> (a, b ). Calculate the cohomology groups of this interval. 
Since the manifold At is one-dimensional, only the spaces of the 
forms of degrees 0 and i are different from zero. Consider first the 
space Q 0 (A I) of the forms of degree 0. Any such form is a smooth 
function on the interval (a, 6), and its gradient df is written as df = 

•J; ( x ) dx, where x is the Cartesian coordinate on (a, b). Therefore, 
the space of closed forms of degree 0, i.e. ker d. consists of all func- 
tions such that ^ ( x ) as 0, i.e. ker d consists of constant junctions. 
Hence, the space ker d is isomorphic to the one-dimensional space 
R 1 . The space Q 0 (At) does not contain exact forms and, therefore, 
H° (At) = ker d = R*. Let us now consider the space Q, (At) of the 
forms of degree I. Since any form of degree 2 on a one-dimensional 
manifold vanishes, ker d coincides with £2, (At). Calculate Im d. 
Let to £ Q, ( At ) be an arbitrary differential form of degree 1. In 
a local coordinate system it is written as i o = g ( x ) dx. If df = to, 
then -jj (x) dx s g (x) dx, i.e. Jp- = g. Hence, the function / can lie 
defined by 

X 

/ (x) = jj g (x) dx, x£ (a, 6), a<c<b. (17) 

C 

Thus, any form to £ C*! (At) can be represented as to = df (for an 
appropriate function /). This means that lm d = Q, (At) — ker d. 
Then the one-dimensional cohomology group H' (At) defined as the 
quotient space ker d! Im d is zero, H' (At) = 0. For other dimensions 
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k ^ 2 the cohomology groups H h (M) vanish because even for 
A 2 the spaces of the forms of degree k are zero on a one-dimen- 
sional manifold M. Thus, for A > 1 we have H"(M) = R 1 , H“(M) = 0. 

2. Let M — S' be a one-dimensional circle. As in Example 1, 
we find that the zero-dimensional cohomology group H 0 (S') = R 1 
and the groups H’ , (s') = 0 for k ^ 2. It remains to calculate the 
one-dimensional cohomology group H'(S'). Since S' is one-dimen- 
sional, the kernel ker d coincides with Q, (S'). Let ip be the local 
angular parameter of the circle S'. Solve the equation df «= <a for 
a certain form to = g (tp) d(p. The function / (ip) must be 2n-periodic 

in the parameter (p. Using formula (17), we obtain / (tp) = j g (<p) dip 

o 

2n 

and ^ g (<p) dtp = 0. Thus, not every form io 6 SI, (S') is contained 
o 

in the gradient image Im d , but only the form satisfying the con- 
dition jj g (<p) dtp = 0. We now demonstrate that the space of the 
o 

forms SI, (S') can be decomposed into the direct sum of its sub- 
spaces: fij (S') — Im d © R 1 , the second term consisting of forms 
with constant coefficient, g (<p) na const. Indeed, let to = g (tp) dtp 

2JT 

be an arbitrary form, c = ~ ^ g (ip) dtp. Then the form o>' = 

zn 

g' (<p) dtp m (g (tp) — f) dtp lies in Im d because (| g' (tp) dtp = 0. 

6 

On the other hand, any form to = g (tp) dtp with constant coefficient 

in 

g (tp) 555 c = const does not lie in Im d for c 0, since J c dtp = 

2nc*£0. Then the factor group H'(S') = ker d/Im d = SI, (S')/ 
Im d = R 1 . Thus, wo finally obtain H a (S') =■ H' (S') = R l , 
H h (S') = 0 for k > 2. 


6.1.3. HOMOTOPIC PROPERTIES 
OF COHOMOLOGY GROUPS 

Cohomology groups of smooth manifolds possess some 
properties which may prove useful in describing these groups. Wo 
note first of all that each smooth mapping of a manifold induces the 
inverse mapping of an exterior differential form, namely, /: M, -► 
M„ /*: SI, ( M ,) - SI, (A/,)- 
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Definition 3. Let f: M 1 -*■ M, be a smooth mapping and let to g 
£2* (A/,) be an exterior difierential form of degree k on the manifold 
A/,. The inverse image /* (to) of the f orm u> is an exterior differential 

form on M, defined by/* (to) (S„ . . ., 6*) = o> W (5i) df (£*))• 

where £, 6 T P (A/j) are tangent vectors at a point P of 

My and df (|,) df (!„) g T liP ) (A/ s ) are their images under the 

mapping dj. 

The mapping /•: Q„ (A/,) ->■ Q* (A/,) is, apparently, a linear map- 
ping of a linear space. 

Theorem 3. The inverse image of a differential form satisfies the 
following conditions: 

(a) <*/)• = /*g*, /: Mi -v M t , g: M , - M„ (18) 

(b) fd = df, , (19) 

(c) the mapping f* sends ker d into ker d and also cohomology classes 
into cohomology classes: /*: H k (M,) — *■ H k {Mi), 

(d) if in local coordinates the mapping f is written as a system of 
functions y* = f 1 (z l , .... z"), and the form 

«■>= ' «/"*) dy 1 ' A A d v <h > 

then 

/•(«) = S« ,„(/'(*« z") /"(*' *”)) 

*") A -.-A «*/**(*■ *")• (20) 

Relation (20) is a generalization of the so-called invariance prop- 
erty of the differential of a function, which states that the differen- 
tial of a function y = f (x) does not depend on whether x is an in- 
dependent variable or, in turn, is a function of another variable: 

dy = % (*) dx. 

We begin the proof of Theorem 3 by verifying relation (20). Let 
Si = (S|), .... \k = (.?*) he tangent vectors at a point P of the 
manifold A/, referred to a local coordinate system (z 1 , . . ., z"). 
By definition, we have 


/*(<■>) (l, %k) = <■> (df (J.) df (£*)). (21) 

The components of the vectors Tji = df {\i) in a local coordinate 
system {y 1 , . . y m ) of the manifold A/ s are of the form 
rt 6f> .» 
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Thus, 

/* (<■>) (It = 2 “j ik^i ■ • ■ ’l** 

*■ (2 ... } h d/ j ‘ A • ■ • A d 1 >k ) (6. Ik)- 

Formula (20) is proved. Relation (18) directly follows from (20) in 
any local coordinate system. Let us prove relation (19). According 
to (20), if 

«*= 2 <■*»,... (p* y m )dy , ‘ A • •• A 

then 

/* to) - 2 « (/' (*' *"). . . •) df' A ... A d/V 

We have therefore 

*»= 2 ..*»(»' ••• AV* 

= 2 — — (!/' lAW A A ••• A dp'*, 

/* *>= 2 — (/' (*' x*). . . .) df> a d/ 1 ' A ... A d/'» 

= 2 x»), . . .)) A rf/‘* A ... A d/V (22) 

On the other hand, 

dr (<■>) = 2 d (w,. ... ,, (/' *”)••.)) A A A d/'\ (23) 

i.e. the right-hand sides of (22) and (23) coincide. Finally, condition 
(c) follows from (b). Indeed, if u 6 ker d <= Q* (A/,), then dm = 0 
and dl* (m) = /*d (to) == 0, i.e. /* (o) £ ker d c: (A/,). The co- 

homology class [ 0)1 6 H "(M,) is the coset of the form to with respect 
to the subspace 1m d c ker d c Q t (M t ). The image of this coset 
under the mapping /* consists of the forms /• (o> + dm'), to' £ 
_i (Af,). According to (19). all such forms are expressed as 
/*(<■> + do>') = /*(to) + d/*( to'), i.e. they lie in the coset of the 
form /*(u>) with respect to the snbspacc Im d tr ker dcQ, (A/,). 
Thus, the homomorphism /*: H k (M t ) of the cohomology 

groups of A/, and M , is defined correctly. By virtue of condition (a), 
the relation ( gf )* = /*g* also holds true for mappings of cohomology 
groups. The theorem is proved. 

Theorem 3 is useful in many respects. For example, if two mani- 
folds Ad, and A/ s are diffeomorphic, their cohomology groups are 
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isomorphic. Indeed, if /: A/, Af t is an identity diffeomorphism, 
the homomorphism /*: — H k (M 1 ) is an identity isomor- 
phism. Thus, by choosing an arbitrary diffeomorphism 9 : -*■ Af s 

and calculating the inverse diffeomorphism ip: Af, A/„ we obtain 
two possible mappings t>«p: and <p\|>: A/j-'-A/,, both 

being identity diHeomorphisms: 'Jap = 1 m, and <[«(> == 1 m,- Using 
then Theorem 3, we find that ^*<p* = l H »t Ml) . 

i.c. the homomorphisms <p* and t|>* are mutually inverse and, there- 
fore, <p* (as well as »(>•) is an isomorphism of cohomology groups. 

It turns out, however, that the cohomology homomorphisms /*: 
H h (M t ) H k (A f x ) induced by a smooth mapping f: AI l — ► A/ a 

possess even more stringent properties. 

Definition 4. Let X, Y be arbitrary topological spaces and let / 
be a unit segment of real numbers. The continuous mapping /: 
X X /\K is called a homotopy between the mappings /„ = 
/ I (X X {0}) and /, = / | (X X {1}). If X and Y are smooth mani- 
folds and / is a smooth mapping, the homotopy / is called smooth, 
and the mappings /„ and /, are called homotopic mappings. 

Remark. If AT is a smooth manifold, the Cartesian product X X I 
is not a manifold (rigorous definitions are given in the next section). 
Yet, the concept of a smooth mapping holds true for a Cartesian 
product. Indeed, if U a <= X is a chart and (xi, . . ., x2) is a local 
coordinate system, the mapping / on the set U a x l is represented 
as a function of (n + 1) variables, / = / (xi, . . ., x2, t), t 6 / = 
10, If. The function / (xi, .... xi‘, t) is said to be smooth if in the 
neighbourhood of each point (xi', . . ., x2, f), 0 < f < 1, it is smooth 
of class C", and all its partial derivatives can be extended con- 
tinuously to the boundary points (xi, . . ., x2, 0) or (xi, . . ., x2. 1). 
This definition does not depend on the choice of the local coordinate 
system, and the restrictions / | (X X (0)), / | X X (1)) are smooth 
mappings of X into Y. 

Theorem 4. Homotopic smooth mappings f 0 , /,: Mi — *• M, induce 
the same homomorphism of cohomology groups /! = /?: H h (M a ) 
H\Mi). 

Proof. Let us construct the linear mapping of the spaces of exterior 
differential forms D: (A/ s ) -*• £J*_, (A/,) such that the identity 

(/: - !') («) = {dD ± Dd) (to) (24) 

is satisfied for any form to 6 Q* (A/,). If to is a closed form represent- 
ing the cohomology class [coj 6 H k (M,), the forms /* (to) and 
1 1 (to) are also closed and represent the cohomology classes I', ((to)) 
and /* (|to|). By virtue of (24), the difference /; (to) — /* (to) is 
equal to ( dD ± Dd) to = d (D to) ± D (dto) = d(D to) because dto = 0. 
The forms /J (to) and /* (to) belong, therefore, to the same coset 
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with respect to the subspace of exact forms, i.e. they represent the 
same cohomology class l/J (<■>)) = f/J (to)l. Thus, ([ to]) = f\ ([to]). 

It remains to construct the mapping D satisfying identity (24). 
Since the mappings /„ and /, are homotopic, there exists a smooth 
mapping F: M x X / -► M 2 such that F ( P , 0) = /„ (P) and 
F (P, 1) = /j (P). Let (A/,) be an arbitrary form of degree k 

and £2 = F* (to). The form £2 is defined at least on the manifold 
M 1 X (0, 1), and in any local coordinate system all the coefficients 
of the form £2 can be extended continuously to M x X [0, 11. A form 
12 of degree k on the manifold A/, x / is said to be independent o/ dt 

if this form vanishes on any system of vectors ( £, ■ 

In the local coordinate system ( x l , the condition that the 

form £2 does not depend on dt means that it can be decomposed into 
the sum £2 = £Qt,...i k (*', • ■ x n , t) dx‘< A • • • A dx \ i.e. the 
decomposition does not include terms with dt. In this case the form 
£2 can be interpreted as a family of exterior differential forms £2 M , ( t ) 
of degree k (on the manifold continuously dependent on the 
parameter t. If q>,: M, M, x / is an embedding q>, (P) = (P, 1), 
then £2«, (2) = <p7 (Q). 

Lemma 1 . Any exterior differential form £2 o/ degree k on the mani- 
lold Mi X I admits the unique representation 

£2 = £2, + £2, A dt, (25) 

where the forms £2i and £2, do not depend on dt. 

It is sufficient to prove the lemma in each chart U a of the manifold 
A/,. Indeed, the independence of a form of dt is invariant relative 
to the choice of the chart and is valid at each point. Therefore, de- 
compositions of type (25) realized in each chart coincide in the inter- 
sections of the charts. Since the condition of independence of dt is 
invariant under linear operations over forms, it suffices to verify 

the lemma for special forms £2 = / (x 1 x", l) dx' i A • • • A d: t k 

or £2 = / (**, . . ., x", l) dx‘> A ... A dx'* 1 -' A dt for which the 
lemma is obvious. 

Let us now define the mapping D. We put 

i 

0(<a)=5 £2„ u ,(t)dt, (26) 

o 

where £2 = F* (to) and £2 = £2, + £2 4 A dt is the decomposition by 
formula (25). If the form £2 on M x X I does not depend on dt, its 
gradient d£2 can also be decomposed by (25) into the sum dQ = 

d x &M, + ji £2 m, A dt. Here d x denotes the gradient of £2sr, on the 
manifold A/,. We now prove formula (24). The left-hand side of (24) 
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can be obtained as follows. First, we calculate the form Q c = F* (to) 
and then calculate its restrictions to the submanifolds Mi X {0} 
and it/, X {1} under the embeddings <p 0 : M, -*■ A/j X / and <p t : 
M, -*■ M, X /. In a local coordinate system the embeddings <p 0 
and <pi are defined by the functions 


*' = *« 


Ie9 


<fr 


z"~x n 

<=.1 


In other words, I = 0 or 1 and dt = 0 should be substituted into the 
form Q. This means that 

/& (to) = R,. *,(<)). fl (to) = n,.A,.(l). (27) 

To find the right-hand side of (24), we calculate successively Dd (to) 
and dD (to). We have 

F* (do.) = dF» (to) = d (Q, + Q, A dt) 

=>d x Q + A dt + d x Q,' A dt, 

whence 

1 

Dd (to) - S (•£- «. « + •*««*. M. ») * 

1 

= 0|. m. (l) = a«.«, (0) + d, j Rs. Ml (t) dt. (28) 

0 

On the other hand 

i 

dD (to) = d, J m, (0 dt . (29) 

o 

Comparison of (27) and (28), (29) yields f* (to) — f\ (to) = 
(Dd — dD) (to), which is what was required. 

Corollary. If M = R" is an n-dimensional Euclidean space, then 
H" (M) = R 1 and H k (R n ) = 0, * > 1 . 

Proof. For n = 0 the manifold M consists of a single point and 
the statement is obvious, since a single-point manifold does not 
have non-trivial forms of degree higher than zero. And the forms of 
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degree 0 are functions on M, i.e. just real numbers. Thus, ft 0 (M) = 
R 1 , the kernel of the gradient, coincides with ft 0 {M), and the image 
of the gradient vanishes. Hence, (M)= kerd/Im d = ft 0 ( M)/0 
= ft 0 (Af) = K‘- L et n “ w ” > 0 and let M 0 = R° be a single-point 
manifold. Consider two mappings <f>: M 0 -+ M. <p (M a ) = 0 £ M, 
and 4>: M M 0 . \}> ( M ) = 0 = M 0 . Thus, the mapping ip sends 
the only point of the manifold M 0 into zero vector, and the mapping 
4 ' sends the entire Euclidean space M = R n into one point M 0 . 
Let us consider two possible mappings 4cp: M c -+ and <p4>: M —+ 
M. The mapping ijnp is, apparently, an identity transformation of 
the single-point manifold M 0 , while gnj) maps the entire Euclidean 
space M into zero vector. We now demonstrate that the mapping 
<pi|i is homotopic to an identity mapping of Euclidean space. Con- 
struct the homotopy in the explicit form, F: M X 1 -*■ M, F (x, <) = 
fx, x € M = R", t £ [0, 11 = /. For / = 1 we obtain the identity 
mapping /, (x) = x = F (x, 1) and for t = 0 we have <jnj> (x) = 0 = 
F (x, 0). According to Theorem 4, the mapping <p\J> and the identity 
mapping both induce the same homomorphism of cohomology groups 
and, therefore, the homomorphisms ( 4 ><p)*: H * (A/ 0 ) -*• H k (M„) and 
(gn|>)*: H k (M)-+H k (M) are identical isomorphisms of groups. 
Since (<[n|>)* = 4 *<p* and (tp<p)* = <p*4>*, the homomorphisms <p* 
and are mutually inverse isomorphisms of groups. Hence, a 
Euclidean space has the same cohomology groups H h (R n ) es a 
single-point space, i.e. H° { R") = R 1 , ( R") = 0, ft > 1. The 

corollary is proved. 

This corollary has another formulation known as Poincar6's lemma. 

Theorem 5 (Poincare's lemma). Any closed form Q on a manifold M 
is exact in a sufficiently small neighbourhood of each point P £ M, 
i.e. ft = do). 

Proof. Consider a neighbourhood U of a point P £ M homeomor- 
phic to Euclidean space R”. Then we have H h (U) = 0 for ft > 1. 
Hence, if ft is a closed form on M, the cohomology class [ftj vanishes, 
which means that the form ft is exact in the neighbourhood U. 
Theorem 5 is proved. 


6.2. INTEGRATION OF EXTERIOR FORMS 

Integration of an exterior differential form is an analogue 
of the operation inverse to differentiation of a function. Let us con- 
sider an example. Let an exterior differential form u of degree n 
be given in a bounded domain V of a Euclidean space R n . Then in 

the local coordinate system (z 1 x") the form u is represented 

by 

a >=/(**. • • -i *") A dz* A • • • A dx". (1) 




388 


6, Homology Theory 


In some other coordinate system (i /*, . . y") the form will be 

written, according to the transformation law of tensor components, as 

<■> = / (*' (y* y") *"(l l' g")) det ( -g.) <fg" A • • • A dy\ 

( 2 ) 

We see that this formula resembles the formula for the transfor- 
mation of an integrand function under coordinate substitution (in the 
integral calculus of functions of many variables). Namely, the 
values of the integral of a function / over a volume F in different 
coordinate systems are related by 

$ /( x' x n )dx' ...dx n 

= S / (** (y‘ *"). ...)|det(g-)|dg< ...dy\ (3) 

Formula (3) shows that it is not in fact the function / that is inte- 
grated over the volume F, but a certain geometric object whose com- 
ponents are transformed under coordinate substitution (x 1 x")-«- 

(g 1 , . . y n ) yja multiplication by the modulus of the Jacobian of 
this substitution. This argument can be used to define the integral 
of an exterior differential form. 


6.2.1. THE INTEGRAL 

OF A DIFFERENTIAL FORM OVER A MANIFOLD 

Let us now return to formula (3) and extend it to an 
arbitrary smooth manifold Af with boundary. A set X c M is said 
to be of zero measure, p ( X ) = 0, if for any chart U a and the coordi- 
nate homeomorphism q> a : V a c F a c= R? the set <p Q (X f) U a ) <= 
R? is of zero measure in Euclidean space R”. The definition of a set 
of zero measure is correct and does not depend on the choice of the 
atlas. This can be proved by showing that if /: F, F 2 is a smooth 
homeomorphism of the domain F, c: R" onto the domain V, c: R”, 
then the image / ( X ) of any set X c F, of zero measure is also a 
0-measure set. Indeed, if X cr F, is a set of zero measure, p (X) = 0, 
it can be represented as the union of not more than a countable num- 
ber of compact subsets: X = (J X|, p (X/) = 0. Then, p (/ (X)) ^ 
» 

2 y(f(X i)), and it is therefore sufficient to prove that p(/(X,-)) = 0. 
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In a local coordinate system (x\ . . x n ) the mapping / is rep- 
resented as the set of smooth functions y' = f 1 (x 1 , . . x n ). Thus, 

j* (/(*,))<$ |det(-g.)|dx'...dx"<C$ dx'...dx" = C K (X ( ), 

* i * i 

where C is a constant satisfying 

on the compact X|. A set of zero measure on a manifold obeys the 
ordinary properties of a set in a Euclidean space: 

(a) ^(O, *i)<2 p(X,) = 0, 

(b) the image / ( Y ) of a smooth (n — l)-dimensional manifold Y 
obtained by the mapping /: Y -► M is of zero measure. 

Let us now define the integral of an exterior differential form n> 
of degree n on an n-dimensional oriented manifold M when the form 
u) has a compact support. Let U c M be an arbitrary open domain. 
If U is entirely contained in some chart V „ with coordinates 
(xj,, . . x2), the form m can be expressed in the chart U a as u = 
/a to x2) dx'a A • • • A dxl- We put then 

{>»= \ ... \ fate xS)dxi...<kS. (4) 

i) J u J 

The right-hand side of (4) does not depend on the choice of the local 
coordinate system (xd, . . xS). Indeed, if U c U a fl Ifp, it 
follows from formula (2) 

“ = (*o (4 * p) . • • • . *2 (4 *?)) 

A ••• /K*** 

“M*p xS)<bi A ■■■dxg. 


Using (3) and taking into account that for an oriented manifold 


we obtain 


J j- $ /«(a& xSJdxi ... dxl 

= J ... J h (4. ...,x t ")dxi...dxg. 



Definition 1 . Let M be an n-diraensional smooth oriented manifold 
with boundary and let <o be an exterior differential form of degree n 
with compact support. Furthermore, let{lf 0l , . . be a 

finite set of charts covering the support of the form o>. We put then 

N 

5 “= S [ “<-!• (5) 

U «-i(o , o 1 \ J y | w« i » 

Definition 1 does not depend on the choice of the charts f/ 0j , . . 

To demonstrate this, we give another definition of the integral 
of a form (o. 

Definition 1'. Let M be an n-dimensional smooth oriented manifold 
with boundary, let w be an exterior differential form of degree n 
with compact support, and let {<p„} be a partition of unity subordi- 
nate to the atlas {U a ). Then 



Definition 1' is more convenient, for it relies upon integration only 
over an open domain in a Euclidean space, whereas in formula (5) 
integration is performed over a more complicated domain. On the 
other hand, in Definition 1' it is required to prove that the right- 
hand side of (6) does not depend on the choice of the partition of 
unity. 

Without loss of generality, we may assume that the atlas U a is 
finite, 1 ^ a ^ N. Let{q£} be another partition of unity. Putting 

’I’a “= <P« — <Pa> we obtain 2 'Pa =3 0. It is necessary to demon- 
0—1 

strate that 

N 

2 $ (7 > 

a~l UCV a 

N - 1 

We have tp w =" — 2 'Pol since supp ip* c there exists another 
0**1 

function Xt which is identically 1 on supp\J> Wt so that suppxcf/*. 
Then, X ( p ) >Pw (P) s tp* (P) and therefore — 2 X’Pa- 

supPX'PoC: U„f]U a . It follows that 

N N-i JV-1 tf-l 

2 ) ’Pa‘ 1 > = ^ ’P*<e+ 2 ^ ♦«“= — 2 J X+a“ + 2 ’Pa‘ l >- 

0=1 “a V N «-« <J a a=l U N «-t U* 
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integral over the union 


,u, Kn KOu>.,)) -^(5, (^x;d; V.,)) 

= U ai '(]M = U at '. 

Hence, the right-hand side of (5) is of the form \ to. On the 

u *i. 

other hand, since supp to c: U a , , the partition of unity can be so 
chosen that supp <p 0 f) supp to = 0 for a ^ a,,. Then tp a|i es 1 on 
suppio, and formula (6) becomes j ">= ^ <fa jj to. „State- 

" 

inenl (a) is proved. 

We now prove statement (c). The opposite orientation on the 
manifold M can be defined without changing the atlas, but changing 
only the coordinate system in each atlas U a : namely, (yi, . . ., yS.) ■=» 
(— *o. *a, . . iS). For the new orientation we have by formula (4) 

l* 

= J ”• j la (i/a VS) dy' a ... dyi 

= J S &UAK *S), ...)|d.t(|§S-)|d*i...d*5. 

Since 

/ a (*i. .... *!) = /i(V«. (*i, .... *2). 
we have 

J «= J /«(*■»•••. *S) sgn det (-^r) dx' a ...dxZ 
= ~ £ ta M XS) *4 . .. «/*S= - j M. 

Hence, the sign of all the terms in (5) will also change if the orienta- 
tion of M is altered. Proposition 1 is proved. 
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6.2.2. STOKES' THEOREM 

We now prove the fundamental formula which generalizes 
numerous integration formulas of mathematical analysis. 

Theorem 1 . Let M be an n-dimensional oriented manifold with 
boundary dM and let o) be an exterior differential form oj degree 
{n — 1) with compact support. Then 

( — 1)" J ^ u). (9) 

M OH 

Formula (9) is called Stokes' formula. Before turning to the proof 
of Theorem 1, we discuss particular cases of this formula. 


Examples 

1 . Consider in the plane R ! a smooth closed curve T 
without self-intersections which bounds an open domain V in R 2 . 
Let on T there be vaffd a parameter t defining the circumvention 



Figure 6. i 


direction and, therefore, the orientation of F as a one-dimensional 
manifold. Then the closure V is an oriented two-dimensional mani- 
fold with the boundary dV = T. If the orientation of the domain V 
is defined by a linear coordinate system (x 1 , x 2 ), the orientation on 
the boundary T will be compatible with the orientation of V, pro- 
vided the domain V lies on the left of T when T is traversed in the 
direction of increasing parameter t (see Fig. 6.1). Let to be an arbit- 
rary form of degree l on R*. In the coordinates (x 1 , x 2 ) the form o> 
is represented as to = P (x\ x 2 ) dx 1 + Q (x\ x 2 ) dx 2 . Then the 
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integral of co along the curve T coincides with the integral of the 
second kind 


$ <o= $ Pdx' + Qdx* 


V T 
t, 


= J (p (x‘ (0, ** (<)) + Q (*■ (0. ■* W) 4r) 

*• 

By formula (9) we have 

$ o) = Ij dio = Ij (d/> A dz'-MC A <***) 

Thus, we obtain Green's formula in two dimensions 

2. Similarly, let T be a smooth closed curve without self-inter- 
sections in R 1 , and let this curve be the boundary of a two-dimen- 
sional surface V. By formula (9) we obtain Stokes' formula in three 
dimensions. Let us consider a form co ol degree 1 in a three-dimen- 
sional space R 3 

« *=> P (**. **. **) dx' + Q (x>, x*. x*) dz’ + R (x\ x*, x») dx>. 

Then the integral of the second kind over the curve T may be inter- 
preted as the integral of the form o> 

f| 

From formula (9) we have J <i>= t do>, 

r v 

da> = dP A dx' + dQ f\ dx* + dR f\ dx* 

= A**+[TSr-{8r) dl * A **** 

+(-S~ S-)"A— - 
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Thus, the integral along the curve T is expressed in terms of the 
integral of the second kind over the surface V 

j ( P dx‘ + Qdx*+Rdx>) 

3. The last relation, the Gauss-Ostrogradsky formula, is also a 
particular case of (9). Let T be a closed surface in R s which bounds 
a domain V, and let a> be an exterior differential form of degree 2. 
In coordinates (x\ i’, X s ) (o is represented as 

(0 = Pdx 1 A dx- - 1 - Q dx* A dx 3 + Rdx* A dx 1 . 

Then the integral of the second kind over the surface T may be inter- 
preted as the integral of the form e>. Applying formula (9), we 
obtain 

J»— JdD.. 

r v 

du~dP A dx* A dx*+d<? A dx* A <l* 3 + dR f\ A dx * 

A<*. 

whence 

$ J (P dx' dx*+Q dx* dx s + Rdx s dx') 

— ijnS + ^ + Sl^^- 

Thus, we have arrived at the Gauss-Ostrogradsky formula with the 
opposite sign. The minus sign appears because in the classical 
Gauss-Ostrogradsky formula the orientation of the surface T, defined 
by a pair of vectors (e,, e,) in the tangent space to T, is so chosen that 
the third vector e 3 is directed outward to the domain V. 

b 

4. Finally, the Newton- Leibniz formula ^ (x) dx = / (fc)— / (a) 

O 

can also be considered as a particular case of formula (9). The 
left-hand side of the Newton-Leibniz formula may be interpreted 
as the integral of the form df=-^dx over the real segment [a, 6| 
which is a one-dimensional oriented manifold with boundary. The 
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boundary of the segment la, hi is represented by two points {a, h} 
which we shall consider as a O-dimensional manifold. Thus far, 
however, we have not defined the concept of orientation for a 0- 
dimensional manifold because such a manifold does not have a tan- 
gent vector. But we can proceed in the following way. A point of 
the boundary of a one-dimensional manifold M is assumed to have 
positive orientation if the vector (at this point) directed inward to M 
gives the initial orientation of M\ on the contrary, this point has 
negative orientation if the inward vector gives the orientation 
opposite to that of M. A zero-dimensional form on a manifold is 
simply a function. Thus, the integral of a function over a zero- 
dimensional manifold is the sum of the values of the function at 
points, the sign of the values being taken in accordance with orien- 
tation of these points on the manifold. In our case the right-hand side 
of the Newton-Leibniz formula may be interpreted as the integral 
of the function / over the boundary consisting only of two points 
{a, 6}, the point a having positive orientation and the point b 
nogative orientation. Hence, t / = / (a) — / (6), and formula 

»to. 6) 

(9) lakes the form ^ df = (— l) 1 C /. 

to, 6] a (a, b] 

Proof of Theorem 1. Since the two sides of formula (9) are linear 
with respect to the form a>, we can decompose o> into the sum o> = 
<o, + . . . + to* and prove the formula for the case where the support 
of <o is compact and belongs to one chart. All the more, it is sufficient 
to prove formula (9) for <u of the form 

e> = / (*' *") dx' /\ ... /\ dz*-< /\ rfz** ' • A dx", 

where / is a function with compact support defined in R" . In this 
case dm ( — dx' A • • • A dx”. Suppose first that *<n. 

Then the restriction of <a to the boundary R2 _, crR+ vanishes 
because di" = 0, so that f o>=0. On the other hand, \ dta => 

5 ' 5 ( — 1)*~' -jjy dx 1 ... dx?. Going over to the multiple integral, 

first with respect to the variable x* and then with respect to all 
other variables, we obtain 

oo 

[ do. = f . . . [ dx' . . . dx*-' dx*" ...dx” [ -^-dx*. 

*> J R n- . J J dz* 
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The interior integral vanishes due to the following obvious relations: 

W 

^ di* =* / (x 1 , .... x") Thus, ^ dto = 0. Let now k = n. 

Then o > = /{x' x") dx' A ••• A d*"" 1 .** 

«**- (— l)"-' -gpr (*' A ... A A «hr". 

We have 

C o>=? ... ?/(*« z»-‘, 0)di'... 

Bo 1 J ^ 

$ dot = ^ ... J ( 1 ) n “‘ ~^~n dx* . . . dx n ~ i dx? 

r" *• 



= 5 5 **' • • • d * n " « ~ 1)n " ' {x ‘ ■ ■ • *"> l*"-o “) 

= (-l)" C ... f /(*'... *"-‘,0)d*«...«ix-'. 

Hence, Ij to = ( — l) n ^ t&o. To complete the proof, it is sufficient 
b?-' rJ 

to decompose the form to into the sum to = m, + • • • 4- to w in 
such a way that the support of each term be contained in one chart 
of the manifold M. Let us consider an atlas {f/ a } and a partition of 
unity {<p„} subordinate to the atlas {t/ a }. Then i s= 2tp a , a> = 
2tp a to, supp tp a to c U x . Theorem 1 is proved. 

Example 5. Theorem 1 can be used to construct a cohomology 
class defined by a closed form eona manifold. We note first of all 
that If a) is an exact form, i.e. it defines a null cohomology class 
I to) = 0 6 H h (M), the integral of the form to over any closed oriented 
submanifold W cz M, dim W = k, vanishes, ^ to = 0. Indeed, since 

w - 

to = dQ and dW = 0, we have by Stokes’ formula \ to = 

f W 

(—l)*' 1 \ Q = 0. The converse is also true: if the integral of a 

otv 

closedform f* to of degree k over any closed oriented manifold W, dim W= 
k, mapped into M, f: W - *- M, vanishes, then the form to is exact. 
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We shall verify this statement for a particular case k ~ 1. In 
this case, the condition that ^ oi = 0 for any closed curve y means 

that integral ^ ui along an unclosed curve depends only on the 
v 

initial and terminal points of the curve y. Then the function /, such 
that dj = a), is sought in the form / ( P ) = ^ <o, where y is a curve 

connecting a fixed point P 0 with a “variable" point P. To prove the 
equality d/ = <o, it is sufficient to choose a local coordinate system 
in the neighbourhood of P, say (x 1 , . . x n ). Then, as y we can always 
choose the curve comprising the following trajectories: thp fixed 
curve y 0 which connects P 0 with the origin (0, .... 0) and the 

sequence of segments connecting the points (0 0), (**, . . 0), 

(x*. **. . ■ 0) (x* i n -‘, 0), (*• x"-\ i"). Putting 

dx\ we obtain 

/(*' x") 

SC I 

■= ^ «+ j g,(x'. . ... 0 )dx‘ 

V. 0 

+ ) «» (*•. X* 0) dx 1 +...+ ( f n (x* x") dx". 

0 0 

Hence, 

-£s=g>(*' ---O) 

x ** 1 

+ ! O )^* 1 

o 

x" 

+ ^ IJn Bn (X‘ X n ) dx" = g„ (X 1 X* 0) 

0 

+ | x**')dx**« 

x n 

+ - + j^& (*' x") a? - g*(x' x* 0) 

0 

+ !*»(*' x** 1 0)-g„(x* x* , 0)1 

+ • • - + Ift (x' x") - g» (x‘ x n -', 0)( = g h (x‘, .... X") 
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6.3. THE DEGREE OF MAPPING 
AND ITS APPLICATIONS 

This section deals with an important geometric version 
of mappings, the degree of a mapping. 

6.3.1. EXAMPLE 

Let us consider a circle S' realized as the set of complex 
numbers with modulus equal to unity, and a mapping /: 5 l S', 
I (z) = z n . This mapping is smooth. Any point of S' is regular for 



the mapping /. Indeed, in the local parameter <p the mapping / is; 
of the form / (<p) = nq>, d/ (£) = n£, n =£ 0. The differential d/ is 
thus an isomorphism. The inverse image of any point z 0 £ 5' con- 
sists of exactly n points, .the roots of order n of the complex number z„. 
Geometrically, the mapping / may be looked upon as an n-fold 
"winding” of S 1 onto 5 l (Fig. 6.2). Let us consider an exterior differen- 
tial form (a equal, in the local parameter, to io = d<p. Then, /*((o) = 
d (/ (<P)) = d ( n 9) = n d<f = nw and therefore 



On the other hand, subdividing the circle into n segments 
(viz., by Y f), we find that on each segment /» the mapping / is a 
diffeomorphism onto S 1 (without one point). Thus, since the integral 
of an exterior differential form is invariant under coordinate trans- 
formations (with positive Jacobian), we obtain J /* (w) = C o>. 

4 S' 

Hence, relation (1) can be derived as follows: we calculate the number 
of inverse images of a regular point and multiply the integral of the 
form <o by this number, which gives the left-hand side of (1). 

By virtue of Example 5 (Sec. 6.2), we find that on the circle S 1 
the behaviour of. the homomorphism /*: H l ( S' )-*- H' (S 1 ) in co- 
homology groups is determined by the same number n. 
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6.3.2. THE DEGREE OF MAPPING 

Definition 1. Let /: — *■ M s be a smooth mapping of 

compact, connected, oriented, closed manifold, dim A/, = dim Af s , 
and let P £ A/, be a regular point. For Q £ /“* ( P ) we put e ( Q ) = 
+ 1 if the determinant of the Jacobi matrix of / at the point Q is 
positive, and e ((>) = —1 if the determinant is negative. The degree 
of the mapping f (relative to a regular point P) is the number 

deg P /«= 2 e«?). (2) 

oe/-'<P) 

Theorem 1 . Definition (1) does not depend 

(a) on the choice of the regular point P £ A/,, 

(b) on the choice of the mapping / in the class of smoothwise homotopic 
mappings. 

Proof. Item (a) is reduced to item (b). Indeed, if P and P' are two 
regular points, there exists a continuous family of diffeomorphisms 



%'■ M t -*■ A/ 2 such that <p 0 (P) = P. tp, (/’’) = P. The mappings / 
and <p, « f are then homotopic and P is a regular point for both of 
them. On the other hand, deg p (<p, « /) = degn- /. So let F : X 

!-*■ M , be a smooth mapping and let P £ M , be a regular point 
both for /„ = F I<m,x(o)> and for /, = F Then for tl,B 

mapping F the point P is regular at all points of the boundary 
d (A/, x /) =■ (A/, X {0}) U (Mi X {1}). 

According to Sard s theorem, there exists for the mapping F a 
regular point P' arbitrarily close to P. Then the point P' is also 
regular for the mappings / 0 and f v Since P' can be chosen arbitrarily 
close to P, for each inverse image Q £ /,' (P) there exists a unique 
close inverse image Q' £ /J' (P') such' that e (Q) = e ( Q' ). Hence, 
degp /o = degp- /„. By similar reasoning we find that deg p /,= 
degp- /,. Again, denoting the point P' by P. we obtain that the in- 
verse image F- 1 (P) is a smooth one-dimensional manifold with the 
boundary dF~' (P) which belongs to d ( M , X I). A one-dimensional 
compact manifold is always the union of its connected components, 
circles and segments (see Fig. 6.3). Hence, the manifold F (P) 
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can also be decomposed into the topological sum of segments l h 
and circles Sj: F~ l (P) = U /* U U Each segment l h has two 

■> i 

boundary points, a* and b k . The set of all points {a*, 6*} forms the 
union of the inverse images /J' ( P ) and /7 1 (P). We now demonstrate 
that if the pair (a*, b k ) belongs to the same component of the boundary 
d (A?, X /), then e (a„) = — e (b k ), and if this pair belongs to 
different components, then e (a*) = e (b k ). Indeed, as an atlas on 
the manifold M, X 1 we can choose the charts U a X / with the 
coordinates (xi, . . x'i, t). On the segment /* we deline a parameter 
tp, 0 ^ (p ^ 1. First, let the points a*. b k lie on the connected com- 
ponent M, X {0}, o» £ U a X {0}, b k € Up x {0}. Then the following 
inequalities are satisfied: 


at 

3 <f 



at 

a<t b h 


< 0 . 


(3) 


On the other hand, for a sufficiently small neighbourhood V 3 P 
all inverse images from F~' ( V ) represent, in a neighbourhood of /*, 
segments parametrized by the same parameter q>, so that F~‘ (V) = 
V X F~ 1 (P) •=> V X /». If the neighbourhood V is furnished with 
coordinates (y 1 , . . y"), in the domain F~ l (F) we can choose the 

coordinates (y 1 , . . y", <j>). Thus, to calculate the numbers e (a*) 

and e (6*), it suffices to calculate the sign of the determinant of the 

matrices (^j)- Since the manifold M, X / is oriented, 

the determinants of the Jacobi matrices of the coordinate transfor- 
mation iS, t) — (y 1 , • • y n > <p) have the same sign, irre- 

spective of the index a. For example, 


3 («j, «S. 0 = 3 Vq *S> . at_ 

dfy^, •••, y". f) «„ s (/ y") ’ 9<r a„ ' 


Hence, the first factors on the right-hand side of (4) have different 
signs for a* and b k . If a* 6 X {0} and b k G Af, x {1 }, we obtain, 
instead of (3), 



dt 

6 „ 


> 0 . 


(5) 


Formula (4) implies, therefore, that b (a*) = e (b h ). Thus, all the 
points of the inverse images f~ 0 ' (P) and f~' (P) split into pairs satis- 
fying the condition: if a pair belongs to the same component of the 
boundary d (A/, x /), it gives zero contribution to the sum (2), and 
if a pair belongs to distinct components of d (Af, X /), it gives the 
same contribution to (2) both for deg p /„ and for. dcg P /,. Theorem 1 
is proved. 
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Remark. For non-orientable manifolds an analogue of the degree 
of a mapping can also be defined by formula (2). In this case, in- 
stead of Theorem 1 we should assort that the degree of a mapping 
does not depend on the choice of the point and liomotopy with respect 
to mod 2. 


6.3.3. THE FUNDAMENTAL THEOREM OF ALGEBRA 

The fundamental theorem of algebra states that any poly- 
nomial P (z) of degree >1 over the field of complex numbers has at least 
one complex root. 

There are many various proofs of this theorem. One of them rests 
on using the concept of the degree of a mapping and Theorem 1. Let 
us consider a smooth mapping P: C‘ -► C 1 of the complex plane 
defined by 

w = P (z) = z n + On., 2 "-' + ...+«,< + *•- (6) 

This mapping can be extended to the mapping of a two-dimensional 
sphere S a into itself, assuming S 1 to be a complex projective straight 
line CP (1). To this end, we assume that the complex para- 
meter 2 is equal to the ratio of homogeneous coordinates on 
CP(1): z = — fo T z 0 ^!=0. Similarly, n>=-2L for ur 0 e^O. Therefore, 
the mapping 

«i - *" + a„.,z”-‘z 0 + . . . + + <v?. (7) 

Wo = z o 

correctly defines the mapping of CP (1) into itself. Mapping (7) is, 
apparently, a smooth one. Indeed, in the chart z 0 =^= 0 this follows 
from (G), in the chart z, ^ 0 as a complex coordinate we can take 
the function z' — . By setting w = — , we obtain 

*i <»i 

W' = {Z') n (1 + <w’ + . . . + a, (2')"-' + Oo (sT)-'. (8) 

Taking a sufficiently small e > 0, we choose a chart containing the 
point z — 0 and define this chart by the inequality | z' | < e such 
that the denominator in (8) be non-zero. Thus, the mapping /: 
CP CP (1) given by formula (7) is smooth. We now calculate 

the degree of /. According to Theorem 1, the mapping / can be re- 
placed by a liomolopic one. Let ns consider the liomotopy with re- 
spect to the parameter l, 0 ^ t ^ I, defined by 


w t “ a? -f / ( a n .,z”-% + . . . -(- a 0 z # "), 


0 ) 
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J ust like in the case of (7), mappings (9) are smooth. At t = 0 we 
obtain a simple mapping 

= u>o = C (10) 

In the local coordinates w = wjw 0 , z = zjz 0 this mapping takes 
the form w = z n , and, say, the point w = 1 is regular. Indeed, cal- 
culating the Jacobi matrix of the mapping u = Re w = Re z" 
v — Im w = Im z n , z = x + iy, we obtain 


det-^4 

<?(*, y) 


r- - 


Wlf 


„ / Re z"* 1 
“h,-. 

— Im z n “« 

Re z"“‘ 




7 n -l 12 


>0 


for z 7^ o. Since the equation z n = 1 has exactly n solutions, the 
degree of mapping (10) and, therefore, of mapping (7) is equal to n, 
i.e. deg / = n. If the polynomial P did not have roots, the point 
w = 0 would not belong to the image of / and, hence, the mapping /: 
CP (1) -► CP (1) would have a regular point {w = 0) with empty 
inverse image, i.e. the degree of mapping / would bo zero. Contradic- 
tion proves the theorem. 


6.3.4. INTEGRATION OF FORMS 

Theorem 2. Let f: Afj-*- M t be a smooth mapping of orient- 
ed, compact, connected manifolds, and let co be an exterior differential 
form, deg to = dim A/, = dim A/ s . Then 

\ /» = deg/- $ to. (H) 

Mi M, 

Proof. Since the left-hand and right-hand sides of (11) are both 
linear in to, it. is sufficient to verify this formula for the form to 
whose support lies in a small neighbourhood U of the point Q 6 A/ 2 . 
Let <?„ 6 A/ 2 be a regular point of the mapping / and let U 0 $ Q 0 
be a sufficiently small neighbourhood. Then there exists a con- 
tinuous family of diffeomorphisms <p f : A/ 2 M 2 such that <p 0 (P) = 
P is an identity mapping and cp 2 ((7 0 ) = U 3 Q. Indeed, connect Q 
and Q 0 by a continuous path y. Without loss of generality, we may 
assume that Q and Q 0 belong to the same chart V diffeomorphic to 
R n , and the path y is a straight segment in the local coordinate 
system. Let us construct on y a vector field % which is equal to the 
tangent vector to y and has a compact support in the chart V. In 
this case the dynamical system corresponding to the vector field £, 
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i.e. the one-parameter family of diffeomorphisms <p<, shifts the point 
Q to the point Q 0 , and the diffeomorphism q> 0 is an identity one for 
t — 0. The forms cpj (u) = o> and (<i>) — co t are. therefore, co- 
homologous {according to Theorem 4 of Sec. 6.1), and by Stokes’ 

theorem we have j (o = ^ Similarly, /*' (o>) => f* ((Ox). 

Ms Mi Mi Ml 

Since supp act/, we have supp to, cr U 0 . Hence, J (Ox = co,. 

Mg Uo 

On the other hand, the inverse image / -I ( U 0 ) is the union of finitely 

N 

many open sets/ -1 (U Q ) = {J V h the mapping / being a diffeomor- 

i«=l 

phism on each of these sets. Thus, since supp /* {(Oj) c,/~‘ (U 0 ), 
we have 



= [ 2 e (^)] J to,=deg/-J to,. 

pO-hq.) v, v. 


6.3.5. GAUSSIAN MAPPING OF A HYPERSURFACE 

Let us consider a hypersurface M in Euclidean space R", 
dim M = n — 1, defined by the equation F (ar) = 0, grad F =£ 0. 
Then, there ar e val id on M the Riemannian metric {gij}, the form 
of volume Y\ B \ dy l A • • • A dy n ~ l , where | g | = det g u , and 
the Gaussian curvature K = K (y l , ■ . ., y n ). Let us define a new 
form K do = K (y 1 , ■ • y n ) Y \ g \ dy l A • • ■ A dy n ~ l called the 
form of curvature of hypersurface M. Furthermore, there is valid on 
M a smooth mapping/: M S n ~' cz R" associating with each point 
P the normal to the surface at this point. This mapping is called 
spherical mapping. Let Q be a form of volume on the sphere S n ~'. 
Then the following statement holds true. 

Theorem 3. For the spherical mapping f: M S n ~ l of a hypersurface 
M the inverse image of the form of volume Q on the sphere S n ~ l is 
equal to the form of curvature on M, f*Q = K do. 

Proof. Without loss of generality, we may assume that in the 
neighbourhood of a point P n £ M the manifold M is the graph of the 
function x n = / (x l , . . ., x n_l ) and at P 0 = (0, .- . ., 0) the normal 
to M is parallel to the axis Ox". Then at the point P 0 the Riemannian 
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metric coincides with an identity matrix, g (J — 6 ( y, and tlie Gauss- 
ian curvature at P a is K — del the sphere S' 1 * 1 cz 


R", in the neighbourhood of the point / (P 0 ) — (0, . . 0, 1), we 

choose the coordinates (x l , . . a n_1 ). Then tho metric on S n ~ l at 

/ (P 0 ) is also of diagonal form, g tj = 5,j, and therefore the form £2 
on the sphere S 71 ' 1 at ) (P 0 ) is equal to: Q = dx' /\ . . . /\ dx n ~'. 
We now calculate the spherical mapping. The tangent space to the 
manifold M is generated by the tangent vectors 


1 


0 


0 

0 


1 


0 

• 

- r 2 = 

• 

» • • • i r n-l — 


0 


6 


1 

/*. 


/** 


4— 


Then the normal vector n has the coordinates 


/*• 






| 4 - 

-1 


The inverse image of the form S2 under spherical mapping is cal- 
culated by substituting the differential of the coordinate of the 
normal vector n for dx { : 


f* 


yi+/S.+...+/j»-t 
Thus, we have 


A-- A d 


dt 


4 — 


V 1 + /*>+■ • • V 1 +11 + • • • 

t x l (/*■ «f/*i +■••-{- t^n-i dl^n-i) 

•Since at tlie point P 0 the first partial derivatives of the function / 
vanish, j x i (P 0 ) = 0, we have 

Li n_I 


= 2 


*•/ 


£ 9 * 8*1 


■ dx 3 
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at Pq. Hence, 

a ■ ■ • A 

j=i j=i 

= det ( — ¥!—) dz* A ... A dx"-‘ = K da. 

\dx Idxi) n 

Theorem 3 is proved. 

As a corollary of this theorem, we arrive at the Gauss-Bonnet 
theorem. 

Theorem 4. Let M be a closed, compact surface in R 3 . Then \ K da = 

M 1 

4nk, where X is an integer. 

The theorem can be proved by using Theorems 2 and 3: 

K da = ^ /• (Q) = (deg /) Q = 4ji • deg /. 

MM S» 

Remark. The Gauss-Bonnet theorem is even more general than 
Theorem 4. It turns out that the integer X does not depend on the 
Riemannian metric and is always equal to 1 — g, where g is the 
number of handles on the oriented surface M. 


Chapter 7 


Simple Variational Problems 
in Riemannian Geometry 


7.1. FUNCTIONAL. EXTREMAL FUNCTIONS. 

EULER’S EQUATIONS 

Variational problems constitute one of the most impor- 
tant classes of mathematical problems closely related to sucli funda- 
mental physical and mechanical phenomena as motion and stability. 
For example, we shall see below that geodesic trajectories are solu- 
tions of the corresponding variational problem. 

Before turning to the general concept of the variation of a func- 
tional, we shall say a few words about the functional itself. We are 
already familiar with the concept of a function y = / (x), where ij 
is a real number and the argument x can be written as the set of 
numbers (x\ . . x”) in a curvilinear coordinate system on a smooth 

manifold. But not every physical correspondence can be expressed 
in such a simple form. For instance, we have already considered 
the following correspondence: with each finite segment of a smooth 

b 

curve y (l) there is associated its length /* (y) = ^ | y | dt. The 

a 

correspondence y (*) (y (<)) is not a “function” in the ordinary 
sense, for in this case an arbitrary smooth curve acts as the "argu- 
ment". The correspondence y l (y) is an important example of a 
non-linear functional defined on the space of smooth curves y (<). 
We may extend this example to include some other important cor- 
respondences. 

Let us consider in R n a bounded domain D with smooth houndary 

dD and let a: 1 x n be Cartesian coordinates. Consider on D all 

possible smooth vector functions f (x l , . . x n ) = f (x“) = (/* (x“), 
(x*)) = {/* (x®)}, where the numbers k and n are independent. 
The domain D is called the range of the parameters x 1 , . . ., x". 
Given two functions [f { (x°)} and {g j (x“)}, 1 ^ t < k, then for 
arbitrary real numbers a and b there exists a new vector function 
at -f- 6g ={af'{x a ) -{- 6g‘(x a )}, i.e. all smooth vector functions 
on D form a linear space F. This space is infinite-dimensional. Vari- 
ous functionals will be studied on the space F, and “points” of F 
(i.e. vector functions) are just the “arguments” of functionals J (f|, 
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f 6 F- But in the simple examples below, the existence of a linear 
structure in F is of no significance, for we shall not use the operation 
of addition of vector functions. 

While studying functionals, it is useful to recall an analogy with 
ordinary functions. 

Definition. A functional J defined on a space F (or on a subset of F) 
is a continuous mapping of F (or of its subset) into real numbers, 
J'- F -+■ R 1 , and the mapping is not assumed to be linear. If 
J [af 4- bg] = aJ [f] -f bJ [g] (i.e. J is linear), the functional / 
is called linear. 

Example. Suppose D is a segment on the real straight line x l = t 
and f ( t ) = (/ l (t), )• (t), / 3 (<)) is a vector function on D, i.e. f (t) = 
V (0 defines a smooth curve in R 3 ; in this case F is a Jinearispace of 
all such curves in R 3 (the radius vectors f and g of the curves f ( t ) 
and g (t) can he added and multiplied by a number). The functional 

i 

J is taken as the integral / [I] = j | y (t) | dt = j | f (<) | dt , i.e. 

the length of the curve f (l), 0 < t ^ 1. This functional is non- 
linear, since J [af + bg\ aJ [fj + bJ [g] (give an example!). 

Given a smooth function L (x e ; p i \ g«) which depends on three 
groups of variables: a p , 1 < p < n, p\ 1 < t < *, and gj,, 1 < 
a < n, 1 < l < k. This function is called a Lagrangian. Thus, any 
smooth function of three groups of variables can be a Lagrangian. 
Let f = {/* (x fl )} be a smooth vector function on D c R”. Let us 
construct the functional J [fj 

/[f]=$L(*P, /*(**).& (s p ))do", 

D 


where ^ denotes a multiple integral ( . . . ( ( n times) over n-di- 

D v D * 

mensional domain D, da n = dx l /\ . . . /\ dx n is an n-dimeDsional 
elementary volume in D (i.e. a Cartesian exterior form of Euclidean 

volume), f { xa (x p ) = ~ ^ - are partial derivatives. The functional 


J (f) can be written in compact form as y [f) = ^ L (a^, /*, /‘ a ) do", 

D 

where the arguments of /* and /^ a are omitted. The function L 

(Lagrangian) is therefore defined for each functional. The class of 
functionals just defined includes virtually all important examples of 
functionals encountered in mechanics, physics, and in their appli- 
cations. 
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Let U9 consider the functional of the arc length 
0 o' 

i.e. D = I = [0, II, 0 < / <1, n = 1, f (*) = y (t) = (j /» (<) 

y k (<))> Y (0 a smooth curve in a ^-dimensional space with the 
Riemannian metric g,j (y l , .... y h ), and the Lagrangian is of the 
form 

£<*». = A •••>■¥■) 

= V r g„ (y l Y) y'yt- 

If the curve v (0 on the plane R 2 is defined explicitly, y — / ( x), 
then 

£<*, /, /,) = L (/ x ) = VT+ti. 


This functional is also defined on the curves lying in a smooth mani- 
fold M h . We shall usually consider a small neighbourhood of a 
particular curve and assume that local coordinates y l , . . y h are 
valid in this neighbourhood. Thus, we shall deal with a ft-dimension- 
al Euclidean space provided with a Riemannian (generally, non- 
Euclidean) metric, and in this case the addition of vector functions 
defining different curves can only be performed in some neighbour- 
hood of a fixed curve. 


Another example: the functional of area J lf|=^ Y EG— ■F 1 dxdy. 

Here D (x, y) is the range of the parameters (x, y), and f = 
(w 1 (x, y), u 2 (x, j/), u 3 (x, y)) is a two-dimensional surface in R* 
with the induced metric ds 2 = E dx 2 = 2F dx dy 4- G dy 3 , 


L — L (f„ f„) = Y EG— F Z = Y (f*. U (f„, iy)~ ( f .- *„>*• 


The space F is the linear space of all vector functions (u 1 (x, y), 
u 2 (x, y), u 3 (x, y)) defined on D. We could consider another form of 

the functional of area: J f Si = j j Y\ + 11 + 11 dx dy, where D is 

“d 

a domain on R 2 (x, y), and f (x, y) - (x, y, z (x, y)), i.e. the vector 
function f is given explicitly by the graph z ■■= j (x, y ) over the 
domain D in R 2 c R 3 ; L - L (z a , z„) = Vl + z? + zj). Addition 
of such vector functions means addition of their graphs in R 3 over D. 
Rut not every surface in R 3 can be described by the graph of a single- 
valued function. 
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What problems ore of primary interest in the study of /*[f|? Let 
us discuss analogies with ordinary functions. Consider, for example, 
functions of one or two variables, a (l) and a (u, i>). The behaviour 
of such functions is largely determined by the number and location 
of the points t a (or {u 0 , v 0 )) at which a (! 0 ) = 0 (or a u {u 0l u 0 ) 
(u 0 > w o) =» 0). i-e- rad a = 0. The points at which grad a — 0 



Figure 7.1 


•are called critical or stationary points of the function a. The term 
extremal points is also used sometimes- For instance, for the function 
<* = a (l) shown in Fig. 7.1 the stationary points are: two maxima, 
minimum, and inflection. If a => a (u, v), the points at which grad a 
= 0 are maxima, minima, and saddle points (or simply saddles) of 


« = a{u, v) 



order two; saddles of higher orders are also possible (Fig. 7.2). It is 
of primary importance in mechanics to find the points at which a 
smooth function, the potential, reaches a maximum (correspondingly, 
potential energy reaches a minimum), because at these points the 
system is in stable equilibrium. 

Similarly, in the study of J [f| it is very important to find those 
stationary vector functions f 8 for which the functional J reaches a 



7.1. Functional. Extremal Functions. Euler's Equations 


411 


minimum, a maximum, or has a saddle. It is desirable, however, to 
formulate this geometric analogy in the “differential language”, that 
is, we have to give a correct definition of the directional derivative 
of a functional / at a point f £ F. As was already noted, all critical 
points of the functions a (!) and a ( u , v) are represented by the 
solutions of the equation grad a = 0. We need, therefore, to derive 
an analogue of this equation for a functional. Let us consider again 
the equation grad a = 0. If a direction (a vector) a = (a 1 , a 2 ) is 
defined at a point (u, v ) £ G, the derivative of the function a (u, t>) 
with respect to the direction a is given by 

*T a < u - = a aT + a *T = < a ’ 8 rad «) 

(see Fig. 7.3). It follows that grad a (u 0 , i/ 0 ) — 0 if and only if 
^■o (u 0 , i> 0 ) =0 for any direction a at the point (u 0 , «;„). If 



Figure 7.3 

a es a(t), this means that ctj (<„) = 0. The derivative of a (u, v ) 
with respect to a can be calculated as 

= lim -i- [a (u + ea*, v-fea*)— a(u, w)|, 
oa e-*o e 

where a= (a 1 , a 2 ) and e is a parameter, i.e. 

■ST = 7 t® ( x + ea ) — «WI. 

where x = ( u , v) is the radius vector of a point in the domain G. 
This expression is used to extend the concept of directional derivative 
to a functional J If]. 
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Let us consider a “point” i £ F and a sufficiently small function 
Tj £ F such that q |eo s= 0. The functions q are called perturbations 
of the function f_ Let us consider the shift from the point f to a point 
f -+■ eq (see Fig. 7.4). The function q (we recall that q \qd = 0) 



Figure 7.4 


defines the "direction of translation" from the “point" f exactly in the 
same way as the vector a defines the direction of translation from the 
point (u„, y 0 ) £ G, the difference from an ordinary function being 
that in the case of functionals there are infinitely many such “direc- 
tions". 

Further, quite similarly to the case of ordinary functions, we may 
construct the expression ^-(J (f + eql — J [!)). Performing a 
limiting process with respect to e, we obtain the number 

|f] = lim -i (/ (f+ aril-/ [f|) 

“1 e -0 e 

which can naturally be called the derivative of a functional J at a 
point f with respect to the direction q. Drawing further analogy be- 
tween functionals and ordinary functions, we give another definition. 

Definition. A function f 0 £ F is called a stationary ( extremal , criti- 
cal) function for the functional J ( f], provided-^- J [f 0 l = 0 for any 

perturbation q such that T| |ao = 0. 

If by F we mean the space of vector functions f with constant 
coordinates (i.e. f (a“) = (const) 1 ), these definitions turn into 
ordinary definitions of directional derivative and stationary point. 

It is convenient to represent a functional J as a “graph" over F 
(Fig. 7.5). Apparently, if f £ F, the set of functions f + eq, where 
q \/>d ~ 0. forms a linear space T (provided f is taken as zero of T)\ 
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the functional J is restricted to this space. From this descriptive 
point of view the “points” f 0 , where ~J [f 0 ] = 0 (for any are 

minima, maxima, or saddle points of the graph of J [f| restricted to 
the subspace T c F. The meaning of such a restriction of / to T is 
quite clear: we want to study the behaviour of J for those perturba- 



Figure 7.5 


tions n which do not alter f at the boundary dD, that is, we study local, 
differential properties of the function f 0 such that ~ J [f 0 ] = 0 (for 
any tj). In Fig. 7.6 the ends of the curve are fixed at points A and B, 



i.e. q (A) = r\ (B) = 0. We now derive an explicit formula for the 
derivative ^ J [f|. (The expression -~J [f J is sometimes called the 
first variation of J ISJ.) We have 
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Put 6y = /[! + eri|— /)(], then 

6 J “ J \L (xP, + /* a + eil ‘ a )-L (xP, /*, /’ a )l do\ 

b 

Representing the integrand as a Taylor series, we obtain 

w = 5 [2 f-i‘+ S S +•(«)] <W 

D i=l 1 • i=l a=l 'o'* 

-S{S[^V +2 

D i=t ’ 0=1 x° 

To integrate by parts, we consider 


_A_ = _±_ /JL.N Ik. 

a*° l d) ( sa ^ J dx a ( a/‘ a ) n V 


whence 


u -ii 


Since all the functions are assumed smooth, in the first integral we 
can separate integration with respect to x a from integration with 
respect to the other variables x l (1 ^ i ^ n, i =?*= a) (according to 
the theorem on the change of order of integration). This yields 



, Q 

(see Fig. 7.7). Since in the integral \ the variables x\ . . ., x°, . . 

p 

x n (x“ is omitted) may he assumed to be parameters, integration can 
be performed explicitly, i.e. 



= $• ■ ■ S [it W (« ■ - 7T ( p ) V (P >] d ° n_1 s °» 

a 1 ... * a . . . * n *“ 10 
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because t) 1 (P) = if «?) = 0, P, Q£dD. Thus, 


6J 

whence 




r. 

dL 

n 

-2 — 

(— 

L 

an ' 

^ dz* 



since lim — ^ o(e)da n = 0. Let f 0 be a stationary function for J. 



Figure 7.7 


Then for any function x\ (ri | 0D = 0) the following identity is satisfied: 



d<7 n s=0. 


As is known from mathematical analysis, this identity means that 


n 



System of differential equations (1) is called the system of Euler's 
equations for a functional J [fj. Thus, we have proved the following 
important statement. 

Theorem 1 . A function f 0 £ F it called extremal (stationary) func- 
tion for the functional J ffj i f and only if it satisfies Euler's equations 
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If a functional is an ordinary function on a domain G, the con- 
dition that a point x c £ G is extremal means that = 0, i.e. 

grad L = 0, which is what was to he expected. Here J = cb , where 
c = const. 


7.2. EXTREMALITY OF GEODESICS 

For a Riemannian manifold a geodesic was defined as a 
trajectory along which translation preserves the velocity field of 
the trajectory. But geodesics exhibit another very important charac- 
teristic which can be used to define a geodesic. This characteristic 
is related to the extremal properties of a special functional which 
is very much alike the functional of length; here geodesics act as 
extremal solutions to this functional. 

Let M n be a Riemannian manifold with the metric g t ) and let 
x n be local coordinates. Then the trajectory y (t) can be 
defined as y (t) = (z 1 ( t ), . . ., x n ( t )); the segment / = 10, 1J is 
chosen as the domain D. For convenience, we shall consider trajecto- 
ries y ( t ) with fixed initial and terminal points: y (0) = P, y (1) = 

P, Q 6 M n . 

Definition. The functional 


/ St) (*) ^ * 



is called the junctional of the length of the trajectory y (t). The func- 
tional 


E 



is called the functional of action of the trajectory y ( t ), The functionals 
L and E are distinct, but they are related by the inequality L 2 ^ E\ 
there is also a relation between their extremals (see below). 
Lemma 1 . The inequality L 2 ^ E it valid. 

Proof. Applying Schwarz’ inequality 

#><!<)■((«■■*) 

0 0 0 


to the functions / (i) = 1 and g (t) = | y ( t ) |, we obtain (L (y)) 2 ^ 
E (y), the equality taking place only for a constant function g (t), 
i.e. if and only if the parameter t is proportional to the arc length. 
Let us consider extremals of the functionals E and L. 
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Theorem 1. The extremals oj the functional E (y) are represented by 
geodesics y { t ) parametrized by the parameter t proportional to the arc 

length s. In particular, if the initial condition | y (0) | = 1 Is satisfied 
at the starting point P, the parameter t is defined uniquely and is the 
natural parameter, i.e. coincides with the arc length. 

Proof. Recall that we always consider parametrized trajectories. 
This means that two trajectories describing the same geometric locus 
and having different parameters are taken as distinct trajectories. 
According to Theorem 1 of Sec. 6.1, the extremals of the functional 
E (y) satisfy Euler's equations, which in this case take the form 

dL d / dL\ A . 

and the Lagrangian L is equal to L (x‘, x } ) = g u (x) xV. Calcula- 
tion yields 


dL _ 3gt> ;,*• dL _ 9 \ 

di* ~ dzk xx ^' "77 — 2 gkjx’, 


dxk 




i.e. i“ + r*;xW = 0. Thus, Euler’s equations coincide with the 
equations of geodesics in the Riemannian connection. The theorem is 
proved. 

The extremal of the functional E (y) is defined by Euler’s equa- 
tions as a parametrized trajectory. Under an arbitrary smooth change 
of the parameter on a geodesic trajectory, the trajectory fails, in 
general, to remain a geodesic. 

Theorem 2. The extremals of the functional L (y) are represented by 
smooth trajectories y (t) obtained from the geodesic trajectories by 
arbitrary smooth parameter substitutions. In particular, any extremal 
oj the junctional E (y) ( a parametrized geodesic) is an extremal of 
L (y), but the converse does not hold. 
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Roughly speaking, the functional L ( 7 ) has "more" extremals than 
the functional E ( y ). 

Proof. Let us consider Euler 's equa tions for L (y). The Lagrangian 
L is of the form L (x, 1 ) = V We obtain 


dL d j dL \ 

3*1 at V£r/ ’ 







H 


V g,jztx> 



Let v (0 be a solution of this system. Since y ( t ) is a smooth curve 
in M", this curve admits the natural parameter t = s. Then | y (s) | = 1 
along y and, therefore, Euler’s equations become 


(g i} x { 'xi) - -L ( A- (g„iV) ) = 0. 


because y g, ] x i x i = i. But these equations coincide, according to 
Theorem 1, with the equations of geodesics. Thus, if a natural pa- 
rameter is introduced on an arbitrary solution y (t), an extremal of 
L (y), this trajectory becomes a geodesic. Conversely, let y (s) be an 
arbitrary geodesic on M n ; according to the preceding consideration, 
it is an extremal of L (y)- Let s = s (t) be an arbitrary smooth pa- 
rameter substitution on y (s). Then L(y (»•)) = L (y (s [t))), since the 
length of arc does not change under smooth parameter substitution; 
hence, the value of L does not change either. Thus, y (s (t)) is again 
an extremal. The theorem is proved. 

It is convenient to interpret the relationship between the extremals 
of E and L as follows. Let us consider the space SW" of all smooth 
curves on M n and the action, on this space, of the infinite-dimension- 
al group @ whose elements are represented by arbitrary smooth pa- 
rameter substitutions on a curve. Then each point of this space, i.e. 
a curve y, generates the orbit @ (y) of the action of ® on Q. Since L 
is invariant under the action of <3, this functional is constant along 
each orbit <3 (y), y £ Q (Fig. 7.8). Also, since L (y) is constant along 
each orbit, all points on the orbit ® (y) are degenerate in the sense 
that there exist curves (i.e. parametrized trajectories) arbitrarily 
close to the curve y, on which L has the same value as on y. The 
situation is different, however, for E. This functional varies under 
parameter substitution and is therefore not constant on the orbits 
of the action of <3. Thus, to find all the extremals of L, one should 
consider the orbits of all the extremals of the functional E. 

Geodesics are local minima of both functionals L and E, i.e. if 
we consider a small perturbation i] of a geodesic y, where the support 
t| is aiso small, the length of the new trajectory y -f t] is not less 
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than that of y. We now formulate the exact problem. Consider a 
compact Riemannian manifold M n . According to the results of 
Chapter 5, there exists an e > 0 such that any pair of points P, Q 



in the ball £>" of radius e can be connected by a unique geodesic 
entirely lying in the ball. 

Theorem 3. Let D " and e be the ball and the number just mentioned, 
and let y: 10, 1] M n be a geodesic of length less than e which connects 
two points in D n t . Suppose ©: [0, 1] -► AT is another smooth path 
connecting the same points ( the path can also be piecewise-smooth). 

Tilrtn f ^ r /.A 4 _ f . .1 I t .. . 


Then L (<o) > L (y; 
sets y [0, 1] and w 


. the equality taking place only when the point 
— - .0, 1] coincide ( i.e . when these two paths coincide 
at smooth curves in M n ). In this sense, the geodesic y is the shortest path 
between the points P and Q. 

Proof. Let P 0 be the centre of the ball O?. From Chapter 5 we know 
that the smooth mapping exp Po : B n e M n defined by exp Po a => 
y a (1) is a diffeomorphism. Here a £ T P ,M n , 5? is the ball of radius 
e in T P ,M n , and y a (<) is a geodesic in M n such that y„ (0) = P 0 , 


Yo (0) = a {see Fig. 7.9). This mapping is called exponential. Since 
T Pt M n is provided with metric-induced scalar product, exp P( pre- 
serves the lengths of vectors emerging from the point 0. We now prove 
that in D ? geodesics emerging from P Q are orthogonal to the hyper- 
surfaces 5 n -> = {exp Po a, | a | = const}. Indeed, let t -r a (t) be 
an arbitrary curve in T P ,M n such that j a (t) | = 1. It is required 
to verify that the corresponding curves in M n , t -*■ exp P ,(r 0 a (<)), 
0 < r a < e, are orthogonal to the geodesics r exp P , (ra’ (<)) {see 
Fig. 7.10), Let us consider a two-dimensional surface 


/ (r, i ) = exp Pe (ra (f)). 


| 0 <r<e, 

1 


420 


7. Variational Problem t In Rtemanntan Geometry 


parametrized with two parameters, r and t. This surface may be 
looked upon as a cone generated by the curve /(r 0 , t) (Fig. 7.11). 

It is required to prove that /— - , il-N— 0 at each point of this 



Figure 7.9 



/Jf a I 

surface, where and are tangent vectors to the coordinate 
network on the surface. We have 


d / dt <31 \ / dl dl\ 

dr \dr ' dt / ~ Vr \ dr ’ dt / ’ 

where V r is the covariant derivative with respect to r. Also, 


V r 





Since the curves r-*-/(r, () are geodesics and is the geodesic 
vector field, we have V r -|p- — 0. whence ^V r -|p- , =0. Further- 
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Figure 7.11 


commute (see Chapter 5, Sec. 5.5). Hence, 


/JI v iL\ - ± V / dl ilX - 1 3 / 31 «\ n 

\ dr • V ‘ dr / “ 2 V ‘ \ dr ’ dr / 2 Hr \~dF ’ aF/ = °* 


since | [ 2 = = const and is the velocity vector of 

the geodesic r-*-/(r, <) (see (Fig. 7.11). 

Thus, the function does not depend on r. But for 

r = 0 we have / (0, t) = exp P , 0 = P 0 , i.e. 


c»f (0. 0 
at 


= 0, whence 


(.'W ’ If'} = ® * or r * w kich » s w ^«t was required. Let now 
id: [a,b]~*-D£ \ P 0 be an arbitrary smooth curve. Each point of 
«)(0 can uniquely be represented in the form exp P(l (r (t) a (<)) , 
where 0 < r (/)< e and j a (()[ = !, a (f) £ T P ,M n . We now prove 

b 

that ^ I c.) (t) | dtZs> | r (6) — r (a) |, the equality taking place if only 


the function r (t) is monotonic and the function a (t) is constant, 
Once this fact is proved, we immediately obtain that a radial 
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geodesic is the shortest curve connecting two concentric spheres 
with centre at P 9 (see Fig. 7.12). Recall that / (r, l)=^exp Po (r-a(i)) 

and, therefore, u >(<) = / (r (f), t). We have ^ (/) + — . Since 
r' (t) and are orthogonal (see above) and |-|^|aal, we obtain 


do 

dr 


2 =|r'(o l a +|-|r| a >U'(0 


the equality taking place if only =0, i.e. for 


s 

a 



I r ' (l)|*>|r(6)~r<«)|, 


0. Thus, 


the equality taking place if only r (/) is monotonic and a ( 1 ) is con- 
stant. The inequality is proved. 

We now turn to the proof of the theorem. Let © (t) be an arbitrary 
smooth path from P 0 to P = exp P , (ra) £ D Jj, where 0 < r < e, 



Figure 7.12 Figure 7.13 


1 a | = 1. Then for any 6 >■ 0 the path © ( 1 ) must include a smooth 
segment from the sphere Si _1 of radius 6 to the sphere SJ?' 1 of radius r 
(see Fig. 7.13). According to what has been proved above, the length 
of this segment is not less than r — 6. By making 6 tend to zero, we 
find that the length of © is not less than r. On the other hand, the 
segment of the geodesic from P Q to P is of length r. The theorem is 
proved. 

Corollary 1 . Let ©: 10, el -*■ M n be a smooth trajectory parametrized 
by the natural parameter and let the length oj the path from P o = (0) 

to © (e) not exceed the length oj any other path from to ©(e) 
Then © is a geodesic. 
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Proof. Consider an arbitrary path inside the bail D'l defined above, 
where P 0 is the beginning of the path. Then the statement follows 
from Theorem 3. 

Definition. A geodesic y : (<*. — ► M n is called minimal if it is 

shorter than any other smooth path connecting its extreme points 
V (a) and y ( b ). 

Theorem 3 asserts that any sufficiently small segment of a geodesic 
is minimal. At the same time, a rather long geodesic may not be 
minimal. For example, we have proved above that any equator on 
the sphere S 2 is a geodesic. Consider the segment SNP of this equator 
shown in Fig. 7.14. Apparently, the geodesic SNP is not minimal 
because the segment PaS of the equator is shorter than SNP. 




A minimal (long) geodesic connecting two points P and Q need 
not necessarily be unique. For instance, the north and south poles on 
a two-dimensional sphere can be connected by infinitely many mini- 
mal geodesics, meridians. 

As another corollary of Theorem 3, we now demonstrate how to 
find all geodesics on an n-dimeosional sphere S n (n is arbitrary). We 
might, of course, proceed by analogy with the two-dimensional case 
by writing out all Christoffel symbols and solving the equations of 
geodesics. However, we shall handle the problem more elegantly. 

Corollary 2. A curve on sphere S n endowed with the standard metric 
is a geodesic if and only if this curve is an equator (i.e. a section of S n 
by a two-dimensional plane through the sphere centre). 

Proof. Let us consider an arbitrary two-dimensional plane R 2 
intersecting S n along the equator y. Let g be a reflection in R” 
which preserves R 2 fixed. Then there exists the isometry g: S n S' 1 
such that the set of its fixed points exactly coincides with the equator 
y. Let P and Q be sufficiently close points on y which are connected 
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by a unique minimal geodesic co (see Theorem 3). Since g is an iso- 
metry, the curve g (to) through the points P and Q is also a geodesic 
which connects P and Q; hence, (o = g (w), i.e. to = y is a geodesic. 
That there exist no other geodesics is proved similarly to the two- 
dimensional case: only one equator passes through any point of a 
sphere S n in any direction. The corollary is proved. 

Using exactly the same reasoning, we can prove that any meridian 
of a surface of revolution is a geodesic. 

We consider an arbitrary Riemannian compact manifold. Let 
P and Q be arbitrary points and let Q (P, Q) be the space of all smooth 
curves y connecting P and Q, i.e. y (0) = P, y (1) = Q. Two func- 
ionals, E and L (see above), are valid on this space. We define the 
distance p ( P , Q) between the points P and Q as the infimum of the 
lengths of smooth curves through these points. 

Proposition 1 . Let P and Q be sufficiently close points oj a manifold 
spaced at a distance d. Then the functional of action E : Q (P, Q) R 
reaches the absolute minimum d 2 on the minimal geodesic that connects 
P and Q. 

Remark. Since a locally minimal geodesic is unique (see above), 
it is represented by an isolated point of the absolute minimum. This 
means that the value of the functional E on any smooth curve suf- 
ficiently close (both pointwise and in the sense of velocity field) to 
the minimal geodesic is strictly larger than on the minimal geodesic 
itself. 

Proof. Let y be a minimal geodesic, y (0) = P, y (1) = Q. Accord- 
ing to Lemma 1, E (y) => L 2 (y) < L 2 (or) < E (o), where <u is a 
smooth curve from P to Q. The equality L 2 (to) = L 2 (y) holds true 
if and only if a) is also a minimal geodesic (maybe, differently para- 
metrized to within a scale transformation). At the same time, the 
equality L 2 (w) = E (w) is valid if only the parameter is proportion- 
al to the arc length. Hence, E (y) < E (<i>) in all the cases where a> 
is not a minimal geodesic. The proposition is proved. 


7.3. MINIMAL SURFACES 

In Chapter 4 we considered minimal two-dimensional 
surfaces M 2 , i.e. surfaces whose mean curvature H is zero. Let us 
now analyse minimal surfaces from the point of view of extremal 
functions for a functional of area. 

Let us consider a functional of (n — l)-dimensional volume defined 
on compact hypersurfaces which are the graphs of smooth functions 
x" =■ / (a. 1 , . . ., x n - 1 ) with the domain D embedded in R n_1 (x 1 , . . ., 
x" -1 ). Suppose the domain D has a smooth boundary dD and is bound- 
ed (Fig. 7.15). In Chapter 5 we have learned that the (n — 1)- 
dimensional volume of a hypersurface F 71-1 = {x n = / (x 1 , . . ., 
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,r n-] )} can be written as 


/ n-t 


vol V n -« = 5 1 / i + 2 (f x i) z dx' ... dx 

D f 1=1 

where / s i = . Since the Lagrangian L is of the form 


L (/*■» • • • « /*«-») — \ 1+2 (f x i) 2 - 

r i=t 


Euler’s equation becomes 

w- 1 


n- 1 


s+(^-(‘+s(^-n v°- 

i=i i=i 


This is a differential equation satisfied by the extremal function 
*” = / (*’. • • * n_1 )- Let us consider an arbitrary ( n — l)-dimen- 

sional hypersurface V*~ l cz R" which is an extremal function for 



Figure 7.15 


the functional of (n — l)-dimensional volume. Since volume is a 
scalar and does not depend on the choice of coordinates on the sur- 
face, we may work with particular suitable coordinates. Let V n ~ l 
be an extremal surface and let P £ V'" -1 be an arbitrary point. We 
set R" -> (x‘, . . ., x"- 1 ) = TpV n ~ l , i.e. we deal with the tangent 
plane with Cartesian coordinates; we also express (locally) T"- 1 
as the graph of the function z n — f (x\ . . ., x” -1 ). 

Theorem 1. A hypersurface V’"- 1 ci R n is extremal for the functional 
of (n — 1 )~dimensional volume if and only if its mean curvature H 
is identically zero. 
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Proof. We consider the case n = 3, since for arbitrary n calcu- 
lations are quite similar. For A/ 3 cz R s we have 

17 ( Yi+K + lO ^ Vl + ll + U ^ = °' 

Differentiation yields 

t X* + fail* + / xx/J — Ixfxx — / xf gf xg +/*» + /»»/* 

+ /»(/? — / xfyfxa — = Oi 


/« (i + /;> - 2 fxf,fx, + f„ (t + fi ) = o. 

By virtue of Chapter 4, this equation coincides with H es 0." 

Thus, a minimal surface can be viewed as a surface defined by an 
extremal radius vector. 

Let us consider a surface A/’ in R 3 referred to (u, v), i.e. r (u, v ) = 
(x (u, li), y (u, v), z (u, v)). Then the functional of area is written as 

(see Chapter 5): 5(r) = J Y EG — E‘ du do. Let (u, v) bo con- 

D(u, i) 

formal parameters, i.e. the parameters in which the metric on A/* 
is of the form 

£=-6 = <r y , r u >c=<r c , r„), F = 0. 

Thon 

SI']= J « r u> r-Xfp.r ^dudo. 

Eulor's equations are written as 

£<2*J + £(2*,) = 0, (2p„) + -gj- (2j/») = 0, 

^-(2* B ) + -£<2z.) = 0. 

i.e. (g^- + -^r) r(u, f) = 0. Thus, r is a harmonic radius vector 
(relative to the coordinates (u, u)). Hint: 

l (»„, r ,) = Vl^+y'u+A)(xl+yl+tl) 

and all partial derivatives are considered as independent in the 
variation procedure. 

As in the one-dimensional case, we consider the infinite-dimension- 
al space F of smooth mappings D* (u. v) in R 3 . On F, there is defined 
a non-linear functional of area S [r|, its extremal “points" (i.e. 
radius vectors r (u, o)) being described by the following theorem. 
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Theorem 2. The vectors r ( u , v) are extremal vectors for S [ r J If and 
only if their mean curvature H is zero. 

The statement follows from Theorem 1. Let us consider one more 
functional, the Dirichlet functional D |r) = i- f (E+G)dudv, 

DCu. v) 

and compare extremal "points” for the functionals D and S. 

Theorem 3. The vectors r (u, v) are extremal vectors for the Dirichlet 
functional, if and only if they are harmonic with respect to (u, v), 

U - [&> + £) T (“•*'> = °' 

Proof. Euler’s equations are of the form +j? (-^ - ) =0, 

where L = E+G= <r„, r„> + <r„ r„), i.e. L J** + z * + y[°+ yl + 
*1+ *I> Ar = 0, where A = . The theorem is proved. 

The coordinates (u, v) may be harmonic lor a harmonic radius 
vector, but they may not be conformal for the induced metric on 
the surface swept out by this vector. We now consider a special 
harmonic surface on which harmonic coordinates are, at the same 
lime, conformal, i.e. E = G, F =» 0. Such a surface is, therefore, min- 
imal. Thus, certain oxtremal “points" of the Dirichlet functional 
generate extremal “points" of the functional of area. In other words, 
if tho initial parameters of a harmonic vector are subjected to an 
arbitrary regular transformation, each “harmonic point" referred to 
conformal coordinates gives rise to a family of minimal radius 
vectors. This situation resembles the interaction between extremal 
“points" of functionals of length and action in the one-dimensional 
variation problem, i.e. on the space of smooth trajectories. Not 
overy harmonic vector generates a minimal surface. The functionals 
D and 5 satisfy the relation D [rl > S [rj for any radius vector, the 
equality taking place if and only it E = G, F = 0, i.e. if the coordi- 
nate network is orthogonal and the coordinates (u, v) are conformal. 
Tho proof follows from the obvious inequality > V EG — F* 
which becomes equality if and only if F = 0, E = G. 

Thus far, we have proved that a minimal surface is an extremal 
of the functional of area, but we have not justified the choice of 
the term “minimal surfaces”. We did so for the one-dimensional case: 
we proved that a geodesic is a locally minimal trajectory. A similar 
statement holds true for an extremal of the functional of area: a 
minimal surface has the property that for an arbitrary perturbation 
■q of the minimal radius vector r with small support (i.e. perturbation 
is non-tero only in a small domain) the area of the "perturbed surface" 
r 4 q is not less than the area of the initial surface. The proof of 
this assertion requires an additional analysis, since the vanishing 
of the first variation by no means ensures that the extremal “point” is 
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locally minimal in llie space of all radius vectors. Even for an ordi- 
nary function of one argument, the vanishing of the first derivative 
does not show with certainty whether the function has a minimum, 
a maximum, or an inflection point. For example, in the case of geo- 
desics we had to analyse thoroughly the local properties of the func- 
tionals of length and action. And this is a “second-order” analysis, 
just as in the case of an ordinary function of one argument for which 
we usually analyse the second-order differential to study the local 
behaviour of the function near a critical point. 

While investigating local minimality of a geodesic, we considered, 
in fact, the so-called “second variation" of the functional of action 



Figure 7.16 


(or length), an analogue of second-order differential. Hence, in the 
case of extremals of the functional of area one should also study the 
"second derivative” of the functional. We shall not go into details 
of the second variation theory, but instead we shall use a simpler 
approach (though this approach is more special). 

Let us consider a minimal surface M 1 c R a (the reasoning is 
similar for an arbitrary n), P £ A/ *, and define M 2 in a small neigh- 
bourhood of P as the graph of a smooth function z «=■ / (z, y), where 
the Cartesian coordinates (z, y ) vary in the tangent plane to A/ 2 at 
P- We now prove that any sufficiently small perturbation (with small 
support) of A/ 2 does not reduce the area. Let in R a there be given 
the graph z = / (z, y) defined over a domain D in the plane R 2 (z, y); 
the surface is minimal, i.e. H — 0 and we consider the perturbation 
of the graph that vanishes at the boundary of D. It is required to 
prove that 5 I/]< S If + rjl (see Fig. 7.16). 

Let us consider the space F (/) of all smooth functions f + i\ 
defined on D and such that rj|ao= 0. This linear space depends on 
the choice of the function /. The space F (/) is obtained from the linear 
space C of smooth functions n vanishing at the boundary, i.e. “per- 
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lurbatioDs” of the function / due to shifting C by the function r) 
(see Fig. 7.17). Consider the restriction of the functional S to F (/). 
On this space, the functional S associates with each function / + ri 
the areas of its graph. Let us prove that this functional is “convex 


Fit) f I + 1 



Figure 7.17 

downward”, i.e. 5 [ar + pg) ^ a S [r| + PS Ig), where a + P = 1; 
r, g € F (/). i-e. r = / + g = / + r]„ where = 0, l = 

1, 2. Note that ar + Pg 6 F (/) because 

(ar + Pg)|ao = ar\tD + (1 — a) g|«n 

= a/lflD + (1 — «) / |»d = / Ian, 

i.e. ocr + Pg = / + r)„ where T|,|eo = 0. The definition of a convex- 
downward functional copies the analogous definition for an ordinary 



Figure 7.18 


function. The graph of a convex-downward functional is shown con- 
ditionally in Fig. 7.18. Thus, it suffices lo verify that 

Y l + (ar x + pg*)« + (or, + pg,)* 

<«/i + r« frj + p/l + gi+gj. 
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Squaring this inequality, we obtain 

1 + 2txp (r x g x + r„g„) a* + p 2 + 2ap V (1 +>S+ rj) (1 4- gl+ g\) , 
and since 1 — a 2 — p 2 = 2aft, 

1 + '■rfx + 'yg, < V(l+ri+rJ) (l + g>+g>) , 
or <a, b)s^ | a | • | b I, where 

a = ( r *. r v — 1) = grad (r (i, y)—z), 
b = (g*. g„. — 1) = grad (g (x, y) — i). 

The inequality <a, b) < | a | | b | is obvious. Thus, we have proved 
that S is convex downward on F (/), whence it immediately fellows 
that any extremal “point" in the space F (f) is a minimum for the 
functional S. In particular, for all points r in some neighbourhood 
of an extremal point g € F (f) the inequality S [r] > S (gl is satis- 
fied. Since the point I € F (J) is extremal, we have S T/l < S [f -f- tjl, 
T )l»n = 0. Thus, we have proved the following statement. 

Theorem 4. Let AP tr R s be an arbitrary minimal surface , then this 
surface is locally minimal, i.e. any smooth, sufficiently small pertur- 
bation with small support does not diminish the area of the surface. 

The theorem on the local minimality of extremal solutions for the 
functional of an (n — l)-dimensional volume in R” is proved sim- 
ilarly. 


7.4. CALCULUS OF VARIATIONS 
AND SYMPLECTIC GEOMETRY 

Let T,M n be a tangent bundle of a manifold M n , i.e. a 
2n-dimensional smooth manifold whose points aro represented 
by pairs ((x, a)}, where x £ M n , a € T.M n . Also, let P, Q 6 M" 
and let Q (P, Q) be the space of all smooth curves connecting P 
and Q. Let local coordinates x 1 , . . ., x" be valid on M" in which a 
trajectory is written in the form y (l) = (x 1 (l), . . x" (<)), x (0) = 

P, x (1) = Q\ x (t) is the velocity vector. Consider the functional 

/ lyl = ^ L (x, x)dt, where L is a smooth function of two groups of 
o 

variables, (x, x) = a. i.e. L (x, a) is a function on T,M n . 

Definition. The momentum p = (p,). 1 ^ i ^ n, is the covector 

with the components p, = (in a given coordinate system). The 

dx> 

energy E is the function E (x, x") = x , p t — L (x, x). 

The energy can be considered as a function on T x M n , i.e. E (x, a) = 
a i p t — L (x, a). An important example: L (x, x) = gipr'i 1 , in this 
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case pt — ~ — 2gi)i’, i.e. p is the covector dual to the velocity 

a * 1 

vector a = x relative to the metric gi t . The energy E is of the form 


E (x, x ) = x*2f 11 **— giji'x 1 - g„x'x\ 
i.e. it is “kinetic energy". 

Let 6 be a Lie group which acts smoothly on M " (a 1 , . . ., x") 
(i.e. each element g 6 ® is represented by a diffeomorphism of M n ). 
We shall focus on the following example: ® = R 1 , i.e. the real 
straight line (the group with respect to addition). This action (for 
® = R 1 ) generates on M" a vector field X (x 0 ) = -jj- g, (x„) | l=0 . 
where the orbit ® ( x„ ) = g, (x„); g (x 0 ) = x 0 . The action of ® on 
M n induces the action of ® on T,M n according to the mapping 
(*, a) -*• (g (x), dg x (a)). 

Definition. The Lagrangian L (x, a) is said to be preserved under 
the action of ® (or is invariant with respect to ffl) if the action of ® 
on T,M n transforms the function L (x, a) into itself, i.e. 

L (g (x), dg (a)) . L (x. a), (x, a) 6 T,M\ 


We now determine analytic conditions for L to be invariant. The 
condition of the preservation of L is -gj- = 0, where t is time along 
the trajectory g, (x). The differentiation of the composite function 
yields 


dL _ 9L dz‘ 9L da> n 

dt g z t dt ' g a i dt * 




(see above). Let us calculate ~ . Consider a and a tangent tra- 
jectory tp (t) = (x 1 (t)) such that a* = . A small shift by A( 

along g, (x) transforms the functions x‘ into x l + X 1 El (small 
quantities of order higher than one are neglected). It follows that 


dx< dr' . dX> .. dzk 

-£---dT + -dZr* l -dT' 


i.e. |pJ-a*Al, 


i.e. 


dal _ 9X l * 
dt ~ dx* ' 


and therefore g a( (x*) = {x' + X*Af+ . . 

~SxS (eat (*')) = + X'tit + . . .) * (£+-!£ A/) = A, 
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is the Jacobi matrix, whence 

a’ J'i,a * = o’ + a*Af . 


dL 9L v( . 3L 9X‘ * ,, 

~jT — — r X H ; r a = 0, 

dt 9x1 gal 9z k 

where (x, a) are independent arguments. We have proved the follow- 
ing statement. 

Statement 1 . The analytic condition for the Lagrangian L (x, a) to 
be preserved under the action of the group ® = R' is 

where (x, a) are independent arguments and X is the velocity vector 
field due to the action o/ ® = R 1 . 

Wo now derive the so-called law of conservation of momentum 
projection along the extremals of the functional J (y). Let us 

consider ^ L (x, x) dt / |y) and let y„ be an extremal of /|y|, 
o 

i.e. a solution of the system of Euler's equations — 

OX* 

■— •(-^-)==0, where t denotes time along the extremal. Lot a dot 
stand for differentiation with respect to the parameter t (along 

the extremal), then Euler's equations take the form —.amp,, 

dx' 

where p is the momentum. Consider the contraction / (x) = (p, X)«“ 
X'p,, where /( t) is a smooth function along y 0 (x). Here /( x) may 
be assumed to be the value of the coveclor p on the vector X, 
i.e. / (x)>= p(X). 

Theorem f . The identity (/ (x))' = 0 is valid, i.e. (p, X)' s 0. 
Proof. From Statement 1 we have 

^Jb X i + SX>9L ah = 0t 
dp dr* da k 

which is what was required. The theorem is proved. 

Let us consider our model example: L (x, x) = gific'x’’, then p, = 
2 gij^. i.e. X‘pi = 2g, 1 X i x s = 2(X, y 0 ) = const along y 0 (x). 
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Extremals of this Lagrangian are geodesics (see Sec. 7.2); in partic- 
ular, 1 Vo I = const along y 0 (t), whence | X | cos a (t) = const, 

where a (x) is the angle between the vectors X and Vo (measured in 
the metric g t j). 

We now use this result to find geodesics on a surface of revolution 
M 2 in R 3 . Let r (z) be a smooth function which is the generator of 
the surface of revolution, i.e. the curve y = r (z) rotates around the 
axis Oz (Fig. 7.19). If ui = const is the speed of rotation, there arises 



on M* the action rot of the group @ = R', and the field X of the 
velocities of this action has the modulus | X | = ro. In view of 
what has been proved above, the identity r (z) cos a (z) = c = const 
holds true for any geodesic v 0 (x) on M". Thus, we have proved the 
following statement. 

Statement 2. Given a surface of revolution M" e R* with the genera- 
tor r(z). Then the identity r (z) cos a (z) = const is satisfied along 
any geodesic y 0 (t) on M 2 . 



Figure 7.20 


Let us consider several examples. Let r (z) = const, then the 
surface of revolution is a cylinder, and geodesics on the cylinder 
are the images of straight lines after the Euclidean plane is rolled 
into a cylinder (Fig. 7.20). 
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Let r (z) detine (Fig. 7.21). In this case geodesics are equators 
(the angle is variable). 

The equality r (z) cos a (z) = const is the necessary (but not 
sufficient)condition fora trajectory to be a geodesic (give an example!). 
Indeed, if y (t) is an orbit of the action of ®, then a (t) = 0, i.e. 



(p. X) t= | X | | p | = const (on the surface of revolution), but 
this orbit is not always a geodesic. Let us consider, for example, a 
right circular cone and its rotations about the axis (Fig. 7,22). As we 



already know, all geodesics on a cone are the images of straight lines 
after a piece of Euclidean plane is rolled up into a cone; circles are 
not, apparently, geodesics on a cone. 

Remark. Since eei 0 along the orbits of the operation of ® = 
R 1 (for an invariant Lagrangiau), we can locally choose a coordinate 
■r" along the orbits @ (x). We have then (p, X)' = 0, which is 
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equivalent to p„ = 0, where p n is the momentum projected onto the 
coordinate z n . in other words, in this case the momentum p does 
not depend on z", and the function L does not depend on this coor- 
dinate either. 

We now prove the so-called law of conservation of energy along an 
extremal. Let L (z, a) denote the Lagrangian (not necessarily in- 
variant under the action of a group) and let Vo (*) be an extremal 
of the functional J [y] = J L (z, z) d t. Consider the energy E = 

x'pi — L, pi = and suppose L = gipr'P — U (z), where the 

dx l 

function V (z) is called a potential. 

Theorem 2. The identity ~ cn 0 holds true along extremals Vo ( T ) 
o/ the junctional J (yj. 

Proof. We have 

if- B (p,**— L); - (p,a‘ — L)‘ 

= P<“‘ + Pi*** — 77 *' — 77 a 1 

dz> da 1 


+ i£.a'_i£ a <_iLa* sn o, 

3xl T 3a< dx‘ 3al 


3£ 


since Pi = , according to Euler’s 

OX' 


fr by 


equations, and p, 

definition. The theorem is proved. 

We now turn to studying simple concepts of Hamiltonian mechan- 
ics on a manifold. 

Let T.M" be a tangent bundle of a manifold provided with coor- 
dinates (z, a) and let L be the Lagrangian on T,M”. 

Definition. The Lagrangian L (z, a) is called non-singular if the 
equation 

BUz, a) 

P== 3i” 


(i.e. p, - eL( ‘- t *> , 


has a unique solution a = a (z, p) for any z g A/". 

Besides T„M n . we also consider a cotangent bundle T*M ", i.e. 
a 2n-dimensional smooth manifold whose points are represented by 
pairs (z, p), where p g TIM ”, i.e. p is a covector. Let us consider 
the energy 

E (z, a) = p,a* — L (z, a) = — — a‘ — L 


with p = p (z, a). By expressing a = a (z, p) from p = p (z, a) 
and substituting into E, we obtain the function E (z, a (z, p)) = 
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U (x, p) called the Hamiltonian. It is of the form H = p,a‘ (a, p) — 
L (x, a (x, p)), i.e. L (x, a (x, p)> = p,a‘ (x, p) — H (x, p). Let 
V ( l ) c= M" be a smooth trajectory, then (x, x) g T,M", where x = 
x (i), x = x (t), i.e. y (t) generates a trajectory V (t) = (x (f). x'(t)) 
on T t M n . Let us now consider the Lagrangian L (x, a) on all trajec- 
tories of T t M", not only on trajectories r (/) = (x (f). x (i)) (not 
every curve on T^M n is of such a form). 

We note that T t M" and T*M n are diffeomorphic. indeed, let the 
metric g,j be defined on M n . then there exists the invariant iden- 



tification <p: r,Ar— T*M n -, <p({x‘). {«•})= <{*'}. {*#««“))€ 
T*M". Besides the identification (p, there exists another identifi- 
cation which arises in defining a non-singular Lagrangian L (x, a). 
Indeed, the equation p = ^ (*■ a ) j, as fl unique solution a =j 
a (x, p) (for a fixed x), so that with each pair (x, a) we can associate 
the pair (x, p), where p = Let us consider this identifi- 

cation of T m Af" and T*M n , which is a dlffeomorphisro. I n a particular 
case of L (x, a) = gi/a'a 1 we have p ( = 2g ik a*. i.e. the identification 
by this Lagrangian coincides with “Riemannian identification" (see 
above) (Fig. 7.23). 

We now turn to the variational problem of finding extremals of 
8 

the functional / [aj = [l (x (<). a (/)) dt. where L (x, a) is assumed 
n 

to be defined on all smooth trajectories a (/) in T t M", and R and 5 
are two fixed points on T,M'\ i.e. fl (x„, a„) and fl (p 0 , b 0 ) (Fig. 7.24). 
Let us analyse those variations which do not shift the points fl and 
fl. Euler's equations on T^M" are of the form = ~ (^t)- To 
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write them in terms of T*M ", we make the substitution (z, p) 

(x, a) via the diffeomorphism constructed above by the Lagrangian L. 
We have 

L ( x , a (x, p)) - p,a 1 (x, p) — H (x, p), p t = ~L(x, a (z, p)). 

It should be noted that L (z, a (z, p)) = 0 since L(x, a) does 
not contain the momentum p explicitly, and in the case of Euler’s 



equations variations are calculated only with respect to the functions 
that enter explicitly into the Lagrangian. Thus, 

0 = ■jgj- L (x, a (x, p)) = a* (x, p)--^H (x, p), 

where 

L (x, a (x, P))=[-^ L (*» a (*. P)) ) fll (*. P) — # (*. P). 

«••• fll ( g . p) = H «"“ 

a 

L (z, a (x, p)) dt = J lPi«‘ (*. P)~H(x, p)| d/ 

A A 

= $ [p< "feA - H (X. p)] * = / 1» («)1. 

A 

where a. (/) 6 T*M*, w (0 = (x (/). p (/)), u (0) = A. o> (1) = B 
(see Fig. 7.25). Let us now write Euler's equations for the functional 
J Ico (<) ] on T*M n . Suppose io„ (/) = (z (t), p (<)) is an extremal 
of the functional J tu (t)|. It was shown above that a° = d " , 
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but since a a =□ i a (along an extremal), we have i* — — 
(along the extremal). Furthermore, 

B _ B 

J |wl= j (Pi<t { —H) l[ L{x, a (x, p))dl. 

A A 

Euler's equations take the form — = 4-(-^-) , whence Pi~rrr 

dx t «* \ da* / ox* 

t “»»“ £-*• Al ”. 


r.M» 7"M" 



Figure 7.25 


because (a'p,) = 0. While proving the relation -2— (a l p t ) = 0, 

dz* dz* 

we use the fact that the coordinates x and a in the pair (x, a) 

are independent and, therefore, = 0. Moreover, we calculate the 

variation with respect to x l if only this variable enters explicitly 

Into the sum a'p,. But since it does not we have -2—(a i p,) = 0, 

dz * 

which is what was required. Hence pi= — 3H ** - ’ . Thus, we 

dz* 

have proved the following important statement. 

Theorem 3. In the coordinates ( x , p) on the cotangent bundle 

B 

T*M" Euler's equations jor the functional J [to] = J L (x, a (x, p)) i it 

A 

can be written In the so-called Hamiltonian form : x‘ = — pl , 
Pi = — - 11 — ' p \ (Hamilton's equations). 

dz* 

Let us make some comments on the implicit form of the variable 
x f ip the sum a'pc For example, if L => g u aV, then a 1 is expressed 
in terms of the momentum p alone (x does not appear explicitly): 
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Let e>< 5 > = <o u dx 1 A dx> be a non-singular exterior 2-form on M 2 " 
which defines a skew-symmetric scalar product. If this product is 
given on Af 2 ", for any smooth function / ( x ) on M 2n we can define 
a "skew-symmetric gradient”, sgrad / ( x ). 

Definition. The skew-symmetric gradient sgrad / of a smooth func- 
tion / (relative to the scalar product to) is a vector field uniquely de- 
fined by to (Y, sgrad /) = Y (/), where; Y runs the set of all smooth 
vector fields on M 2 " and Y (/) is the value of the operator Y on the 
function /. 

Although the definition of sgrad / is similar, in its form, to the 
definition of grad / (for a symmetric scalar product), their properties 
difter. Note that the uniqueness of the definition of sgrad / follows 
from non-singularity of o>. 

We recall an important definition. Let a>i*> = «o ( , I(J dx*' A ••• 

... A d** 1 ' he a differential form of degree k: the form b>< ktl > = da>< k > 

dCDi j 

defined by <&■><*>= 2 * - dx‘« A dx l ‘ A - • • A dx'* '* called an 

exterior differential of o)< A >. For the 1-form o> (, > = u, dr 1 the opera- 
tion d can be written as 

g- ** A dx' = (g— <£r‘ A dx>, (1 < /). 

Definition. A smooth manifold M 2n is called symplectic if the 
exterior differential 2-form defined on it is such that (i) eo< 2 > 
is non-singular and (ii) do)<*> = 0, i.e. the form a> m is closed. 

It is known that symplectic manifolds admit a special atlas in 
which the form <o' J > (sometimes called “symplectic structure") be- 
comes canonical: namely, for any point P £ M 2n there exist a neigh- 
bourhood U (P) and coordinates {p 1 , . . ., p", g l , . . g "} in which 

n 

ai< 2 > can be written as tu< 2 > = 2 dp* A dg 1 . These coordinates are 

called symplectic. Their existence is demonstrated by the Darboux 
theorem which will not be proved here, for wc confine ourselves only 
to an example of a symplectic manifold. Let M 2n = R 2n , let 
p", g', . . ., g" be Cartesian coordinates in R ! ", and let <o <2 > = 

n 



do)( 2 ) == 0, i.e. the form is closed. Its non-singularity is obvious and, 
therefore, R sn with the form co< 2 > becomes a symplectic manifold. 
Another important example of a symplectic manifold is a smooth 
two-dimensional orientable manifold, i.e. S 2 with a certain number 
of handles. Such a manifold admits a symplectic structure if by the 
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2-form of interest we mean an exterior form of volume relative to the 
Riemannian metric^i.e. the form defined in the local coordinates 
(x, y) as <o< a > = V g dx A dy, where g = del g,j. Then M 1 becomes 
a symplectic manifold. Indeed, o>< ! > is non-singular because 
V g 0; furthermore, <o< ! * is, apparently, closed. 

Remark. The Darboux theorem on the existence of a symplectic 
atlas is not a trivial consequence of the possibility of reducing 
a 2 -form to a canonical “block” structure at each point. The Darboux 
theorem asserts that such a reduction can be performed in the entire 
neighbourhood, and this fact needs special demonstration. 

Definition. A smooth vector field X on a symplectic manifold M in 
with the form oi< 2 > is called Hamiltonian if this field is of the 
form X = sgrad H, where H is a smooth function on M ln . The 
function H is called the Hamiltonian of a flow. 

Let us find an explicit coordinate expression for the operation 

sgrad/. We have: o> (sgrad /, Y) = <a,; (sgrad /)* Y‘= Y h , whence 

(sgrad/) 1 = i.e. the vector sgrad/ is dual (relative to the 

dx* 

scalar product w) to the covector grad f=( ) . Here is an 

» dz‘ < 

example of the Hamiltonian field. Let H be an arbitrary smooth 
function on M 1 " referred to symplectic coordinates (p\ q'), i.e. 

n 

(U<*>= pjj dp' f\ dq 1 , where the coordinates (p 1 , q‘) are Cartesian. The 
operation sgrad/ is then of the form: sgrad H= , — — ) , 

' dq * dp* ‘ 

i.e. the field X=(-^-, — -^7) , is Hamiltonian. This 

example clearly shows the distinction between Hamiltonian and 


potential fields: a Hamiltonian field is of the form I^L , — 

V dql dpi I 

( dff dH \ 

Tpi^’Tqi’)' P articu,Br ' ,1,ese 
fields (for the same function H) are orthogonal with respect to the 
Euclidean scalar product. Some fields, which are Hamiltonian for 
a function H, may be potential for some other function H. 

A Hamiltonian field admits an important description in terms of 
a one-parameter group of diffeomorphisms generated by this field. 
Let X = sgrad H be a Hamiltonian field and let ®, be the corre- 
sponding group of shifts along the integral trajectories of the field. 
This group acts on the form o>< a >, sending it into another, generally 
distinct, 2-form (®,)* <o <2) which can be represented as follows. 
If-tlie mapping ®, sends a point y to i, (y) = (y), the coordi- 

nates (xj ( y )) may be considered as smooth functions of (y 7 ); we have 
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then 

(&,)• (0^=01,, (x, (y)) dx I (y) A dxj (y) 

= »U (*f (i/)) <V A dyp = u, „ (/, y) dy* A 


where w kp (t, y) 




w>- (aee Fig ' 7 - 26 )- 

A vector field X on a symplectic manifold may not admit global 
representation in the form X = sgrad H, but it may possess the 


M* 



Figure 7.26 


important property: for any point P £ M- n there exist a 

K^ h ^?.M 10 . 0 u F-$ P ) ,* nd a f,inclion Ho defined on this neighboi.r- 

till he ralleH ? VlT H ” <“>' wl “™ * 6 U ~ ™e »eld X 
^‘„ b ® called locally Hamiltonian. Each neigh bourhood U requires 

he C,S l 0 . n,8n //a ', bl ! t , lhese Hamiltonians cannot, in general, 
f , , „ . nt0 « Sjngie Hamiltonian defined on the entire mani- 

fold. An analysis of locally Hamiltonian fields is thus reduced to 

studying Hamiltonian fields in R«" with the structure Jj dp> A <#«*, 

a rinViin "® ig {’ bourho, > d V can be mapped diffeomorpllically onto 
a domain in the symplectic manifold (R : ”, M («>). 

PnmlhiV? oector fitld X on a symplectic mani/old M- n is locally 

Z P £,T:JL;zi °X ' “* «. 

Proof. We prove the theorem only for the case where M ln is R 3n 

with the structure «a<» = | dp' A dg l . The general case is reduced 

t0 w» S n«!! e j by lh ® Darboux theorem (its proof is omitted). 

<3 the Tw e ?° nSt , rale „ tha ,t if “ (5) is Preserved under the action of 
itself timfir 2 Ia • call> ; H^Htonian. That a><’> is mapped into 
alone the fiel rf h t acll0n . 0f ®< means that the derivative of the form 
along the field X vanishes (X is the velocity field for the action of 
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then 

(«,)* »<•>=» a„ (x, (y)) dx\ (y) f\ dx{ (y) 

= “u (*« (J7» -jjr^ <V A d J/ p = It) dy* A rfy". 


where co Ap (l, y) = ui„ (x, (j/)) iilM ( see Fig. 7.26). 

A vector field X on a symplectic manifold may not admit global 
representation in the form X = sgrad H, but it may possess the 


M* 



Figure 7.28 


1 0 J 1 „°. w K i g , ^ m P 0, , l a"t P r °Porty ; for any point P £ M-" there exist a 
neighbourhood U(P) and a function H v defined on this neighbour- 

will h S „ U ® '..‘i'f X „ ( “L = s * rad H » (“>. wl,ere « € U. The field X 
‘ b ° called locally Hamiltonian. Eacli neighbourhood U requires 

hif "m . i t0 . n,an ^' but these Hamiltonians cannot, in general, 
f«lH An i‘ n ‘° a t s j n g'? Hamiltonian defined on the entire mani- 
fold. An analysis of locally Hamiltonian fields is thus reduced to 

studying Hamiltonian fields in R*" with the structure fj dp' A <f«‘, 

a dnViin "® i 8 bbourh °o d u can l>e mapped difleomorpi'ically onto 
a domain in the symplectic manifold (R= u , 

ve ? tor ! ield , X ° na symplectic manijold M- n is locally 

Proof. We prove the theorem only for the case where M'- n is R ! “ 

with the structure <a<*> = 2 dp' A <*?'■ The general case is reduced 

t0 We S nn!L% by thB Darbo i* x theorem (its proof is omitted), 
ffl the filw 9 5°? s V flte n that , if *» Preserved under the action of 
itsel LhI 18 ■ Ca ‘ ly ; Hamiltonian. That to< 2 ) is mapped into 
alone ^ LiV Cl ‘°V f ®' means that the derivative of the form 
along the field X vanishes (X is the velocity field for the action of 
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@ ( ), i.e. 0 = mm (y (<)). where y ( t ) is an integral trajectory of 
X. We have 

£«»<T(0) 

i-i 

- s [4 (*)) A <*?* (0+ <*p‘ (0 A (0] 

«-l 

■ SM¥)a^+^»a<(¥|] 

n 

- S (<* <*' W) A «**• (0 + dp‘ (0 A (01. 

J-l 

where X-(X l ,Y% Also, 

-^-o><»(y<0) 

+ rf p' A (-|?r <i / > * + -3^r d 9 A )] 

-i [(#+$)* a* 

I.e. 

__£*L = iIi 2£t = ™L dYI ~ aYk 

dp* gqt ’ gql 3q* ' dp* 3p , • 

n 

This means that the 1-form <a<‘> = 2 (I" dp 1 — X 1 dq l ) is closed. 
Indeed, according to the relations derived above, 
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d<ow=d'Z(y , d P i -x t dp i ) 

i-1 

-SL(-gr^+-5^)A^ 

A#] 

+ ffi+^)*A«^^-$)*A*-o. 

Since tho 1-form (rf 1 * is defined on R sn , it is closed and therefore 
there exists on R ,n a smooth function H such that its gradiont 
(ordinary gradl) is equal to this form, i.e- m* 1 * = dH. Indeed, // 
can be expressed explicitly in terms of tho form «<’>, suffice it to 
set 

U (*>= S ■“>- S S <y'dp'-x'd q ')= c s (r x'-g-) dt, 

V HD <— I 0 1—1 

where y (t) is an arbitrary smooth trajectory in R ,n from a fixed 
point (say, the point 0) to a variable point (p‘, q‘). The number H ( x ) 
does not depend on the path from the point 0 to the point x = 
(p‘> ?*). For n =a 2 this fact has already been proved in Chapter 4. 
For n > 2 it follows from Stokes' formula. Indeed, consider 
two paths Yi (0 and y, <t), where (0) «= y« (0), Vi (1) = Vj (1). 
then 

oi* '> = J oj<» = jj (o<‘)= J (j do>< 1 > = 0, 

Vi v. Vitl(-v.) an* b> 

where©* is an arbitrary disk bounded by the trajectories y, and y t 
(the disk may have self-intersections). This completes the construc- 
tion of If. It remains to prove the converse statement: if X is a Hamil- 
tonian field in R 5n , the group preserves 0 ) <J, I i.e. X (w** 1 ) = 0. 
To prove this fact, it suffices to reverse all the calculations just made. 
The theorem is proved. 

Using this result, we can easily give examples of Hamiltonian 
flows. For instance, let us consider a sphere with g handles provided 
wi th R iemannian metric and symplectic structure a> 1 *’ = 
]/"det g,)dx A dy (see above). How can we describe all Hamiltonian 
flows on this symplectic manifold? We recall that a field X on M\ 
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has zero divergence if the area of an arbitrary domain A remains 
unchanged under shifts along the integral trajectories of the field. 

Corollary 1. A flow on Mg is Hamiltonian if and only if it is in- 
compressible, i.e. div X = 0. 

Proof. According to Theorem 4, we should describe all the flows 
that preserve the form a> <2 >. Since by this form we mean the form of 
volume, < 0 < s > = det g lt dx /\ dy, the Hamiltonian flow is the 
field that preserves the form of volume. As we know from Chapter 4, 
this field represents flows of zero divergence, and only these (lows. The 
corollary is proved. 

Let us consider, for instance, a two-dimensional sphere S 2 repre- 
sented by a completed complex straight line R 5 U oo. In this case, 
wo can find on S 2 a wide variety of Hamiltonian flows (with respect 
to the standard metric on S 2 ): it suffices to consider the fields 
grad Re / (z) and grad Im /(*), where f (z) is a complex-analytic func- 
tion of the variable z = x + iy- Hence, all incompressible (and irrot- 
ational) flows considered in Chapter 4, Sec. 4.4, are Hamiltonian. 
The symplectic structure on S 2 referred to the coordinates (x, y) 
(which are used for all "finite" points) is given by (o<*> = dx A dy. 
However, there also exist on S 2 Hamiltonian Dows which are not 
irrotational (see below). 

Let us consider an important example of Hamiltonian Dow, the 
dynamical system which describes the motion of a three-dimensional 
rigid body with a fixed point. We should consider R 3 identified with 
the linear space of all real-valued skew-symmetric matrices of order 
3, suppose X 6 R 3 is such a matrix. Define in R 3 a self-adjoint 
linear operator <p: R 3 R 3 such that cpX = XI + IX, where / is 

A> o o\ 

the matrix I 0 X, 01 and (X ( ) are real numbers. Apparently, 
\0 0 

the matrix q>AT is skew-symmetric. Let us consider the system of 

differential equations <pX = [X, <pX) (written in matrix form). It 
is known from mechanics that this system describes the motion of 
a three-dimensional rigid body with a fixed point. Let us write the 
equations in coordinate form. It is convenient to consider an n- 
dimensional rigid body rotating in R" about a fixed point. This 
rotation is described by the system <pX = [X, cpA), where <p: so (n)-f 
so (n), so («) = (.AT: X T = — X), <p is of the form = XI + 
O' 


IX, I 

V° M 

Assuming X = (ijj), xij = —Zj j, we obtain 


(<pA()i (Xj + x„, 
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2 (*u ( < p-X)ki — (fX)ik x m) 

= S ( x ik (^»+ ^/) *ki — (^r +■ X») *ih*kl =(^J — ^() ^ x ik x kji 
For n — 3 we have 

* ,, = T?Tjf s,,a:j " *•****’ * m = Th^ X31 *< 3 - 

Setting z„ = z, z„ = y, = *, we arrive at the following system: 



This Dow (in R 3 ) admits two integrals: P (i, y, z) = x’ + j/ s + z 3 
and <> (x, y , *) = x 1 (X, + X.) + y* (X, + X.) + z 3 (X, 4- X s ). In- 
deed, to prove that these two functions are constant along the integral 
trajectories of the Dow, it is sufficient to calculate the derivatives 
X ( P ) and X (@). We have 

“ TC+U igfrs CTJ «*.-*»> (*,+ X.) (X. + xj 

+ (^z — XJ (X,+ XO (X. + XJ + (X, — Xj) (X.+X.) (Xj-f-XJl =0, 

AT (Q) = 2 xp* (X,- X, + X,- X,+ X, - X,) a 0, 

which is what was required. If X„ X„ X, > 0 and Xi are pairwise 
distinct, these two integrals are functionally independent (at the 
points of general position) (verify!). Hence, the integral trajectories 
aro the lines of intersection of two families of surfaces, spheres P = 
const and ellipsoids Q = const. It is convenient to picture the field 
X on the level surface Q = const (see Fig. 7.27). Fix a sphere P = 
const and restrict the Dow X to this sphere. We assert that this Dow 
Is Hamiltonian. Indeed, it is required to prove that X preserves the 
form of volume, i.e. that X has zero divergence. It suffices to demon- 
strate that the Dow preserves the form of volume in the surrounding 

Euclidean space. But this is obvious because the expression — ■ -f 

is identically zero (see the explicit form of x, y, *).This 
example shows that integrals of a Dow play a key role in the descrip- 
tion of Dow behaviour. In the case of a three-dimensional rigid body 
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the equations of motion are completely integrable, i.e. we have 
found two integrals of motion. The equations of motion are also 
completely integrable (in a certain exact sense) for an n-dimensional 
rigid body; but the proof of this fact is far from being trivial and 
is beyond the scope of this book. 

Now a few words about the integrals of Hamiltonian flows. On 
the space of smooth functions on a symplectic manifold it is useful 
to introduce a new operation generated by the symplectic structure. 


0 = const 



Figure 7.27 

Definition. The Poisson bracket of two smooth functions f and g on 
a symplectic manifold Af jn is the function {/, g) defined by 

{/, g) = <o<*> (sgrad /, sgrad g) = to,/ (sgrad /)' (sgrad g)‘. 

The explicit formula for the operation /, g-*-(f , g) is written as 

{/, g} because (sgrad /)' = a>‘» -jL. 

Proposition 1 . The operation f, g -*• {/, g) satisfies the following con- 
ditions: (1) It is bilinear, (2) It Is skew-symmetric, l.e. If, g) = — (g, /} 
and (3) the Jacobi identity 

{h, {/. *}}+{*. {*./}}+{/, {«?, h)J = 0 

holds true. 

Proof. We prove this theorem for a particular case of M m = R 5n 
with a canonical symplectic structure. Conditions (1) and (2) directly 
follow from the definition of a symplectic structure. Let us prove (3). 
Denote by Z-/ differentiation along the field sgrad /, i.e. L j ( h ) = 
(sgrad /) h. We assert that the expression, on the left-hand side of 
(3) is the sum of monomials, each containing the second partial 
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derivative of one of the functions /. g, and h. Indeed, consider {/, g); 
from the definition of sgrad we obtain 

{/. g] = w* (sgrad /, sgrad g)=— (sgrad g) f 

=—£*(/) = — ( s s rad tfjjr • 

The components of the field (sgrad g)‘ are partial derivatives of 

n 

the function g. Really, since = 2 dp' /\ dg 1 , we have (sgrad gj' = 

i“l 

— %■ for 1 < (sgrad g)‘ = — for the matrix of 

dq' dp> 

the form co<*> in R s " (p 1 , . . p", q l , . . j") is constant and has 

canonical “block" structure. Hence, {/, g) is a linear combination of 
monomials which are the products of first-order partial derivatives. 
Thus, 

{*. {/. B)) = - {(/. g)h)°- Lu. <> (A) = - (sgrad {/, g))‘ , 

i.e. the expression (A, {/, g}} is the sum of monomials, each including 
second-order partial derivatives either of function / or of function g. 
Thus, we have demonstrated that the left-hand side of identity (3) 
is the sum of monomials, each containing, as a factor, a second- 
order partial derivative. Let us now fix the function h and collect 
all the terms on the left-hand side of (3) that contain second-order 
partial derivatives of h 

(/■ (g. A}) - {g, {/. A}} = L,L g h - LfL/h = [L h L,) h. 

On the other hand, we know that the commutator of two first-order 
operators, L / and Lg, is an operator of the first (but not second 1) 
order, i.e. the expression ILf, Lg ) h includes only first-order deriv- 
atives of h. Thus, no second-order derivative of h appears on the 
left-hand side of (3). Using the same reasoning, we can easily verify 
that the left-hand side of (3) does not contain second-order deriv- 
atives of / or g either, i.e. the left-hand side of (3) is equal to zero. 
The proposition is proved. 

A linear space with the bilinear operation satisfying conditions 
(l)-(3) is called a Lie algebra. 

Corollary 2. The linear space F (A/ !n ) of all smooth functions on a 
symplectic manifold (M tn , <o) is a Lie algebra with respect to the Poisson 
bracket {/, g). 

This follows from Proposition 1. The Lie algebra F (M) is in- 
finite-dimensional. Let us consider the mapping a of the Lie algebra 
F (M) into the Lie algebra V (M) of all smooth vector fields on M 
defined by the formula a if) — sgrad /. 
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Corollary 3. The mapping a: / sgrad f is a homomorphism of Lie 
algebras, i.e. a {/, g} = [a/, agi. 

Proof. It is required to prove that sgrad {/, g) = [sgrad /, sgrad g]. 
From the Jacobi identity we have 

(sgrad {/, g}) A = <■> (sgrad {/, g}, sgrad h) — — {h, {/, g}} 

= - {{*. {/. *)}+{/. (g, *}) = -L,L,h + L,L,h 
— [Lji h, 

sgrad {/, g} = [sgrad /, sgrad g), 
which is what was required. 

Since a is a homomorphism of Lie algebras, a subalgebra, denoted 
by H ( Af ), is the image of the Lie algebra F (Af) in the Lie algebra 
V (Af) of all smooth fields on Af. The definition of a implies that 
this subalgcbra is the Lie algebra of all Hamiltonian fields on Af. 
Thus, a: F (Af) H (Af) is an epimorphism. But a is not a mono- 
morphism, for it has a non-trivial kernel: this kernel is formed by 
locally constant functions. If we assume that Af is connected, the 
kernel of a is one-dimensional and consists of constant functions on Af . 
Hence, H (Af) es F (Af) The subalgebra H(M) c V(M), H(M) = 
H a (M) depends on the choice of the symplectic structure <o on Af. 
If we introduce on M another symplectic structure to', the subalgebra 
H u ■ (Af) <= V (Af) will differ from J/„ (Af). It should bo noted that, 
potential fields grad f are distinct from Hamiltonian fields sgrad /. 
Indeed, potential fields do not form a subalgebra in V (Af), i.e. 
the commutator of two potential fields need not necessarily bo a. 
potential field, potential fields on a circle being an example. Each 
vector field on S 1 can be defined by a smooth function P (<p), where 
if is the angular coordinate and P (q>) is the tangent vector compo- 
nent. Then, the commutator of two fields P (<p) and Q (<j>) on S' is 
the field with the component B — PQi — QP? (verify!). Set P ~ 
cos if, Q — sin tp, then R css 1. Thus, we have represented the field 
with constant component (equal to 1) as a commutator of two poten- 
tial fields. A constant field is not potential, for it has a closed trajec- 
tory without singularities. 

The operation of calculating the Poisson bracket plays an impor- 
tant role in the study of integrals of Hamiltonian (lows. 

Proposition 2. Let v = sgrad H be a Hamiltonian flow on M ln 
and let f (x) be a smooth function which commutes with the Hamiltonian 
H, i.e. {I, H] S3 0. Then / is an Integral of the flow v, i.e. the function 
f is constant along the integral trajectories of the field v. Conversely, 
any integral g of the field sgrad H commutes with H, i.e. [g, H) = 0. 

Proof. It suffices to calculate the derivative of / along the field v, 
i.e. (sgrad H) f. By the definition of sgrad H, we have (sgrad H) f = 
{H , f } a 0, which is what was required. 
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Since [H, H) ca 0, the function H is an integral of the flow sgrad H. 

Proposition 3. Let f and g be two integrals of 9grad H, then If, g} 
is also an integral of the flow sgrad H. 

The proof directly follows from the Jacobi identity. 

Thus, by calculating the Poisson bracket of two integrals, we 
obtain a new integral and the latter may, however, functionally 
depend on the two initial integrals. 
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